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T'eopriit JImurpoBuy CyBopoB
(mo cropiuys Bix AHSI HAPOIKEHHS)

I JI. Cysopos

17 tpasua 2019 poky sunoBHmIocs 100 pokiB BiZ qHA HAPOMKEHHS BUIATHOTO Ma-
TeMaTHUKa, YieHa-KopecnonaeHTa Akaemil Hayk Ykpainu, CysBoposa ['eopris Imurpo-
BHUYA.

I.JI. CyBopos (1919-1984) 6ys 3acHoBHEKOM Bijiny Teopii dyukiiii IITIMM HAH
VYkpaiuu Ta, IpaKTUIHO OJHOYACHO, 3 1966 poky opranizaTopoM i nepriuMm 3aBimryBatieM
Kadeapn MaTeMaTHIHOTO aHaJi3y 1 Teopil dyHKIH JIOHEIBKOTO /1ep:KaBHOTO YHIBEP-
CUTETY.

ITiz iforo GesnocepeiHiM KEPIBHUIITBOM BUHUK 1 peryssipHo (pa3 y JiBa POKH) IPO-
xomuB Jouernpkuit Komoksiym 3 Teopil KBa3sikoHGOPMHUX BigoOparkeHb Ta IX y3araib-
HEHb, KNI MaB MUPOKY HOMyJIsipHICTE B KostuimaboMy Cotozi. [Ipani Kosoksiymy aky-
MYJTIOBAJIM B CODI HAWHOBIIN JOCsrHeHHsT 3 Teopil Bigobpakens B CPCP. Bonu masun
HAWBUIMNI CBITOBUIl PIBEHD.

1. Cysopos mHapomuscs 17.05.1919 y m. Capatosi B ciM’T pobiTHHKa. 3aKiHIUB
dizuko-maremaruanmii pakyabTeT TOMCHKOTO JIep:KaBHOIO yHiBepcuTeTy B 1epBHi 1941
poky. Binpasy micist nboro minmos Ha GpoHT, yaacHUK Bejukol BiTun3HsiHOT BifiHE. Y
1941-1946 pokax cJIy»KWB B iHKEeHEpHUX BificbKax. 3a BifiCBKOBY CJIy?kK0y OYB HArOPOJI-
JKeHuil TppoMa Megasisimu. JlemobistizyBaBest B TpaBai 1946 poky.



[Torim, 3 2xoBTH 1946, Bin HaBuaBCd B acuipanTypi ToMCBKOTO JIepKaBHOTO yHiBEp-
CUTETy IiJI KePiBHUIITBOM BisoMOro ¢axiBig 3 Teopil PYHKINNH KOMIIJIEKCHOI 3MIHHOL
IL.II. Kydapepa. Pesynbprarom ganoro nepiony zHaykosol podoru I'.JI. CyBopoBa crasa
KaHIIIATChKa, JUCEPTAIlisl, IPUCBAYIEHA TeOPil IPOCTUX KiHIIB ITOCIiTIOBHOCTI 00J1acTeit,
IO CXOMISITBCS 70 fA/pa, sika OyJra 3axwuineHa HuM y 1951 pori.

Y HacTymHuX cBoix jgociikenHsx 1.JI. CyBopoB BCTaHOBUB JiesiKi METPUIHI 1 TO-
ITOJIOTIYHI BJIACTUBOCTI, 3arajibHi JjIs KOH(POPMHHUX, KBa3iKOH(MOPMHUX, TapMOHIAHIX
Ta iHMmUX BigoOparkerb. Pe3yabraTu Jisityin B OCHOBY HOTo HOKTOPChKOI mucepraril “Oc-
HOBHI BJIACTHBOCTI JEAKUX KJIACIB TOMOJIOTIYHUX BiIoOpaskeHb ILTOCKUX obJracTeil i3
3MIHHUME MexkaMu ', sika, Oyjia 3axuineHa HuM B [HcruryTi Mmaremaruku CB AH CPCP
B G6epesni 1961 poky. B 1951-1966 poxax I'./I. CyBopoB mpOMINOB MIIsAX BiJ acucTeHTa
J10 ipochecopa, a moTiM i 3aBigyBada kadeaporo Teopil pyHKI TOMCBKOTO JIepKaBHOTO
VHIBEPCUTETY.

Takum ynHOM, CTaBIK NPOBiAHUM daxiBiieM B 0bjacTi Teopii Bimodpaxkenn, y 1965
poui I JI. CyBopos 3a pekomenariero Bine-npesujenta (1957-1976) AH CPCP axae-
mika M.A. JlaBpenTheBa, axuit cam OyB OIHIM 13 HaWOLILIUX (hbaxiBIiB B 061aCTi Teopil
bYHKITIT KOMIIJIEKCHOT 3MiHHOI 31 CBITOBUM iM’siM, OyB 0OpaHUil 1I€HOM-KOPECIIOH IEHTOM
Axanemil Hayk YKpainu Ta nepeixas 10 Jlonenbka. Pasom 3 HuMm B JloHEIBK mepelK -
xKatoTh K..-m.H. [.C. Opunnnikos, acuipant B.®. Jlydepenko, a Takox cTygaeHTH 3-T0
kypcy B.M. Miksokos, JI.M. Kapramos i B.I Kpyriikos.

Po6oru T'.JI. Cysoposa, iioro yuuis B.®. I'anno, O.B. Isanosa, B.II. Kydapesa,
B.®. Jlydepenko, B.M. Mikmokosa, [.C. Osunnnikosa, F0.B. IlomenpHikoBa Ta iH-
mux Oy TPUCBSTYEH] JTOCJIIKEHHIO BiTOOparKeHb, SIKi € MPSIMUME y3araJbHEeHHIMM
kBazikoHpopMHUX Bimobpaxkenb. Cepesn yunis [ /1. CyBoposa — 14 kauguaTiB, 3 HUX
— 1pu jokropu Hayk (B.II. Kydapes, B.M. Mikiokos, I.C. Ounnnikos). I./T. Cy-
BOpOB € aBTopoM Ojin3bko 80 pobiT i 6 monorpadiit. Poboru I'.JI. Cysoposa Jjisityin B
OCHOBY HOBOI'O HAYKOBOT'O HAIIPSIMKY, IIPUCBIYIEHOI0 BUBUEHHIO IJIOCKUX 1 IIPOCTOPOBUX
BiiobparkeHb 3 obMexkeHuM inTerpajoM Jlipixie Ta X y3arajbHeHb, Jie¢ IOMY HAJIEXKUTD
HOBHUiT MeTOJ “TIPUHITAI JTOBXKUHY — TLJIOITI .

Hum Oys10 po3BUHEHO TEOpi0 MPOCTUX KIiHINB IMOC/TIIOBHOCTI IJIOCKUX ObJIacTeil i3
3MIHHUME MeXKaMU, IO CXOAAThCA J0 HEBUPOJKEHI s/Ipy, dka aHajoriuna Teopil Ka-
paTeosopi, OTPUMaHi JIBOCTOPOHHI OIIIHKK CIIOTBOPEHHS BiJIHOCHUX BiJicTaHeil Ta BCTa-
HOBJICHO T€OMETPUYHI YMOBH PIBHOMIPHOI 3012KHOCTI TOC/IIIOBHOCT] TOIMOJIOTTYHUX Bi-
J00pakeHb y 3aMKHYyTHX 00JIACTSIX, JOBEJICHO TAKOXK TEOPEMHU PO CIOTBOPEHHS JIiHii
PiBHSI, TPAHIYIHUX YT, IJIOIN] IPUTPAHUYHUX KLJIElb, TEOPEMH THUITY TOKPUTTSI.

I.JI. Cysopos (cmisibao 3 iioro yanem O.B. IBanosum) 6yB TBOPIEM Il OJHOTO Ha-
MPSIMKY, IO JIEZKUTh Ha, CTUKY Teopil aHaiTnaHuX QYHKITN i TEOPEeTUKO-MHOYKUHHOI TO-
[I0JIOTIT Ta OB S3aHOTO 3 TOIOJIOTTYHUME aCIIEKTAMU PAHUTHOL Bi/IITOBITHOCTI IIPU KOH-
dopMHEX BigoOparkeHHsIX. 30KpeMa, BiH JIOBIB, 0 6e3/1iY MeTPU30BaHUX KOH(MOPMHO-
iHBapiaHTHUX OIKOMIIAKTHHUX PO3IIHPEHDb OYIb-s1KOI 00/1aCTi HECKIHYEHHO.

I.JI. CyBopos BBazkaB, 1o “chorojHi izeasom (ta merorw!) B Teopii hyHKIIN MOXKHA
BBaXKATH JOCATHEHHSI TAKOl CUTYAIlil, KOJU MU OyJIeMO MATH Yy CBOEMY PO3IOPSI2KEHH]
BEJINKY KUIBKICTh Pi3HUX KJiaciB (yHKIINH Ta Jijisi KOXKHOTO KJIAaCy MaTH PO3POOJIeHU



KaTaJIor BJIACTHBOCTEl (MeTpUYHUX 1 Torosoriunux)”, 1 fioro HayKoBa MIKOJIa B 3HATHI
Mipi JlocAryia yCeIixy Ipu BUPIIMIEHH] IIbOTO HAJI3aBIAHHS.

I JI. Cysopos 3 B.®. Taaro nid uac HayKko8020 ceminapy

I'.JI. CyBOpOB AUBHUM YNHOM TIOE€THYBAB HAYKOBY 1 TIeIaroridany MisabHICTh. Ocob-

JINBO SICKPABO IIe MPOSIBJIIOCsS B foro Kypci “OCHOBM HAYKOBUX JIOCJIPKEHB ', SIKUI
BiH uurTaB crymenTaMm JIOHEILKOTO yHIBEepCHUTETY, BMIJIO PO3KPUBAIOYN TBOPUI CEKpe-
T “BuHaxonu B Maremaruii’. Ha ocHOBI mporo kypcy, Bxke micis ftoro cMmepri, Oyia
mijirorosyeHa MoHorpadisa “IIpo MECTENTBO MATEMATHIHOTO JOCJIIPKEHHST ', SIKa, BJIAJI0
[IO€IHYBaJIa STK foro ocobucTuii J0CBiJ, Tak i JOCBiM MPOBIIHUX yUEHUX YCHOTO CBITY B
MaTeMATUIHOI TBOPYOCTI.

Kpim inTepecy no maremaruku, I'.JI. CyBopoB 3aX0IIIOBaBCst HyMiZMATHUKOIO, JIMK-

HUMH Ta BEJOCUIIETHUMU [POTY/IsTHKAMU, 3i0paB BEJIUKY KOJIEKINIO MeJaJjeil Ta KHUT.
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ITam’siti Ceprisi AkoBuya Maxua (1949-2018)

2 rpyaus 2019 poky BunoBHOeThCst 70 POKIB BiJT HS HAPOIXKEHHS BUIATHOTO MaTe-
MaTHWKa, BITOMOTO K B YKpalHi, TaK i JaJIeKo 3a 11 MexKaM# BIEHOr0, JOKTOpa (bi3nKo-
MaTeMaTUIHUX HAyK, TiJIHOrO MPEJCTaBHUKA Y KPaiHM HA BCIX MiXKHAPOJHUX MaTeMa-
Tuaaux gpopymax Ceprist Axopunua MaxHa.

Cepriit AkoBuu Maxno nHapoguscst y 1949 pori y m. Cranino (nisuime — Jonenpbk)
B poauai BunTesnis. Moro 6arpko, dkis Janumosma Maxno, BUK/IaaB MATEMATHKY B
cepenniit mkoJii, matu, Osekcanapa CridaniBHa — POCIICBKY MOBY Ta JITEPATYPY.

Y 1956 pomi Cepriit mimos y neprmuit kiaac mkoan Ne 30 m. Crajino, a y m'sToMmy
kJjaci nepeitmmoB y CIIT Ne 31. V mikosi HaB4yaBcst Jjierko. JI106uB rpatu B yci criopTuBHI
irpu, Bimiaroun nepesary ¢pyrboILy, B3SUMKY IIPOIIAJIaB Ha KOB3AHII. 3a BJIACHUM OarKaH-
HsiM y Biri 10 pokiB BiH BCTYHHUB 70 My3WYHOI IIIKOJIM i HaBYaBCs I'pi HA dopTeriaHo.

Yepes miBropa poky Cepriit mepeii-
OB JI0 JyXOBOI'O OPKECTPY 00JIacHOrOo
ITanamy mionepiB Ta mkojsapis. Tam 3a
KOPOTKHUI Yac He TIIbKN HaBUMBCS T'Pa-
Tu Ha TPYOi, ajie i moTpanmB 10 OCHOB-
HOrO CKJiagay opkectpy. llin kepiBHuI-
TBOM My3u4dHoro kepiBHuka M.II. lenu-
coBa opkectp llamamy mionepi 6yB oj-
HUM 3 Hadikpamux y JloHenbKy, ycImi-
HO OpaB ydvacTb y 0ararbox KOHKYPCaX,
a JITO TPOBOJWB Y KpAaIUX IMOHEPCH-
Kux Tabopax kpaiuu: y “MoJjiogiit reap-
qii” B8 Oneci, B “Apremni” B Kpumy ta Ana-
mi. OpKecTpaHTH T'paJid Ha BCIX 3aX0J1aX
y Tabopi. B “Apreni” mam’sitHEMEU Oysin
3ycTpiui i pobora opkecTpy 3 BijoMuM
kommosuTopoMm JI. B. KabaneBchbkum.

Onun 3 gpysis Ta xoser C. 4. Max-
una, Bonomumup epkad, 3rajye, mo BiH
y 1964 porri 3aKiHINB BOCEMUI KJIAC MIKO-
g Ne 27 i nepeiimos y CIIT Ne 31 m. [o-
HerbKa. 11oro cecrpa BrKe HaBUamacs y
CIHI Ne 31 B ommomy kimaci 3 Cepriewm.
Cepriit 1ynoBo rpas Ha TpyOi it KepyBaB mKiIbHIM opkecTpoM. Bin (Bomomumup) mo
OPKEeCTpY He MaB BiIHOINEHHSI, TOMY y 1KoJii BoHU 3 CepriemM Maiizke He ePETUHAJIHICS,
JIAITE Ha OJIIMINAIaX 3 MaTeMaTHKH.

“Komu mu 3akingypaJin mkosy y 1966 por, — sragye B. Jlepkad - OyB moaBiitaumit
BHUIIYCK JIECITHX 1 OJMHAMNATUX KJIACIB OJHOYACHO, TOMY BCTYIHUTH JIO0 yHIBEPCHUTETY
Oyno myxke BaxkKko. Ha maremarwanuit dpakysbreT OyB KOHKYPC D YOJIOBIK Ha MIiCIE.
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YcHUi BCTyIHUI icuT 3 MaTeMaTuKu Mu ckjagain 3 Cepriem B ojuH j1eHb. MeHe Bpa-
3uB fioro abcosoTHM coKil. ¢ Tex ;100pe 3HAB MaTeMATHKY, ajie caMe CJIOBO “icrnut”’
3aBXK/I BUKJIUKAJIO B MeHe maHiuHuil xxax. Cepriii, MabyThb, BiIIyBITA MOE XBUJIOBAH-
Hsi, 3anuTan: — Teopemy cunycis 3uaernt! — 3uai0. — Teopemy Kocunycis 3Haent? — 3HaIO.
— Toxi cknaner.”

VY mifgcymky, o0ujiBa yIaCHUKA I[bOTO JIaJ0ry BOCEHU CTAJHM CTYICHTAMU MEXaHiKO-
MareMaTuIHOro baxysabrery JloHenbkoro jepxaaoro yHisepcurery (auni — JToaHY
imeni Bacuia Cryca).

B. O. Jlepkad po3moBijas, 1o y BepecHi BOHU IPAIOBAJIA Y KOJITOCII, & 3aHSITTS B
VHIBEpCUTETI modaJincs y »KoBTHI. “B yHiBepcureri Oysio Tpu rpymnu “guctux’ MaTeMa-
tukiB. Mu 3 Cepriem npamoBau B napi. Cuaijiz 3a OJHIEIO MAPTOIO, PA30OM I3IUIA Y
TpaHCIOPTi, pa3oM xoauan B Kino. Hac 06’emmyBasa JIT000B 10 MATEMaTUKH, MU €KO-
HOMIJIM TPOII Ha 12Ki, MO0 KynuTu KHUTH 3 MareMaTuku. Hac 3mamm yci mpojasii
KHIDKKOBUX Kpamuuib. Jlo pedi, Oaxkaioumx KymyBaTh KHUTH Oyj1o Oararo, yciM He
BHCTAYAJIO, TOMY MU 3a3JaJIeri[b BUBYAJIN TEeMATUYHI IJIAHU JIPYKApEHb i poOuIn 3a-
MOBJIEHHSI Ha PiK BIepen .

Kwmirimusuii Ta akrupaunii cryaent Cepriit MaxHo He po3/iydaBcsl ¥ By3i 1 3 My3HKOIO.
I'paB B ocHOBHOMY CKJIaJli YHIBEPCUTETCHKOI'O €CTPAIHOIO OPKECTPY.

Ase mHe JsIlie MATEMATHKOIO 1 My-
sukoio 1ikaBuscst Cepriii Maxno B cTy-
JEHTCBbKI pOKU — JIIOOUB MaHAPYBATHU, 3
3aJI0BOJIEHHSIM TpaB y KOMAaHIHI BHUIN
CIIOPTY, Ta He 0e3 yCIiXy — HaBiTH 3aJIy-
qaBcst /10 30ipHOI KOMAaH/IM YHIBEPCUTETY
3 dyroomy. llikasicts g0 dyrbory 36e-
pernacst y Ceprig ZkoBuda i B momasib-
MOMY KUTTIi: SIK TJIsIJIad BiH BiBijaB BCi
Mardi, gki BigOymucsa B JloHenbKy, icTo-
puunoro Yewmmionaty €Bporu 3 dyrbdo-
sty €8po-2012, mo nposojuscest y [losbii
Ta YKpaini. IlikaBuscs icropiero. Hames-
HO, caMe T'yJHe icTopudHe IpizBuiie 6yao
ToMy npuunnoio. fk srajnysas cam Cep-
riit JlkoBud, 1me B CTYIEHTCHKI POKHU io-
ro mikasuia 6iorpadis Bigomoro ogHODA-
MUTBIS, TOJITUYIHOTO Ta BIICHKOBOIO JIis-
va vJaciB BuzBonbHux 3maranb Hecropa
IpanoBnya MaxHa.

“Mu orpuMasu rapHy OCBITY, — IIHIIIE
Bosogumup lepkad, — Tomy 1o aHaJi3
mam anras V. 1. Tixman. Jlekii 6yiam @ymosi, mo crpusiio su6opy Ceprisi. B monamns-
momy 1. I. Tixman cras {ioro HayKoBuM KepiBHHKOM”.
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[Tepmii HaykoBi pesysbraru B Maremaruili Oysm orpumani C. . MaxaoMm e i
4ac HaBYAHHS B yHIBepcuTeTi iz kepisuumrsoM mpodecopa 1. I. Tixmarna. I1sg naykosa
cHiBIIpallsl BU3HAYUIA 1 Mojasbiny mpodeciitny misuibHicTs Cepris AxoButa.

[Micsist 3axingennst y 1971 pomi JloHenbKoro jep:KaBHOrO YHIBEPCUTETY Ta CJIy2KOU
B apwmil Bin cras acnipanrom y donenpkomy IITIMM AH YPCP (naykosuii kepiBHUK
In. 1. lixman) i, BogHOYaC, iHKEHEPOM BiJUITy Teopil HMOBIpHOCTEI Ta MaTEMATHIHOI
cTaTHCTUKE. 3aBimyBaden Biitiay Gy Bike Ha Tol uac BujaTHuii Buennii U1, 1. Tixmam.

3 1973 poky i J0 KiHIsI CBOIO »KUTTSI, HE3BAXKAIOUN Ha PISHOMAHITHI Helepemdady-
Bani 3minu, Cepriit fdkosuu Maxuo npamoas y Jouenbkomy [ITIMM HAH Vkpainn,
Jle BiH IIPOMIIIOB MIJISAX BiJl acmipaHTa JI0 3aBiyBada BiIIiTy.

3a pokwu HamojersnBoi mwiaiaHol mpami Cepriit flkoBud cras BimomuM daxiBiem B
rasy3i Teopii iimoBipHOCTel i MaTemarmunoi craructuku. Moro maykosi inTepecu Jre-
KaJm B 00JIacTi 3BUYAMHUX AudepeHIlaIbHIX PiBHSIHD, TudepeHIiaJbHIX PIBHAHD B
YACTUHHUX MOXITHUX Ta CTOXACTUIHUX JU(DEPEHIIATLHUX PIBHSIHB, T€OPil BUTAIKOBAX
uporteciB. Hum 6ysio po3pobsieHo acuMITOTUYHI METOIU JTOC/TIIXKEHHsT PO3B’sA3KiB CTO-
XaCTUIHUX JudEepPeHIiabHUX PIBHAHD, sIK ¥ BUNAJIKY HECKIHYEHHO 3POCTAIOYOTO Yacy,
TaK 1 y BHIAJIKy HasIBHOCTI MaJjioro napamerpy. Ha BijMiHy Bij| KiIacumdHUX De3yJib-
tatiB, Cepriit fkoBUY po3rIAmaB 3HAYHO IUPINNI KJIAC PIBHIHDL: KOEDIIIEHTH TaKUX
PIBHSIHb MOYKYTb BECTH cebe BKpail HeperyJisipHO — JIjIs HUX MOYXKYTb HE iCHYBaTH [TOTOY-
KOBI I'paHuIli, BOHH MOXKYTh HEOOMEXKEHO 3POCTaTHU, JIjIs HUX MOXKE HE BUKOHYBATHUCH
ymoBa, JIimmuris.

o ocroBHux naykoBux pesynbrariB Cepris fKoBmda HaATEKATH PE3YIBTATH OO0
FPAHUYHOI MOBEJIHKU PO3B’S3KIB CTOXACTUIHUX JAUMEPEHIIIHNX PiBHsIHDB; (hopMmyJin,
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110 TIOB’SI3YIOTh CTOXACTUYHI PiBHsIHHS [TO 31 CTOXaCTUIHUMU PIBHIHHIMHY 3 JIOKAJIHLHUM
9acoM; YMOBH iCHYBaHHS Ta €UHOCTI CUJIbHUX Ta CJIAOKUX PO3B’SA3KIB K CTOXACTHUIHUX
piBHAHD [TO, Tak i CTOXACTUYHUX DPIBHSIHBL 3 JIOKAJBHUM YaCOM; YMOBHU iCHYBaHHS Ta
€IMHOCT] pO3B’A3KiB PiBHSHD B YaCTHHHUX MOXITHUX Ta OAraTo iHINNX.

Pesynbrarn iioro HayKOBUX JOCHIKEHb MICTATHCS y Kauauaarchbkiit (1975 p.) Ta
JoKTOpebKiit (1993 p.) auceprarisx ta omyb6sikosani 6iabin Hizk y 100 poborax y dhaxo-
BUX BUJIAHHSIX sIK B YKpaiHi, Tak i B iHmwux kpainax ceity. Y 2012 porii B cepii Akagemil
Hayx VYkpainu “Sagadqi i MmeTonn: MareMarnka, MexaHika, KibepHeruka’ OyJia ormy0Jri-
koBaHa monorpadis Cepris Axoswua “Croxactrani piBuanasd. ['panmani Teopemn”’. Y
2013 pori HEUM OYB OTPUMaHUR JUILIOM Ha BIAKPUTTS “3aKOHOMIPHUI 3B’sI30K MiXK Xa-
PaKTepOM TEXHOT€HHUX IIPOIECIB i CyMIimIIo ra3iB y mia3eMHuX MipHUIUX BEPOOKax —
JK Pe3yJIbTaT CHiBIPAIll 3 HAYKOBIFAMU IHIMAX Tajay3eil B MOIIYKY IIJISAXiB MOIOJIAHHS
BaK/IMBO1 IpobsieMu maxTapcbkoro Jlonbacy — 3ara3oBaHocTi ripHuInx BUPOOOK.

He zabysas Cepriit dkoud i cBoro alma mater — [loHernpkuil gepKaBHUI yHIBEp-
curer (mizuime — JloHenpkuii HarionagbHuii yHiBepcuTer). Bin Buk/IagzaB Tam He O
Hy JucIuILIiHy (Ha piHOMY MareMaTHYHOMY, Ta Ha iHIUX Qakyjabrerax), BiaBimLy-
BaB HAayKOBI KOH(]eEpEHII Ta ceMiHapu, OpaB y4acTb B pelaryBaHHI HayKOBHX BUIaHD
yHiBepcuTeTy, OyB KEePiBHUKOM KYPCOBUX, JUILJIOMHUX Ta MAriCTePChbKUX pobiT CTyIeH-
tiB Hou /1Y, nonomaras acipantaMm ta MojoauM HaykoBisiM Jou Y. Iparosas Cepriit
AxoBud TakoXK B iHmMMX yHiBepcuTeTax JloHenbKa, a HAyKOBI 3B I3KN MiITPUMYBaB, 6e3
repebiIbIeH HsI, 3 yCiMa CIIemiaicTaMy B TaJIy3i Teopil IMOBIpHOCTEH Ta MaTeMaTHIHOT
CTATUCTUKU HE TLIBKH MiCTa, & i yCbOI'O CBITY.

Aproputer i moBary cepei koJier Ta criBpobiTHukiB IIIMM itomy mpunecan Ta-
Ki PUCH XapakTepy sIK JOOPO3UUINBICTD, HEOAMIYyKICTh Ta 3aIliKaBJIEHICTD 0 BCHOTO
OTOYYIOYOr0, iIOro HayKOBO-OpraHizalliiiHa JTistJIbHICTD.

“3 Cepriem mMu Oyl 3HAOMI 31 CTYIEHTCHKUX POKIB, — IHIIE y criorajgax Muxaitio
Kapabai, — i 3aB2xk/u 3BepTajucs Mizk coboio Tisibku 3a iM’sam. [Torik 1966 poky nabopy
(ra 1 pik crapmmii Moro), 6yB Hajzsu4aiino cuibauM. Ajie Cepriii BumiasBes cepej
OJTHOKYPCHUKIB.

ITo-crpaBKHBOMY MH HO3HaoMIIACS Ha ceminapax V. I. Tixmana. Cepriit 3arumm-
BCdA y MOIHl maMm’siTi HalaKTUBHINIUM yYACHUKOM IUX ceMinapis. Temaruka mOMOBieit
Oysa BKpail pisHoMaHiTHOIO, aJste inTyimisa Cepris gornmoMaraja HOMY BHIIATH KJIOYOBI
MOMEHTH 1 “IiBO/IHI KaMiHHsT’ TTPoOJIeMH, sTka 0OroBoproBaJiacs. B HAyKOBUX JIUCKYCisx
BiH OyB 110-100poMy 3aaupucTuii. Big HbOro HaaxoIM/Ta HE TIILKH KPUTHUKA, ajie i KOH-
CTPYKTUBHI, YaCOM JTyKe KOPUCHI iel.

st Mene 11e O6yJI0 BaXKJIMBO, TOMY IO sI IPHUHUIIOB 3 (PYHKIIIOHAJBHOIO AHAJIZY.
CroxacTu4Hi mapaaurMu OyJIu Jjisi MeHe 9uMOoch popMaabHuM. Moe MOBIpHICHE ME-
CJIEHHSI CKJIAJIOCS, 3J1eOL/IBINIOro, Mij| BIIMBOM IUX TOCTPUX JTUCKYCIiil, 3a IO o TyKe
pastaauit Cepriesi”.

[Iporsirom Gararbox pokis Cepriit dAkoBuv BxoauB 10 ckaaxy Buenoi pamu [TTMM
HAH Vxkpainu, crueriajiizoBanol paju i3 3axucty mguceprariii, 3 2003 poky o4dojoBaB
BijtisT Teopil MOBipHOCTEH Ta MATEMATHIHOI CTATUCTUKY IHCTUTYTY. ¥ IPOJIOBXK TPHU-
BaJIOTO Yacy HparoBaB wieHoM ekcriepTHol paju BAK Vkpainu.
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Caiit 6araTuii 0CBiJI BiH ITepejlaBaB aclipaHTaM i CTyIeHTaM IIPOBiIHUX By3iB [loHe-
ubka. CTymeHTH 3 BASIHICTIO 3raIyIoTh cBOro Buk/agada. Omaun 3i crymentis C. 4. Max-
Ha — Lt Kapabam — numre: “Cepriit lkopud MaxHO YUTaB CIEIKYPC 3 JTOJATKOBUX
PO3IiIiB Teopil WMOBIpHOCTEH y Tiif TPyl CTATUCTHKIB, /e s creriaaisyBascd. Lle OyB,
MabyTh, 1998 pik. Yacruna jekniit mpoxomguaa B IIIMM. Tam mu 6ukde BIi3HAJH,
IO TaKe JOCJITHATLKUN IHCTATYT.

Cepriit fkoBud OyB KUTTEPAJICHAM, 3aBXK TN yCMiXHeHUM BukaamadeM. CTymaenTn
JLy2Ke moBaxkayim foro Ta moboroBasiucs itoro ek3ameny. Cepriit flkoBuda oxode Bijro-
BiJlaB Ha HaIlll MUTAHHA i MOTHUBYBAaB HAC IX 3ajaBaTu. ZIKIO HAM BIABAJIOCS 3HANTH
orpixu B Jiekiii, To Cepriit koBuY HaBiTH pajiB: Tak, OTXKe CTYIEHTHU I€ HE 30BCIM
3aCHYJIH.

Cepriit IkoBn4 6yB IPUHIMIIOBOIO JIOAHOI0. J0ro yIacTs y 3aXHCTi KaHHIATCh-
KX JUCepTaliil BUK/ovdaia gpopMasbHe BiIHOIIEHHS 10 Ipolecy 3axucry. Bin mir 3a-
JnaTu Oyib-sike HespyuHe nutaHHs. L{ikaBo Oysto criskysarucs i 3 yaasimu Ceprist fko-
Brda. 1M, MabyTh, IepesaBaBcs fOro HacTpiil. 3a I'sITh XBIJIMH BUIAIKOBOI PO3MOBH
B iHCTUTYTI MOXKHA OyJIO 3HAYHO IMONIUPUTHU CBOI 3HAHHS Cy4YacHOI TeOpil BUIIAIKOBUX
mmporiecis”.

ITig kepiaunreom C. f. Maxna Oysau 3axulleHi JeKiJbKa KaHIMIATCHKUX 1 JOK-
TOPChKa JAUCEPTAllil, ILUIIJTHO IMPaIioBajJa BCECBITHBO BiJIOMa IIKOJIa Teopil WMOBIpHO-
creif 1 MaTeMaTUIHOI CTATUCTUKHY, CTBOpeHa B [HcTuTy Tl wieHoMm-KopecrioraeaTom HAH
YPCP M. I. Tixmanom i sixa na 2014 pix HapaxoByBasa 5 G0KTOPiB i mona 50 Kamu-
naTiB pisuKo-MaTeMaTUIHUX HAYK, AKi MPOXKUBAJIMA Ta HEC/IH CBIT/IO MATEMATUIHOTO
3HAHHS B JIECATH KpaiHaX CBITY.

Ocrannim gacom yBary C. ¢. MaxHa npupepTa/n JIOCTIIXKEHHST aKTyaJbHAX [IPO-
6sieM Teopil 0OEpHEHUX CTOXACTUYHUX PIBHSIHB, CTOXaCTUYHUX PIBHAHB 3 JIOKAJIHHUM
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qaCcoM, IIPUHITAI BEJINKUX BiIXMIEHDb /5T PO3B’sI3KiB PI3HOMAHITHIX CTOXACTHIHAX PiB-
HSHbB.

Hayxkosa gistpricts C. 9. MaxHa mpooBKyBaJiack i 6yj1e IpoIoBXKeHa B MaiibyT-
HBOMY POOOTOIO #Oro y4HiB, ogHUM 3 gKuX € aBrop nux psiakiB 1. I Kpukyn : “Xoua
pocificbka arpecis 2014 —... pokiB 3mycmia HAC TMOKUHYTU pinuuii {oHernbK, HaBITDH
PO3KHJIajIa HAC 0 PI3HUM KpaiHnaMm, MU HaMaraeMocs IiaTpuMyBaTu 3B sa3ku. Jlosis
3BO/IMJIA HAC 3 DaraTbMa HAyKOBISIMU, MaTeMaTuKaMu, aje, pymaro, came Cepriit fko-
BUY 3aIlaM SITAETHCS sIK (paxiBellb HANBUIIOTO PiBHSI, JTIOUHA, IO BiATaHa MaTeMaTHII,
[IPUHIIATIOBA, SKA, [IPU I[HOMY 3aJIUIIAJIACS JIOJISHOI 1 JOOPO3UIINBOIO — 1 0 KOJIET,
i 1o mijgrernux, i 10 cryjeHTiB, aciuipanTiB (HaBiTh “4yKux’ Ta He Jy’Ke CTapaHHUX).
“Tpeba gymatu”, “IIpocTux 38189 BKe He 3aauImmIocs”, “A B Koro MeHi 3anuratu?”’ — 1e
dpasu Ceprisa Axopuya, sIKi 3apas3 s caM 1HOJI BUKOPHUCTOBYIO IIPH CIHIJIKYBaHHI 31 CTy-
gerTamu. | koxkHa 3 HUX — K (poTorpadisi, MiHi icTopis, 1o He moTpedye po3’ ICHEHHS
i € 3po3yMLJIOIO [IJIsT KOYKHOI'O BUKJIAada...”

[Iporsirom cBoro xkuttst Cepriit flkoBudY jronomaras yciMm, XTo JI0 HbOTO 3BepTaB-
cst. 3rajyerbest emizon 3 posnosini B. O. [epkaua. “Ilicis 3akindenHs yHiBEpCUTETY
3ycTpidaancs MU PigKo #i BumaakoBo. Bupocim narii gitu. Most mo9ka 3 90/I0BIKOM
noixasia no I3paimio, e miaTBepamia nepiny cryninb y Texwioni i movasa nucatu Ma-
riCTepChbKY AMCEPTAINIO 31 CTATUCTUKH IIi/T KepiBHAIITBOM mIpodecopa Mammenpdbayma.
Y 2006 pori Bona npuixaja B Jlonenbk. Y Hac Oyjo 6araro dacy saitHsTucs i1 gucep-
ranieo. Konu pobora miaxomuna o Kinmg, st monpocus Ceprist npounTaru i1, BCbOro
6inst 50 cropinok. Cepriit He TiJbKKM TpPOYMTAB, aje ¥ 3HAHUIIOB B Hiil MOMWIKHU, IO
JIOIIOMOIJIO CYyTT€EBO MOKparmutu pobory. ¢ ayxke rasaruit CeprieBi 3a IO JOIOMOTY.
JlouKa yCHilIHO 3aXUCTU/Ia CIOYATKY KAaHIUJIATCHKY, a ITOTIM JOKTOPCHKY JIUCEPTAILiIO,
10 J1aJ10 1# MOXKJIUBICTH oTpuMaTu pobory B ['apBapmi”.

Ocranni crarti Cepria AxoBuda — 1e corau, Hanucani HuM y 2018 porii He3a,10Bro
1o cMmepti Ta npucsgdeni 100-piydro Bl JTHA HAPOJKEHHS MOTO BUMUTEJIsI, BUJATHOTO
maremaruka 1. 1. Dixmama (1918-1985). 11i craTTi cramm HIGHTO MOAAKOI BYHTETIO,
KW PO3KPUB HAYKOBUI MOTEHITAT CBOTO YYHS.

Bunarauit Buennii, C. ¢. Maxuo 6yB JIIOAMHOIO, 10 BifgaHa cBolii BarbkiBminHi,
CBOI HayIi, Apy3sM 1 Kojieram, a Iie JIOOJIAIUM Y0JI0BIKOM 1 TYpOOTJIMBUM OaTHKOM.
Csimira nam’sitb po Ceprist fIkoBuYa Ha3aBXK/M 3aIUIIATHCS Y CEPIX HOro PiIHUX,
O/IM3bKUX Ta JIPY3iB, YUHIB Ta KoJier, BCiX, xTo 0u3bko 3uaB C. 4. MaxwHa...

ITidzomysas 3a cnozadamu yunie ma xosee I.T. Kpukyw
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costant depending only on these radii. In the second theorem we show that boundedness of L-index in
joint variables implies validity of the mentioned estimate for all radii.

MSC: 32A10, 32A17, 32A37, 30H99, 30A05.

Keywords: bounded index, bounded L-index in joint variables, analytic function, unit ball, local
behavior, maximum modulus.

1. Introduction.

This paper is addendum to [1]. There was proposed the definition of L-index
boundedness in joint variables obtained some criteria of L-index boundedness in joint
variables for vector-valued analytic functions in the unit ball. Here we pose the following
goal: to obtain and to prove criteria admitting easy application to system of partial
differential equations. Particularly, we should like to deduce analogs of Fricke’s theorem
and Hayman’s theorem for this function class. The first theorem describes estimate
of maximum modulus of entire function having bounded index. It plays important
role in the proof of the second theorem. And the second theorem allows to estimate
modulus of derivative of some order by moduli of derivatives of lesser order. For
vector-valued function we will replace the modulus of the function by the sup-norm.
Analogs of Hayman’s theorem for various classes of analytic functions have many
applications in analytic theory of differential equations: entire functions of bounded
L-index in direction [2|, entire functions of bounded L-index in joint variables [3],
analytic functions in the unit ball having bounded L-index in joint variables [4], entire
bivariate vector-valued function of bounded index [5].

2. Notations, definitions and auxiliary propositions.
Here we use notations from [1,4,6]. We need some standard notations. Let Ry =

[0;+OO), 0= (an) € R?H 1= (Ll) € R? , R = (7‘1,’/"2) € R?H \(z,w)| =V |Z|2 + |UJ’2.
For A = (a1,a2) € R%, B = (by,by) € R?, we will use formal notations without
violation of the existence of these expressions: AB = (a1b1,a2b2), A/B = (a1/b1,a2/b2),
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AB = (a5, a%?), and the notation A < B means that a; < bj, j € {1,2}; the relation
A < B is defined in the similar way. For K = (k;, ka) € Z?._ let us denote K! = kq!- ko!.
Addition, multiplication by scalar and conjugation in C? is defined componentwise. For
z € C% w € C? we define (z,w) = 21w + 20W2, where Wy, W5 is the complex conjugate
of w1, wo.

The polydisc {(z,w) € C? : |z—2z| < r1,|w—wo| < r2} is denoted by D?((29,wp), R),
its skeleton {(z,w) € C?: |z — 29| = 71, |w — wo| = 2} is denoted by T2((z0,wo), R),
the closed polydisc {(z,w) € C? : |z — 29| < 71,|w — wo| < 7o} is denoted by
D?[(z9,wp), R], D* = D?(0;1), D = {z € C : |2| < 1}. The open ball {(z,w) €
C? : /]2 — 202 + |w — wo|? < r} is denoted by B?((29,wp),r), the sphere {(z,w) €
C? : /|2 — 202 + |w —wo|> = 7} is denoted by S?((20,wo),7), and the closed ball
{z € C?: /]2 — 202 + |wo — wo|?> < r} is denoted by B2[(zp,wp),r], B = B%*(0,1),
D=B!={z€C:|z| <1}

Let F(z,w) = (fi(z,w), f2(2,w)) be an analytic vector-function in B2 Then at a
point (a,b) € B? the function F(z,w) has a bivariate Taylor expansion:

Fz,w)=33 Culz=a)*(w-b)",

k=0m=0

where Ckm = ﬁ (

MM fi(zw) FFT™ fo(z,w) _ 1 k
9zkgwm 7 9zkdw™ ‘z:a,wzb ! 'F( ’m)(a’b)'

m:
Let L(z,w) = (I1(2,w), l2(2,w)), where [j(z,w) : B> — R2 is a positive continuous
function such that

B
1= VI[P +[wP’

V(z,w) €B?: 1i(z,w) > (1)

j € {1,2}, where 3 > /2 is a some constant.
The norm for the vector-function F : B2 — C? is defined as the sup-norm:

I1F(zw)l = ma {15 )]

We write

PO (o) = LR (Do) T h(ee))

02t OwI 020wl 7 0z0wI

An analytic vector-function F' : B2 — C? is said to be of bounded L-index (in joint
variables), if there exists ng € Z; such that

V(z,w) € B® V(i,j) € Z2 :

' EmIF (2, w)l5 (2, w)

|F @9 (2, 0)| |F®™) (z,w)]|
il (2, w)ld(z,w)

:k,m€Z+,k+m§n0}. (2)
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The least such integer ng is called the L-index in joint variables of the vector-function F’
and is denoted by N (F, L, B?). The concept of boundedness of L-index in joint variables
were considered for other classes of analytic functions. They are differed domains of
analyticity: the unit ball [4, 6-8|, the polydisc [9, 10|, the Cartesian product of the
unit disc and complex plane [11], n-dimensional complex space [12,13]. Vector-valued
functions of one and several complex variables having bounded index were considered
in [14-18].
The function class Q(B?) is defined as following: VR € R%,|R| < 3,5 € {1,2} :

0< )\Lj(R) < )\ij(R) < 0

where

Ai(R) = infe]Bz inf {ll](z’w) : (2,w) € D*[(20,w0), B/L(20,w0)] 7, (3)

(z0,w0) i (20,wo)

1 = su su M Z, W 2 20, W 20, W
sl = s sup { B (o) € D ), R/ Go o) | ()

We need the two following propositions from |[1].

Theorem 1. ([1]) Let L € Q(B?). An analytic vector-function F : B> — C? has
bounded L-index in joint variables if and only if for every R € R?, |R| < B there exist
ng € Zy, p > 0 such that for all (20,wo) € B? there exists 2-tuple (ko,mo) € Z2,
ko +mo < ng, satisfying inequality

[FEm 0 2
max{ k!m!llf(z,w)lgn(z,w) tk+m < ny, (va) €D [(Z(],(.L)[)), R/L(ZO,WO)] <

1 *0.7m0) (2, wo) |

0 .
ko!mo!l’fo (Z(), wO)lgLO (2’0, wo)

(5)

<p

Let Ly, Ly € Q(B?). We say that Ly < Ly if there exist two constants 0 < C; <
(9 < 400 such that
C1L1(z,w) < La(z,w) < CoLy(z,w)
for every point (z,w) € B2.
Lemma 2. ([1]) Let L € Q(B?), L < L, 8> 1. An analytic in B? vector-function

F : B2 — C? has bounded L-index in joint variables if and only if, she has bounded
L-index in joint variables.

3. Estimate of maximum modulus on the skeleton of analytic vector-
function in ball.
For an analytic vector-function F : B2 — C? we put

M(R, (z0,wp), F) = maX{HF(z,w)H D (z,w) € T2((zo,w0),R)} ,
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where (z9,wp) € B?, R € R2. Then
M(R’ (Zo,Wo),F) = maX{HF(Z’w)H : (Zaw) € ]])2((zo,w0),R)},

because the maximum modulus of the analytic vector-function in a closed bidisc is
attained on its skeleton.

In theory of functions having bounded index a very important role has Hayman’s
theorem. It was obtained by W. Hayman [19] for entire functions of one variable
having bounded index. Later it was generalized for various classes of analytic functions
[6,9,11,20]. This theorem is applicable in analytic theory of partial differential equations
[3,4,21]. It allows to deduce conditions by the coefficients of equation providing index
boundedness of each analytic solution. Moreover, the idea of proof was used to obtain
growth estimate for functions from this class. To prove an analogue of Hayman’s
theorem, we need the following theorem. The theorem gives sufficient conditions by
the estimate of maximum modulus on the skeleton of bidisc.

Theorem 3. Let L € Q(B?), F : B2 — C? be an analytic vector-function. If there
evist RVR" € R2, R' < R"|R"| < B8 and p1 = p1(R',R") > 1 such that for each
(Zo,UJO) € B2

M (L(j;o),(zo,wo),F) <mM (w,(z’mwo),F) (6)

then F' has bounded L-index in joint variables.

Proof. The current proof is similar to proof for functions analytic in the unit ball
in [6]. Suppose that 0 < R’ <1 < R”.

Let (20,wo) € B? be an arbitrary point. We expand the vector-function F in power
series

F(z,w) =YY Brm(z — 20)*(w — wo)™, (7)

FE™ (zow0)  £5™ (20,00)
where Bk,m = (bl,k,ma b2,k,m) = ( ! Tl , =2 Tl )

Let u(R, (20,w0), F) = max{||Bgm|r¥ry* : k +m > 0} be the maximal term of

series (7) and v(R) = v(R, (z0,wp), F') = (v1(R),v2(R)) be a set of indices such that

,LL(R, (207w0)’F) == HBV(R)‘|T11/1(R)T;2(R)7

Vi(R) + v2(R) = max{k +m : k+m > 0,| Brmlriry = u(R, (20,w0), F)}.
Then in view of inequality (7) we obtain that for every |R| < 1 —+/|z0|? + |wol? :

(R, (z0,wo), F) < M(R, (20,w0), F).
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Then for the given R’ and R” with 0 < |R'| < 1 < |R"| < 8 we deduce

M(R'R, (20,w0), F) <Y > (1Bemll (Fir1)F (rhra)™ <

k>0m2>0
< 303 (R (0,0, F) () ()™ =
k>0m>0
2]
:,LL( ZO’WO ZZ Tl T2 _H 1_7“//‘(R’ (ZvaO)aF)'
k>0 m>0 j=1 J

And
In u(R, (20,wp), F) = 1n {HBZ/(R) ||T11/1(R)T;2(R)} _

1
. "\ (R I\v2(R _
=In { HBV(R) [(r177) i )(T2T2) 2(8) (T//)VI(R) (ré/)z/z(R) } -

1
1

— /\v1(R) 1\v2(R)

= ln{”Bu(R)”(Tlﬁ) 1 (rgrg)™ }+ln{(7,11/)y1(R)( //)u2(R)} =

<Inpu(R"R, (20,w0), F) — (v1(R) + v2(R)) In rnln2 ry.
<j<

Hence, we have

P —
n(R)+a(R)< In minq<j<o 7“]

(IHM(R”R, (Z(),Cd(]),F) - ln(HJQ 1( )IDM(R R, (Z(),Cd()),F))

In minj<j<o 7“]-

7 (I p(RYR, (20,00), F) — In (R, (20,w0), F)) <

—(In M(R"R, (z0,w0), F) —In M(R'R, (20, w0), F))—

~ Inminj<j<a 7‘

CSm-ry) L MR'R (z0,00). F) > In(1 =) -
min1<]~<2 T/./ N minlgjgg T}l M(R/R, (Zo, wo), F) minlgjgg ?”;-/ )
Put R = ( ooy Let N(F,(z0,wo), L) be the L-index of vector-function F' in joint
variables at the point (zp,wo).
Therefore,
1
N(F,(z0,wo),L) <v (L(ZOMO)’ (zo,wo),F> =v(R, (z0,wp), F). 9)
But
M(R" /L(20,w0), (20,w0), F) < p1 (R, R"YM (R’ /L(20,w0), (20,w0), F). (10)

Thus, in view of (8), (9) and (10) we obtain V(zg,wp) € B?

~Y (1 =7})  Inpy(R,R")

3 / 1 3 / 1
In min{r}, 7 In min{r}, rf

N(F, (Zg,w()),L) <

20



Analogs of Fricke’s theorems for analytic vector-valued functions in the unit ball having...

Hence, we conclude that F' has bounded L-index in joint variables with 0 < R <1 <
R”, |R”’ < B

Let us prove the theorem for all 0 < R' < R”, |R"| < 8. From (6) one has

2R" R+ R
<

"R'+ R 2L(ZQ,OJ())> }

2R// RI + R//
"R'+ R 2L(z0,w0)> } '

max {1F (0l 5 (21) € T2 (G

<p max{|F(z,w)|| - (z,w) € T? ((zg,wo)

Put L(z,w) = 2]?1;551;;/) We obtain

rw 2 [ (20, w 2
max{HF(z,w)H H(zw) €T <( 0, w0), (R’ +R”)i(zo,wo)>} :

rw 2| (20,w 2
<m maX{IF(Z,w)H (z,w) €T <( 0,%0), (R’+R”)i(2o,wo)> }’

QRN

/
A <1< 7

where 0 < 7777

Using the first part of the proof, we get that the vector-function F' has bounded
L-index in joint variables. Then by Lemma 2 the vector-function F' is a function of
bounded L-index in joint variables. [J

Using the arguments of the proof of Theorem 3, one can prove the following theorem

Theorem 4. Let L € Q(B?). If analytic vector-function F : B2 — C? has bounded
L-index in joint variables then for all R\, R" € R2, R < R", |R"| < j there ewists
p1 =p1(R, R") > 1 such that for every (zo,wo) € B? inequality (6) holds.

Proof. Let N(F,L) = N < +o00. Suppose that inequality (6) does not hold i.e. there
exist R < R”,0 < |R'| < |R"| < B3, such that for each p, > 1 and for some zy = zo(px),
wo = wo(px)

M <L(Z]j;o)v(zo,wo),F> > peM <L(zi/w0)’(zo’w0)’F>' (11)

By Theorem 1, there exists pg = po(R") > 1 such that for every (zo,wp) € B? and some
(ko,mo) € Z%r, ko +mo < N (that is ng = N, see proof of Theorem 1) one has :
/!
v R
L(z0,wo) (20, wo), F'(ko:mo)

) < pol Fom0) (20, wo). (12)

We put

= (r1)? Ty
(v —))! (Té’ )N { 1 }
by = po —= max < 1, ,
2w | N
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and

! !
172

9 2\ N 2
= |
px = (ND)po ( . > -I-Zbk—i-l.
k=1
Let z9 = z0(p«), wo = wo(p«), (20,wp) be a point for which inequality (11) holds and
(ko, mg) be such that (12) holds and

R )
M ————,(20,w0), F | = ||F(z",w")],
(py ). F ) = PG

R/l
M\t —+ Fi FUd) *
<L(20’WO)3(ZO,W(])7 ) ” ( ,]7(“)@,3)”

for every (i,j) € Zi, i+ j < N. We apply Cauchy’s inequality

1.9 oy l Z 7w ’ l z ,OJ J * *
PO ) < gt (PR (BN iy )
1 2
for estimate the difference
. o it
PO et ty) = PO Gt Il = 1 [ e 6 ot el <

aer]JrlF Tl
|| BN 14
HazH_lawj(Zz+1,jvwz+1,]) l1(207w0> ( )
Since (29, w wi;) € D? [(zo,wo),L(T”wO)} and |27, — A = ll(zt)ilwo) ll(z?,zz‘Q) <

Ao (Rl (20, wo), |wfj —wi| = prioys 2(wh, wis) < Aop(R")l2(20,w0), and inequality
(13) holds with i = ko, j = mo by Theorem 1 we have
- g (29, w 7 29, w*
”F(ZJ)(Z?,W,ZJ)H < J ( 1 j?) ( 1 ]2)
o' mol15° (20, wo )15 (20, wo)
i1 (20, wo) 15 (20, wo ) AL RN, (R" mo
< J ( 0 0) ( 0 0) 21( ) 22( )poko!mo!ll (207/w2)l2 (Z(],U.)()) HF( )H _
ko!molll (Zo,CU(])ZQ (zo,wo) ( )0(T2)
il (20, w0) B (20, wo) X, 1 (R") AL o (R")
(r})ko(r z)mo

From inequalities (14) and (15) it follows that

pol| F*om0) (25, wo) || <

(=" @)l (15)

oititlp

i+lg J
(")zm (’*)w} -
> ll(zl’ ,])

l (ZO wo .
(i1 win || = = UIFY (55wl = 1FY (2,07 )} >

poil 1 (20, w0) (20, wo) A5% (R")

145,71 =
DR

1]

1E (" W

i
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Then

8(ko+mo)—1f .

11 (20, wo)
9zko—19,ymo (Zko—l,mm wzo,mo)

| >
r{

w

| EFomo) (2w,

po(ko — 1)!molli* (20, w0)l5" (20, wo) A% (RMAFS(RY)
- ’F”(’f’,)ko(’r'/)mo HF(Z , W )H >
1\'1 2
ootmo2p
Hzko—29ymo Flo—2,mq? wkoﬂno)

13 (20, wo)
G
poko — 2)!mollf® (20, wo)l5™ (20, wo) A5 (R")AS'S (R”)
(r7)?(ry)ko(ry)mo
po(ko — 1)mollf° (20, wo)15™ (20, wo) A5% (R")AS'S (R") .
- 11 (0t \ko (1] Yo HF(Z W )H >
r{(ry)ro(ry)
l}fo(ZO,wo) amf .

(r")ko || Qumo (20, ino)

Po m
’ - Wﬂfo (20>w0)l2 O(ZO,WO)X

YR ot PP )] >
> ”fo(z(‘;’,l,“;zﬂl(%i? “0) () — P By + o), (16)
where in view of the inequalities Ao 1 (R"”) > 1, Aa2(R"”) > 1 and R” > R’ we have
by = m),gf((;,z)mllfo(Zo,WO)lénO(Zovwo))\gfg(R”)mo!(kor,l,l)! =
o) (" D o,

1
[S—— L (mo— ! _ 11" (z0,w0)l5™ (20, wo)
(R/)ho-mo

k m
17° (20, w0)13" (20, wo) (rYko Y = CAICAL

ba.

Thus, (16) implies that:
11 (20, wo) 5" (20, wo)
GG

IFE el
. {HF(z*,w*)H (br ’”)}'

k
”F( O,mO)(ZZO,m()?wZ(),mo)H Z ||F(’Z*7w*)HX
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But in view of (11) and a choice of p, , we have % > P« > b1 + bo. Thus, in

view of (12) and (13) we obtain

Px.

lllco (207 wO)lgno (ZO7 WO)
CARCAE

(ko,mo) N\ ko,mo
= o1 gy P Gos (R0

[FOm0) (s ity )2 PG w")l {ps = (b + )} 2

l]fo (207 WO)lgnO (Z(], WO)

(Ti/)ko (Tg)mo ko!m()!llfo (Z(),CUQ)l;no (Zo,ujo) -
> (H2)" (o o+ gy L e i)
10NN
Hence, we have p, < pg (%) (N1)? + Z?:l b;, but this contradicts the choice of
O
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B.Il1. Bakca, A.I. Banagypa, O.B. Ckackis
Amnasioru teopem Ppike A1 aHATITUYHUX y KYJIi BEKTOPHO3HAaYHUX (PYHKIIili oOMexke-
Horo L-iHgeKcy 3a CyKYITHICTIO 3MiHHUX.

V @it craTTi HaME OTpUMaHO HeoOXigHI Ta mocrarHi ymoBu obmexkenocti L-immekcy 3a cykym-
HICTIO 3MIHHUX /U1 BEKTOPHO3HAYHUX (DYHKIIH, anamiTnaanx B omuangHii Ky, ne L = (I1,12) —
JI0/IaTHA HellepepBHA BEKTOPHO3HA4YHA (DYHKILis, 110 BU3HAYEHA y BHYTPIIIHOCTI ONMHWYHIN KyJi
3 JBOBUMIPHOTO KOMILJIEKCHOTO MPOCTOPY 1 KOXKHA KOMITOHEHTA 33JI0BOJIbHSE JESKY YMOBY B IIiif
Kyai. Touninie, mpu miaxoxi 10 MeXKi OAWHUYHOI Kysl KOKHA KOMIIOHEHTA 3POCTA€ IMBUJIIIE, HiXK
1/(1 — |z|), me |2| — eBxuizmoBa HOpMa y ABOBHUMIPDHOMY KOMILIEKCHOMY IIpoCTOpi. 30KpeMma, Ha-
MU JI0BeJieHO aHajioru Teopem Ppike jist MO0 Kiacy (MYHKINHN, SKi Jal0Th OMIHKY MAKCHMYMY
HOpMU Ha KicTsky 6ikpyra. Ileprima Teopema cTOCYeThCS HOCTATHIX YMOB. 3TiIHO 3 IUMHU yMOBa-
MH Jj1st obmeskenocTi L-iHjekcy 3a CyKyNHICTIO 3MiHHUX JIOCUTH BUMAaraTH iCHyBaHHS JIESIKAX pa-
IiyciB, JJIsi IKUX MaKCHUMyM HOPMHU aHAJITHIHOI BEKTOPHO3HAYHOI (PYHKINI Ha KiCTAKY OGiKpyra 3
OlTbIIMM paJiycoM He IIEePEBUIILYE MAKCUMYMy HOPMHU BEKTOPHO3HAYHO! DYHKIN Ha KiCTAKY OiKpy-
ra 3 MEHIIUM DPaJiyCcoM IIOMHOXKEHOI'O Ha JesKy CTajly, 3aJIeXKHy Juile Bif pasiycis. oseeHHs
mepInol TeopeMu Mo/ Ii0He JI0 JOBEJIEHHs BiAIOBIIHOTO TBEPJKEHHS JJI aHAJITUIHUX B OJNUHUY-
Hilt Kyai QyHKIH Ta BUKOPUCTOBYE BJIACTUBOCTI MAKCHMAJJIHHOTO WJIEHA, IMEHTPAJIBLHOTO iHIEKCY
Ta KoediIi€eHTIB CTEIIeHEeBOTO PO3BUHEHHsI B OKOJII JIOBIJIBHOI TOYKM 3 BHYTPIIITHOCTI JBOBUMIipHOI
OMMHUYHOI KyJIi. Y JPYTiifi TeopeMi CTBEPIKYEThCH, 1m0 3 obMexkeHocTi L-iHIeKkcy 3a CyKymHICTIO
3MIHHMX JIjIsI BEKTOPHO3HAYHOI AHAJITUYIHOI B JBOBUMIPHINA OJMHUYHIN Ky/i (YHKI] BUILIMBAE
CIIPaBEeINBICTDL 3rajlaHol OIHKY i Bcix pajiyciB. /loemennst apyroi teopemu 6a3ye€Tbcsl Ha
inTerpaspHiit popmysi Komri Ta mos’s3aniit 3 Heto HepiBHocTi Kormi. OcHOBO0O J1j1st TaKOTO JTOBE-
JIEHHS CJIYKUTH KpUTepiit ooMexkeHocTi L-iHaeKkcy 3a CyKyIHICTIO 3MIHHUX JIjIsi BEKTOPHO3HAYHUX
byHKIH, aHAJITUYHUX B OAWHUYHIN KyJIi, SIKWAi paHinie OyB OTPUMaHUI OJHUM 31 CIIiBaBTOPIB.
Ileit xpuTepiit onucye JIOKaJIbHE MMOBOJPKEHHS MAaKCUMYMIiB HOPM YaCTUHHUX IOXIJTHUX HA KiCTs-
Kax 6ikpyra. 3 ojlep:KaHUX HAPI3HO JIOCTATHIX YMOB Ta HeoOXimHux yMoB obmexkenocti L-iHpekcy
3a CYKYIHICTIO 3MIHHUX JJTsi BEKTOPHO3HAYHUX AHAJITUIYHUX B OJMHUYHIN Kyl (YHKIH JIerko
OJIEPXKYETbC KpUTepiit obmerkenocti L-inekcy 3a CyKyHHICTIO 3MIHHUX, SIKAI IOJISITAE Y MOXK-
JIMBOCT1 OIIHKM MaKCUMyMy HOPMH BEKTOPHO3HAYHOI (PYHKIIT Ha KiCTAKY OIKpyra 3 OLIbIIuM pa-
JiyCOM 4epe3 MaKCUMyM HOPMH BEKTOPHO3HAYHOI (DYHKIIT Ha KiCTSIKY 6IKpyTra 3 MEHIITUM PaJIiyCcoM,
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3AJAYA IIPO JOBYTOK BHYTPILHIHIX PAAIVCIB YOTNUPHOX
HEIIEPETUHHUX OBJIACTEN, JESKI 3 AKX CUMETPUYHI
BIJHOCHO OVMHNYHOI'O KOJIA

B poboti posrisiaerses 10CcTaTHBO 3arajbHa IPo0seMa reOMETPUYHOI Teopil pyHKIIIH PO eKcTpe-
MaJibHe pO3OUTTsI KOMILIEKCHOI IIONMIUHU, & CaMe 3aJada MPO 3HAXOKEHHS MAKCUMyMYy J00yTKY
BHYTpIimHiX pajiycis menepernauunx obsiacreil { By }i_i, CAIMETPUYHNX BiHOCHO OAMHUYHOIO KOJIA, 1
CTeneHs y BHYTPLIIHBOrO pajiiyca obsiacti { By}, sika MicTuTh TOUKy HyJb. JlaHa 3a/a9a po3risjanacs
B poborax B.M. Jly6inina, JI.B. Kosamrosa, I'.Il. Baxrimnoi Ta inmux, y 1994 pori Gysa BuUCTaBIeHA
B.M. [y6ininum B ciucky Hepo3B’sizanux mpobsem. B 2000 p. aas v = 11 gy1a Bcix n > 2 1o npobitemy
po3s’a3as JI.B KosasboB. ¥V ganiit poboTi po3riasiacThCst BUNIAI0K TPhOX CUMETPUIHUX HEIIEPETUHHUX
obJiacrelf, IpUUOMy CTemiHb BHYTPIIIHBOro pasiyca obsacti { By} 3Haxoaursest B Mexkax 0 < vy < 1.233
i JUIs1 JJAHOIO BUIMAJIKY 3HAMIEHO MOBHUM PO3B’SI30K 6€3 JI0JaTKOBUX OOMEXKEHbD.

MSC: 30C75.

Karouwosi caosa: snympiwnit padiyc obaacmi, Henepemunni 064acmi, po3diailoue nepemeopers,
Keadpamuurutl dudeperyian.

Bamadi mpo eKkcTpeMasibHe PO3OUTTS KOMILJIEKCHOI TIIONUMHY CKJIATAI0Th BiTOMMUIL
KJIACUIHUH HAIIPSIM T€OMEeTPUIHOI Teopil pyHKIINH KOMILIEKCHOT 3MinHOI. Ll TemaTuka
Gepe mouarok Bij crarri M.O. JlaBpenrhesa 1934 poxy [1| i morim passuBasacs B
paborax Hararbox aBTOpiB [2-9).

Hexait N u R — MHOXXUHU HATYpaJIbHEX 1 JilicHuX duces BiamosigHo, C — KoMIniekc-
Ha momuHa, i mexait C = C|J{oo} — posmmpena kommiekcna momuna, RT = (0, 00).
Ha pozmupeniit KOMIJIEKCHIHN MIOMNUHI PO3TJISTHEMO CHUCTEMY JOBITbHUX HEITEPETUHHUX
MHOrO3Bs3HIX obacteit { By }}!_, npuaomy n obmnacreii { B }}_; cumerpudni BigHOCHO
OJIMHUYHOrO KoJia 1 Hexaii r( B, a) — BHyTpinHiil pajiyc obiaacti B C C Bizmocno Toukn
a € B.

Posryistremo nactyiny ekcTpeMalibHy TPOOJIeMY.

IIpobaema 1. BuaiiTu TOYHY BEPXHIO OIIHKY /I PYHKIIOHAIY

n
In(’}/) = 7/"Y(B07O) HT(Bkvak)a (1)
k=1
;Le’YERJr,aO:O, ‘CL1’:...= ’an’:L akEBkGﬁ,ﬂeBimszwan/Iogi,an
i4 # j — weneperunni obacti, u By, ..., B, cuMeTpuuHi BiTHOCHO OJMHUYHOTO KOJIA.

Brepme B 1984 p. amajoriuny 3ajady 31 BITbHUMH MOJIIOCAMHU JJIsT CUMETPUIHUAX
o71HO3BsI3HUX obsacreii posrusinyna . Baxrina B pobori [5]. B 1994 p. nany sajgady
nocrasus B. Jly6inin B pobori [7| sik Heposs’sizany npobsemy. B 2000 p. qis v = 1

27



O.K. Baxrin, £.B. 3abosiorauit

i s Beix n > 2 mo upobaemy poss’sizas JI. Kosasnbos [8,9]. OgaoMy 3 yacTHHHUX
BUIAJIKIB JaHOI 1TpobyieMu 1 IpucBadeHa JaHa poboTa.
Hexait st koukperHOCTI

0=arga; <argas < ... <arga, < 27.
[Tozmnaummo
o == L(argas —argay),as := 1 (argaz — argas)... ay, 1= (21 — argay).

Hexait ag = mkaxak, k=1,n.

[IpaBuiibHa HACTYIIHA TEOPEMA.

Teopema 1. /laa dosiavrozo nabopy mouwok aj, makur, wo ay = 0, |ag| = 1,
a1 =1, k = 1,3, i dosiavrozo nabopy 63aemno HenepemuHHuL obaacmeti By, ay =
0€e By CcC, a, € B, C C, k=1,3, npuvomy obaacmi By, k = 1,3, cumempuuni
610HOCHO 00unuYHO20 Koaa |w| = 1, i dosinvrozo ditichozo 7y, makozo, wo 0 < v < 1.233
NPABUALHA HEPIBHICTD

- AN 2k 53— VI \v"
(B0, [] (Brax) < (3> 27(9—29)3* 3'<34—v§7> ' ®

(0)

3nax pienocmi 6 uil nepieHocmi JocA2AEMbCA, 30KPEMA, Y GUNAOKY, AKUWO Ap = ay

B, = B,g) k=0,3, de a,(c) i B( ) k= 0,3, € 6i0nogidHo, noswocamu i Kpy208uMu
00AaCTMAMU KEGIPAMUNHO20 dugﬁepenuicmy

Cyw® +2(9 - 7M1+7d2

Qw)dw® = Pld 1) (3)

Jlosedenns. 3aysaxumo, 1mo Bunagok 0 < v < 1 6yB posriusiHyTuii B pobori [10],
BUIIAJIOK 7 = 1 — B po6orTi [8], a Bunaok ap < \/% — B po6ori [11]. Takum YnHOM, HAM
JOCTaTHBO POSIVIAHYTH BHIAIOK 1 <y < 1.2331 a9 > —5=

JoBejieHHst TeopeMu I'DYHTYEThCSI HA METOJ@AX 1 izesx pobir [4,7,8].

[Tokaxkemo, 1Mo mpu yMoBi cqg > , 3HadeHHst dyHKIioHama (1) 3a10BoJIbHSIE

2
2y
criBBiiHOIIEHHS (2).
Hexait

P :={w:argay < argw < argag4+1},

k=1,3, argay =2m, Py :=P3, Py := P, a1 + as + ag = 2.
[Tpu koxxaomy k = 1,3 nosHaunmo depes zp(w) Ty BITKY MHOIO3HAYHOI aHAJITHY-
1

noi byHKiii z = —i(e '¥8%q) ok | 2o = 23, 24 := 21, KA KOH(MOPMHO i OIHOJICHO
Bimobpaxkae obsacti Py, k = 1,3 na npaBy niBmiomuny Rez > 0.

. N — . . 1

Toni mrst obmacrett By, k = 1,3, Takux, 9K i B %;Larn 1, mosHaumMO Uepes D,(C)

06’eiHaHHSI 3B'sI3HOI KOMIIOHEHTH MHOXKUHY 2k ( By [ Pk ), 1110 Micturh TouKy 2k (ax) 3 11

28



3astaga npo o6y TOK BHYTDIIIHIX paJjiyciB YOTHPHOX HEIIEPETHHHUX 00J1acTeH. .

BigoOparkeHHsIM BiJITHOCHO YSIBHOI OCi, a depe3 D,(C ) 00’eTHAHHS 3B SI3HOI KOMIIOHEHTH
MHOXKUHU Zg—1(Bg [ Pk—1), 0 MicTuTb TOUKY 2k_1(ak) 3 i1 BigoOpazKeHHsIM BiIHOCHO
. 2 2 . . . .
yHBHOl 0(:1 D(()) = D( ). Cir'o JBOX CHUMETPUYHUX BiTHOCHO ysBHOI Oci objacTeit
{D k 1} OyeMo HA3UBATHU PE3YJILTATOM PO3ILISIOUOro mepeTBopenns obacti By.
,Hnﬂ yTBOpeHI/IX obJiacTeit, 3riJIHO 3 TeopeMoIo 2 poboTu |6], IpaBuIbHA HEPIBHICTB:

I1 r(Bras) < T e - (D, (D, i),
k=1 k=1

AHaJI0riYHO TPOBOIUTHCST PO3IIJISTIOUE ITepeTBOpeHHsI 0b/1acTi By 1 oTpuMaeMo HepiB-

HICTD
3

r(Bo, 0) H D 0)"

Bukopucrosyoun pesyabraTrn pobiT [6, 7] 1 BJIACTHBOCTI PO3ILISIOYOrO IePETBOPEH-

HsI, OTPUMAEM ,
1) = (570) TTr (B0l =

=1

_ (4)3 (27)3 (3 - ﬁv)m

3) o1(9-2y)2ty \3+v2y)

se B 09 k=03, o
nmudepentiana (3).

IIpaBuibHa HaCTyIHa JIeMa. B

Jlema 1. Hexat By, Bi, Ba,...,By, (n > 2) — nonapno nenepemuni obaacmi 6 C,

ap=0, lag] =1, k=1,n, (a; € B;), j=0,n1¢ >0, ¢ € R, r(Bj,a;) - enympiwnit

padiyc obracmi B 6 mouyi a; 10 <y < n. Todi npu ymosi, uo

“‘?s-m

bl

= 0, BiAMOBiAHO, KPYroBi 00JIACTI 1 MOJIIOCH KBAIPATUIHOTO

1

r(Bo, ap) > g7

BUKOHYEMDHCA HEPIBHICTND!
n
77(Bo,ao) - [] r(By,ax) < q.
k=1
Losedenns. Hexait
_1
r(Bo,ap) =p > q7.

SaCTocyeMo TeopeMy ﬂaBpeHTbeBa [1] JJIA obJiacreit BO 1 Bl, OTpuMaeMO, 110
T’(B(),O) . T(Bl,al) §| al ’: 1.

Ockinbku r(By,0) = p, 0
(B17 (L]_) S

’B\P—‘
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Amnanoriuno .
T(Bk,ak) < 2;
1
k=1,n
Toi
ki 1 -n L n

r(Bo,ao) - II r(Br,ak) <p7- 5w =p" " < (¢7)" " =¢
k=1

Jlemy nmoeemeno. [
Bassum B Jlemi 1 ¢ = I9)(7), orpumaemo, mo mst 7(Bo,a0) > (I3(v)) " mnpa-
BIWIbHA HepiBHicTh (2). ToMy HaM JOCTATHBO PO3IVIsAAATH TLILKK BUIaIoK (B, ag) <

(In(n) ™.
3ayBaskuMo, II10:
3 3
r7 (Bo,0) [T (Br,ax) = [ r (Br, ax) ¥~ (B0, 0) (4)
k=1 k=0
3a Teopemoro 1 poboru [12|, a Takoxk, BpaxoByioouH, 10 ap > %, IpaBUIbHA
HEPiBHICTH
3 9 )
I Brar) < = (lax — ag| - lax — ag| - |az — as])5 <
k=0 4s
7 (5 (=)o (- 73))
<—=5(8sin" - |1— —]sinw |1l - — .
43 < 2 2y 2y
Takum gmnOM, B (4) OTpUMAaEMO:
E 9 m 1 1 \\* 11
7 (By, 0 B <% (sin*z(1-—)sinm(l-—= (7)==
B0 T B < - (305 (1= 75 ) som (1= ) ) 2
(5)
Hauti, Hexait
n
T’Y(BOaO) H 7/‘(Bk?aak:)
n 0 n
O (50,00 11 (8.
k=1
Buxkopucrosytoun (5), oTpuMaeMo HACTYIIHY HEPIBHICTb:
9 1 1\)? 2
™ 3 2
Ju(y) € = - [sin® = (1 — —= ) si 1— —— I2(y)) =3 .
e - 1))
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3astaga npo o6y TOK BHYTDIIIHIX paJjiyciB YOTHPHOX HEIIEPETHHHUX 00J1acTeH. .

Baysaxumo, 1mo J,(1.233) < 1, rakum unsoM jyist Y = 1.233 1 joBiabHOrO HAGOPY

obutacreit By 1 To9oK ay, k = 0,3, 9Ki 3a10BOJIbHSIIOTE yMOBH Teopemu 1, mpaBujibHA
nepisricTs I,,(y) < I9(7), a 3HAUUTH Ui JAHOTO BHIAJKY TeopeMma joBejeHa. llpa-
BUJIBHICTE TeopeMm 1iist 1 < v < 1.233 BUIIMBaE€ 3 MOHOTOHHOTO 3POCTaHHS IO 7Y
BUPa3y, 3aIlUCAHOTO B IpaBiii yactuni HepisHOCTI (6).

10.

11.

12.

Teopema noBesena.l]
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A.K. Bakhtin, Ya.V. Zabolotnii
The problem of the product of inner radii of four nonoverlapping domains, some of there

are symmetric about unit circle.

Considered in the paper is one quite general problem of geometric function theory on extremal
decomposition of the complex plane, namely to determine the maximum of product of the inner radii
of n non-overlapping domains { By} ,, symmetric with respect to the unit circle, and the power « of
the inner radius of a domain {By}, which contains the origin. Starting point of the theory of extremal
problems on non-overlapping domains is the result of Lavrent’ev [1] who in 1934 solved the problem of
a product of conformal radii of two mutually nonoverlapping simply connected domains. It was the first
result of this direction. Goluzin [2] generalized this problem in the case of an arbitrary finite number of
mutually disjoint domains and obtained an accurate evaluation for the case of three domains. Further,
Kuzmina [12| showed that the problem of the evaluation for the case of four domains is reduced to
the smallest capacity problems in a certain continuum family and received the exact inequality for
n = 4. For n > 5 full solution of the problem is not obtained at this time. The problem, considered
in this paper, stated in [7] by V.N. Dubinin and earlier in different form by G.P. Bakhtina [5]. Let
ao =0, |a1| = ... = |an| = 1, ax, € By € C, where Bq,..., B, are disjoint domains, and Bi,..., B,

are symmetric about the unit circle. Find the exact upper bound for r7(Byg,0) [] r(Bk,ax), where

r(Bg,ar) is the inner radius of By with respect to ay. For v = 1 and n > 2 this problem was
solved by L.V. Kovalev [8,9] and for v, = 0, 38n2 and n > 2 under the additional assumption that
the maximum ag of the angles between neighbouring line segments [0, ax] do not exceed 27 /1/27 it
was solved in [11]. In the present paper this problem is solved for three non-overlapping symmetric
domains and for 0 < v < 1.233 without additional restrictions, moreover, for the first time such 1 <
are considered for this case. Was proved the lemma, by which it was obtained the estimate of the inner
radius of a domain {By}, which contains the origin. Using this lemma and the result of paper [11], it

was proved that for ag > 27/+/27 consided product does not exceed some expression.

Keywords: inner radius of domain, non-overlapping domains, separating transformation, quadratic
differential.

Iacruryr maremaruku HAH Ykpaiuu, Kuis Ompumano 31.10.2019
yaroslavzabolotnii@gmail.com
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HEIIEPEPBHICTBH CJIABKIX PO3B’S3KIB HEJITHIMTHUX
PIBHAHDb YETBEPTOTI'O IIOPAAKY 3 IIIJJCUJIEHOIO
EJIIIITNYHICTIO YEPE3 ITOTEHIIIAJIN BOJIB®A

PosrisinaoThesl HesliHifHI AMBEprenTHI piBHSHHS YeTBepTOro mopsanxy 3 L' mpasumnm wacrummamu i
YMOBOIO IIiJICHJIEHOT einTUIHOCTI Ha KoedirieaTn. OCHOBHUM pe3yJIbTATOM CTATTi € TeOpeMa PO OIiH-
Ky KOJIMBaHHS B KyJIi y3arajJbHEHUX PO3B’SI3KiB PO3IVIIHYTHUX PiBHsSHB depe3 moreHmiajm Bosabda ix
MIpaBUX YaCTUH. SIK HACIIIOK OJep»KaHO HOBUI pe3y/bTaT PO BHYTPIIIHIO HEMIEPEPBHICTh PO3B’sI3KIB
PIBHSIHB 3 TPABUMU YaCTHHAMH 3 Kitacy Karo, sikuit XxapaKTepu3yeThbCst PIBHOMIPHOIO 3012KHICTIO J10 HY-
Jig BignosijgHux norenmniaiiB Boabda. Po3risinyTo okpemi Baxk/iMBI BUNIQIKU BUKOHAHHS ITIE] YMOBH:
paBa YacTUHA PIBHSHHSI HAJIEXKHUTH 10 mpocTopy Mopi 3 mokasHUKOM OiJibIlle TIEBHOTO I'PaHUYHO-
ro 3HAYEHHSI, TOJi PO3B’SI3KHU € JIOKAJIbHO HEIEPEPBHUME 3a lesbaepoM; IpaBa YacTHHA HAJIEXKATH
JI0 rpaHuYHUX KiiaciB Jlopenna—-3irMyHja, po3B’si3Ku € JIOKAJbHO HelepepBHuUMH, ajie He [esbiep-
HEIIePEePBHUMHY, Bcepe uHi obsracti. Y pasi, KOJau CyYMOBHICTb IPaBUX YACTUH PO3IVIAHYTHX DIBHSHB
XapaKTEePU3YEThCs MOKA3HUKAMY, MEHIIIMMH 3a3HAYEHUX TPDAHUIHUX 3HAYEHb, ICHYIOTb TPUKJIA N HEOO-
MEXKEHUX PO3PUBHUX PO3B’s3KiB. BeranosieHi (pakTu € TOYHUMHU aHAJIONAMU BiIIMOBIIHUX pe3y/IbTaTiB
B Teopil eJIiNTHYHUX PIBHAHB APYIOro IOPAJIKY.

MSC: 31C15, 35B45, 35D30, 35J30, 35J62.

Ka104081 €A08a: HEAIHITHT eAinMUYHT PIBHAHHA, CAQDKI PO36 A3KU, HEMEPEPSHICMY, NOMEHUIAN
Boavga, xaac Kamo.

1. Berym.

Hexait n € N, n > 3, ) — obmexkena Bimkpura Muoxkuna B R™, i Hexait f € L1(Q).
Posrispaerbes Heniniiine nudepeHniagbie PIBHAHHA 3 YACTHHHAMHI IIOXIIHUMHI 9€T-
BEPTOrO MOPSIIKY Y JAUBEPreHTHOMY BULJISI:

o (6%
E (-D)IDA, (2, Vou) = f(z), == (x1,...2,) € (1)
acNo
Tyt 1 Hagal MU BUKOPUCTOBYEMO Taki mOo3HaueHHs:: & = (Qv, ..., Q) — N-BUMIDHHI
MYJIBTHIHIEKC 3 HEBL €MHUMH MU KOMIOHEHTAMH «, ¢ = 1,...,n, |a| = a3 +
<+ 4+ ap; Ay — MHOXKHMHA BCIX N-BUMIPDHUX MYJIbTHIHJIEKCIB, Takux, mo |a| = 1 abo

|a| = 2; R™2 — mpoctip, axmit ckIagaeThes 3 ycix BekTopis & = {&, € R a € Agl;
D =9l 9zt . 928 i Vou = {D% : |a| = 1,2}.
Crocosuo Koedinientis {Aq }aen, piBusHHEs (1) pobuMO Taki MPUITy IIEHHS:

(H1) st 6yap-sikoro o € Ag, Ay 1 QX R™? — R € dynxmiero Kapareoopi, To6To st
koxkHoro & € R™? dynxmis Ay (-, &) € Bumipnoro ma €2, i a1 Maiixe Beix o €
dbynxnis Ay(z,-) € menepepsnoo B R™2.

(H2) Hexait 1 < p < n/212p < ¢ < n. leayors jgonarsi crasi ¢i, co 1 HeBi'eMHl
byuxuii fi1, fo € LY(Q), Taxi, mo aaa maiike Beix 2 € i xoxmoro & € R™?
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BUKOHYIOTHCsI HEPIBHOCTI:

> Aa@ ez al Y lal'+ Y &l | - A, 2

la=1,2 la]=1 laf=2

S 1 4a(z OIS | Aa(@ P O < o 3 Jali+ Y el }+ (@),

la)=1 |a|=2 |a|=1 |o|=2
(3)

Yepes W;;(Q) nosradaeMo 6anaxis mpoctip Wh4(Q) N W?2P(Q) 3 mopmoro

ull = llullwia@) + Z D%ul| o), u € W;,}?(Q)-
|a|=2

Tyr WH4(Q) i W*P(Q) — xnacuuni npocropu Cobosesa [11, rir. 7). 3aMuKamHs MHO-
wuan C§°(§2) y mpocropax W14(Q) i WQIZ?(Q) nosuauaemo uepes W, () i W;g(Q)
BIJIIIOBITHO.

O3HAUEHHA. CiabkuMm (abo ysarajgbHeHuM) pPo3B’si3KoM piBHsiHHA (1) Ha3UBAaETHCS
byuxiia u € Wzlg(Q), TakKa, 1o st Oyab-sikol (byHKIIT v € W;’;(Q) N L>*() 3
KOMITAKTHUM HOCieM B () BUKOHYETBHCSI IHTErpaJibHa, PIBHICTD

/Q{ > Aa(m,Vgu)Do‘v}dx:/vadx. (4)

aENg

[cHyBaHHST y3araJbHEHNX PO3B’si3KiB piBHsAHHS (1) MOXKHA JIOBECTH METOJOM MO-
HOTOHHUX OIEPATOPIB, sKINO, Aojarkoso jo upunymedsb (H1) i (H2), xoedinientn
{An}acA, 33700BOJIBHSIOTH YMOBY MOHOTOHHOCTI, a IIpaBa 4YacTHHA DIBHsAHHS [ Mae
[iJIBUIIEHY CYMOBHICTh, TakK, IO IIpaBa YacTHHA DPIBHOCTI (4) € HemepepBHUM JIiHifi-
HUM DYHKITIOHAJIOM, BUSHAYEHUM Y IIPOCTOPI Wzlg(ﬂ) 3 TOYKM 30py HeJiHIAHOT Teopil
MIOTEHIAJTY, SKOI MU JIOTPUMYEMOCS B IIilf CTATTi, OCTAHHS YMOBA BUKOHYETHCH, SIKIIIO

[ 1@ W s By de < o
Q

st gesikoro R > 0 (mus. [12, Teopema 1]). Tyr dyHKuio f npogoBxKeHO HyJIeM Ha
R™\ Q,1i

R 1 1/(b—1)
Wf:b(y;R) :/ < n_ab/ |f(x)d:r> ﬁ, b>1, n>ab
’ 0 r Br(y) r

€ pisHoBuz Hesinifinoro norenriany [25|, Tak 3Bamuit morennian Bosbda [1,12]. 3amnuc
B, (y), sk 3aBxau, nosnadae muoxuny {x € R" : |z —y| < r} — Bigkpury Kymo 3
neHTpoM y Touri y € R™ i pagiycom r > 0. V pasi, koau QyHKINS f HAJEKUTH TIIBKI
10 LY(Q) i me mae xpamoi cymoBHOCTI, Mu Tocmmaemocs: Ha [16, 20] myist moBeenns
posB’sisnocti pisasinns (1) B npunymennsax (H1) i (H2).
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Kpasininiiini quBepredTHi piBHSHHS BHCOKOTO MOPsiAKY (2m, m > 2), 30KpeMa deT-
BEPTOrO, 31 CTPYKTYPHUME yMOBaMu Ha KoedilieHTn Ha 3pa30k HepiBHocreil (2), (3)
Brepie 3’sBusnchk B pobori I.B. Ckpunuunka [34] B KoHTEKCTI IPOGJIEMU PEryJISIPHOCTI
PO3B’4I3KIB eIINTUIHAX PIBHAHD 3 YACTUHHUMU MOXITHIMHU Y OaraTOBUMIPHUX O0DJIACTIX
eBKJI10BOrO 11pocTopy R™ (19-a npobiema I'bbepra). ljist piBHSIHD JAPYTOro MOpsIKyY
(m = 1) mo upobsemy crouarky poss’sizamu E. Jle Txopmki, Txx. Herr, FO. Mosep
JTst JIiHITHEUX piBHSHB, 1 3rogom JIxk. Ceppin, O.A. Jlagmxencoka i H.M. Ypasbiesa
y 3araJlbHOMY BUIIQJIKy KBa3lLIiHINHUX piBHAHBL. B pe3ysabrari nmux J0C/TiIKeHb, 3 TKU-
MU MOYKHA O3HAOMUTHCH, HANPUKJIAJ, 3a MoHorpadismu [7, 11, 22|, chopmysasmcs
npupo/Hi (CTaHgapTHI) NPUIYIIeHHs Ha KoedileHTH KBas3lIHIHUX eJinTuIHuX piB-
HsIHb JIPYTOr0 HOPSIKY, M0 3a0e31eun/in KOPEKTHE O3HAYMEHHs, ICHyBaHHS, & 3r0JIOM, 1
peryJspHicTh 1X c1abKnx pos3s’sa3Kis 3 mpoctopis Cobonesa WHP(Q), kom n > p > 1.

st piBHSHB BUIMUX TOPsJIKIB aHajorivyni, crangapThi Jyisi mpoctropy W™P(Q),
YMOBHU B2K€ HE TapaHTYIOTh PEryJspHOCTI PO3B’sA3KiB, AKIO 1 > mp. Binmosigui kouTp-
PUKJIa U HeOOMeXKeHNX, PO3puBHAUX po3B’sa3KiB Hasesm B.I. Masbs [24], E. e Ixop-
ki 7], I.B. Ckpunuux [33, 34| ta in. Came 3 MeTO0 YHUKHEHHsI PO3IVISJLY TaKUX
IPUKJIAJIB B pobori [34] 6ysio BUiIEHO MiAK/IAC TUBEPrEeHTHUX PIBHSIHB IIOPSIKY 2,
m > 2, y SIKUX BCl y3araJjibHeHi pO3B’si3KM JIOKAJbHO HerepepBHi 3a ['enbjiepom 1 siki
XapaKTePU3yIOThCS IIJICHIICHOI0 YMOBOIO eJINTHIHOCTI (KOEPIUTUBHOCTI Yy IIPOCTOPI
WmP(Q) N WH4(Q), n > ¢ > mp) i BignosizHoo yMoBOO 3pocTanus Ha Koedimien-
tu. Y HOBiil pobori [38] Mu BukOopucTOByEMO TepMmin "m-(p,q) ymoBu" 1uist 03HAYEHHS
poro dakry. st m = 2 i ymoBu 36irarorbest 3 HepiBHOCTsIME (2), (3), a mpu m = 1
[IePEeTBOPIOIOThLCSI HA TaK 3BaHI HeCTaHJApTHI (P, ¢)-yMOBU 3pOCTaHHsI JJIsi KoedilieH-
TiB PIBHSIHB JIPYTOr0 MOPsIIKY (J/71st OLIbI JMOK/IaHOT iH(OpMAIlil TUBICH, HATPUKJIAL,
ny6oikanii [26,36, 38| i mocunanHs B HUX).

CrpykrypHi m-(p, ¢) yMOBH HaJIISIOTH PIBHSHHS BUCOKOTO MTOPSIJIKY SIKICHIMU BJIa-
CTUBOCTSIMHU, IIPUTAMAHHUMU PiBHsSHHIO ¢-Jlamiaca:

—div(|Vu|"2Vu) = f B Q, (5)

Ha 3pasok reopii e Txopki-Hema-Mozepa (mus. [4,17-19,29,30,34,37]).

OcobsiuBo 7106pe 1e BUAHO Ha Tpukaaai podoru [38|, B skiil Ha piBHAHHS 3 M-
(p,q) CTPYKTYPHUMH yMOBaMU IOIIUPEHO 3HaMeHUTHi pesyiabrar T. Kinnenaitnena i
gI. Mayu [15] npo noroukosi oninkn ms poss’askis u € WH4(Q) pisuanus (5), mo
MaIOTh BUTJIAL:

1
(g—1)(1+X)
lu(zo)| < C<R—”/B ( )‘u|(q—1)(1+/\) dx) S —|—CW{7q(IL‘0;2R), (6)
R\T0

C”W{q(xo; R) < wu(zp) < C"Binf u+ C"W{q(xo; 2R) (u,f>=2089Q), (7)

r(z0)

-1 . . . . .
e A € (0, nziq_i,_l% C, C', C" — nonarui craJji, 3aiexKHi TUIbKY Big n, g1 A, 29 € Q —
JoBibHa Jieberosa Touka dyHKINT © 1 Byg(xg) C Q. Li oninku mikasi TuM, 110 J103BOJIsI-
I0Tb BUBYATH JIOKAJIbHI BJIACTHBOCTI po3B’a3KiB piBHsanHs (5) (1 GlibIn 3arajbHUX KBa-

3ULIHIAHUX PIBHsIHB), aHaMI3y0uM Bianosiani norenmiamu [15,20, 21, 23]. TIpoobpazom
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TAKOIO MiJIXO/ly € KJIacH4IHa Teopis norenriany Hpiorona i pisusiaus Ilyaccona [5,13].
Meron, Kinmenaitnena-MaJjim MOXKHa pPO3IJIAIaTH AK y3arajbHeHHsS MeToy [le lxkop-
JIK1, TIepeJT SIKUM BiH Ma€ BiJloMi rmepeBaru. 30KpeMa, BiH He BUMAarae CTaHIapTHOI JJIst
merony e JIxxopmki ymosu f € L7(§2) 3 7 > n/q Ha CyMOBHICTH IpaBOl YaCTUHU PiB-
usuas (5). PakruaHo s peastizanii Mmerony Kinnenaitnena—Masu 1ocTaTHbO TIIBKI
npunymenna f € LY(). 3 miel Touxkm 30py BiH € yHiBepCATBHEM, a 3aBIAKH HAABHOCTI
nBoGiuHuUX OriHOK B (7) Juis 3HaueHHst u(xg), 1 ONTUMAJLHUM B [EBHOMY DPO3YMiHHI.
Jlo Toro xk, BukopucTanusg MeTomy Kinmemaiinena-Masn B rpaHuIHEX TOYKaX 00J1acTi
() BupilIye nuTaHHS TPO HEOOXITHY YMOBY peryssipHocTi 3a BiHepoMm 1ux TOYOK Jijist
HeJIHIHUX PIBHSHB Apyroro nopsiaky [15,23|. Just piBHsiHb nopsiaky 2m (m > 2) 3
m-(p, q) CTPYKTYPHUMU yMOBAMHU It Hpo6neMa Bee e € aKTyaJIbHOIO (rpo BimoBiHy
niit pobori i [38].

Jl1st NOBLIBHOTO PO3B’'SA3KY U € W%g(ﬂ) piBusinas (1) 3a ymos (H1) i (H2) anasor
orinku (6) mae Burysaz (nus. |38, Teopema 3.2])

1
[u(zo)| < C1 (R"/ ju| (D) dm) @D+
Br(wo) ®)
—2
+G (Wfq(xo; 2R) + Wfljlf%ﬂ(l‘o; 2R) + Rﬁ)
q

ne crana C1 > 0 3a1€KuTh TIIBKU Bil n, p, ¢ 1 cranux ¢1 i ¢a B ymoBax (2), (3). 3 miel
OIIHKM BUIUINBAE JIOKaJIbHA oOMexkeHicTh po3s’si3ky u (aus. [38, Teopema 3.6]): sikiio
O — Bigkpura migMHOXKuHA (2, sIKa, KOMITAKTHO BXOAUTH 110 §2 (O C ),

1 __
0 < o < min {1, - dist((’),BQ)} i sup W{q(a:’; 20) + sup Wf1+f2+1(x'; 20) < 400,
2 €0 veo 1!

TO esssup |u| < +oo.

O
JloBetenHst BHY TPIIIHBOI HEIIEPEPBHOCTI PO3B’SI3KY % B TepMiHAX ITOTEHITIAIIB W{ q
| Wit g1 BUMArae OJATKOBUX JOCJTiI?KEeHb, SIKi TPU3BOJATEL 0 YMOBH
FEsRL
Jit+f2 _
11H(1) <supW1 (T3 p) +sup Wi > Jrl(:13 p)) =0. 9)
p=0 N zeQ TEQ P

Taki jociipkentst B poboti [38] BijcyTHi, iM IPUCBSIYEHO IIHO CTATTIO.
Ynmony (9) MmoxkHa o1aTH B TepMiHaxX Tak 3BaHuX Karo-KiaciB GpyHKIINH HACTYTHIM
YUHOM:

fEKLQ(Q)? fluf? EK#7q+1(Q),
Je 3a osnavenusaM K, ,(Q) = {g € L}(Q) : hH(l) sup WY, (z; p) = 0}. Jlocimxenns Jio-
P=U 20 ’

Ka/JIbHUX BJIACTUBOCTEH PO3B’sI3KiB PIBHSHD JPYTOro MOPSIKY 3 KoedilieHTaMu 3 KJIaciB
Karo i 6i6aiorpadiro 3 1iel npobiemarnku MoykHa 3HaiTH B [20)].
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IIst crarTst opramizoBana B Takuii crocid. Y HACTYIHOMY PO3iji HABEIEHO (POPMY-
JIIOBaHHS OCHOBHUX pe3y/bTaTiB. ['osioBHUM 3 HUX € Teopema 1 mMpo OIIHKY KOJUBaHHSA
po3B’s3Ky u y Kymi By(xo) C §2, 4711 SIKOrO MU BUKOPUCTOBYEMO TaKe HO3HAUECHHSI:

osc{u; By(zo)} :=ess sup u—ess inf w.
By (z0) By (z0)

Besnocepemnim HacstigkoM 1€l Teopemu € Teopema 2 TIpo HENEPEPBHICTH JTOBIILHOTO
PO3B’SI3KY U € W;’g(Q) piBusiaas (1) B npunymennsx (H1), (H2) i (9). Mu rakoxk
pOo3IyIsIaeMo OKpeMi BaknBl Bumaiku Bukonanus ymosu (9) (zus. Teopemn 3-6). do-
BesienHio Teopemu 1 npucssiaeHo yeTBepTHil po3sin. BoHo cimpaerbest Ha noTeHIia bHI
ITOTOYKOBI OIiHKY (PYyHKIIIH i3 K1aciB, gKi Mu HasuBaeMmo Kjacamu Kinmenaiinena—Maisin
i mosHauaeMo depes KMg;{;&{ \(Br(z0); K1, K2, K3). Toune o3nauenns rmux Kiaacis i Bij-
IOBI/TH1 OI[IHKMN HaBEI€HO B TPETHOMY PO3ILIIL.
2. OcHOBHi pe3yJibTaTH.

Jlns 6yap-saxoro p > 0 mokJageMo

f _ f (. fitfe _ fit+fe .
Wig(p) = sup Wi, (@5p), Wi 1(p) = sup Wiy 0, (@35p),

V(p) = W1 ,(4p) + WL (4p). (10)
q+1°
HaCTynHa TeopeMa € I'OJIOBHUM PE3yJ/IbTaTOM cTaTTi.

Teopema 1. Hexati u € Wzl;f(Q) — caabkuti pose’azox pienanna (1) 3a ymosu
sukxonanna npunywens (H1), (H2), i nexaii Bar(zg) C Q, R < 1. Todi das 6ydv-axux
p€(0,R]i6¢€(0,1) sukonyemoca nepienicmo

osc{u; Bp(wo)} < C((P/R)ﬂ osc{u; Br(zo)} + (PeRl*e)ﬁ + ¢(P9R179)) (11)

de C =C(n,p,q,c1,¢c2) i 0 =19(n,p,q,0,c1,c2) — deaxi dodammi cmani.
3 oninku (11) Bumusae, mo B ymoBax Teopemu 1 po3s’si30k u 6y/ie HellepepBHIM
B (2, AKIIO hH(l) P(p) = 0, TobTO, sKINO BUKOHYETHCst yMoBa (9). OTke, MaeMO Takwmii
p—

pe3yJIbTAT.

Teopema 2. Hexati u € Wzly’g(Q) — caabruli pose’aszor pienanna (1) 3a ymosu
suronanns npunywens (H1), (H2) ¢ (9). Todi poss’azox u e nenepepsrum 6 Q.

Ymosa (9) € cyrreBoto jst npasuibHocTi Teopemu 2 (nuB. 38, npukiamm 6.1, 6.2]).
PosruistneMo oKpemi BaxK/IMBl BUIIAJIKH, KOJIM BUKOHYETHCH 111 yMoBa. Hexait criouarky

fof1, fo € M™(Q) nmns mesixkoro T > n/q, (12)

Je sammc g € M7(Q), 7 > 1, osnauae (aus. [11]) icuyBanus cramoi K > 0, takoi, 1o

/ \gldz < Kr""=Y/™ nna seix xyns B, € R™.
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Haiimenrma craga K, 110 3a0BOJIbHSE 110 HEPIBHICTH HA3UBAETHCS HOPMOIO (DYHKITIT
g € M7(Q) i nosmauaernbest gepes [|g||ar(q)- 3 ymoen (12) pummsae, mo st Gy/b-
AKOro p > () BUKOHYIOTbCSI OYEBU/IHI HEPIBHOCTI

(g—

o=y ey
W],(0) < DI ) o W () <

4 1/q o
— At Pl p s

ki B kombGinaii 3 Teopemoro 1 7a0Th Takuit pe3yabTar.

Teopema 3. Hezati u € W;;(Q) — caabkuti pose’asor pienanna (1) 3a ymos (H1),
(H2) i (12). Todi poss’asok u € aokarvro nenepepsrum 3a Ieavdepom 6 €.

BAVBAXKEHHS 1. ¥V Bunmagky, ko fi = fo = 01 f > 0, mae wmicre pesyﬂbTaT,
obepuenuit 10 Teopemu 3: 3 resbiepoBol HenepepBHOCTI po3B’st3Ky 0 < u € VV2 7(02)
piBasnus (1) Bummmsae, mo f € M (Q) ausa geskoro 7 > n/q (38, Teopena 3. 14])
[Tpo anasoriyni pe3ysibraTy jis PIBHAHBL APYroro MopsaKy ausuch [15,31].

V rpanmunomy Bunajky, komu f, fi, fo € M™(Q), pisusaus y sursai (1)-(3)
MOXKYTb MaTu HeoOMexkeHi po3puBHi po3s’sizku [38, [Ipukian6.1]. Teopis exinruanux
piBHsIHB JIpYroro mopsiiky [9] mizkasye yTodHEHHsI OCTaHHBOI YMOBH, $IK€ IapaHTye

HEeIlePEPBHICTh PO3B’sI3KIB (aJie He resibJIepoBYy HelepepBHICTH [2]):
fe ey ) fye LVOYQ). (13)

Harasiaemo, mo 3a o3HadenHsaM (aus., nanpukmaa, |3, v 4]) npocmip Jlopenuya L% (Q)
(0 < a,b < +00) CKIAIAETHCSA 3 YCIX BUMIPHEUX 1 MaiiKe BCIOAM CKiHYeHUX (DyHKI
g:Q — R, st IKUX BeJIMINHA

/b
foml[sl/ag*(s)]b %) , akmo 0 < b < 400,

sup [s'/%g*(s)], Ko b = +o00,
0<t<|Q|

g/l =

e ckinvyenowo. Tyr cumpour || nosnavdae n-pumipny mipy Jlebera muokuHE (), a 3ammc
g* :[0,]Q) — [0,+00) mosHauae cnadny nepecmanosky GYHKIUI g, BU3HAUEHY SK
g (s) =sup{t =2 0: [{z € Q: |g(x)] >t} > s} ma 0 < s < |9

3 [8, Pozuin 3.2] Bunmsae, mo ymosa (9) BUKOHyeThCs, K0 BukonaHo (13). Tomy
Ma€eMO TaKHil Pe3ysibTar.

Teopema 4. Hexati n > q, i Hexal u € W21 ’I;I(Q) — caabxutll po3e’as3ox PIBHAHMA
(1) 3a ymos (H1), (H2) i (13). Todi poss’asox u € nenepepsrum 6 §.
Posristremo e ojiuH rpaHUYHUN BUIAIOK, KOJIU 17 = ¢. Y I[bOMY BHUIIQJIKy yMOBA

(9) BEKOHYETDHCH, SIKITIO
2] t 1/(n=1) 44
[ ([ree)  §ei (14)
0 0 t

[ ([1re o) "% <o (15)
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eit dbaxT BummBae 3 Bijomoi Hepisrocti Xapi—Jlitisya: sxmo g € LY(Q) i E C
— BuMipHa 3a Jleberom MHOXKMHA, TO

/E g(z)|dz < /0 . g*(s)ds.

Sk macaimok ckazaHoro, a takoxk Teopemnu 2, MaeMo Takuii pe3yibrar (nus. [14]
JIUIsT TIOPIBHSIHHS 3 BUIIAQJKOM M = 1).

Teopema 5. Hexati n = q, i Hexatl u € W;;(Q) — cAabkull Po36°A30K PIBHANHA
(1) 3a ymos (H1), (H2), (14) ¢ (15). Todi pose’aszox u € nenepepsrum 6 €.

Haperri, 3a anasoriero 3 [14, 38| moxkna nokazaru, 1o ymosu (14) i (15) Bukony-
I0TBCST, SIKITO JIsE JIeSIKOTo € > 0

f € Log L)" !(loglog L) "2 - - (log - - - log L)"2(log - - - log L)~ **¢(0),
fi, f2 € L(log L)"(loglog L)™' - - - (log - - - log L)" ! (log - - - log L)~ 1T¢(Q).

Toune ozuauenust npocmopy Ziemynda L(log L)' --- (log - - -log L)% (£2), o1, ...0k € R,

(16)

MOXKHa 3HaiiTu, Haupukiaazg, B |3, wi. 4], [14].

Teopema 6. Hexati n = q, | Hexatl u € W;;(Q) — caabkull po3e’a3or PIEHAHMHA
(1) 3a ymos (H1), (H2) i (16). Todi poss’asok u ¢ nenepepsrum 6 §.

3AVBAXKEHHS 2. Teopema 6 crae HenpaBHJIBHOWO, SIKIO B yMoBax (16) moxsacrn
e =0 (nus. [38, IIpuknan6.2]).

3. IToToukoBi moTeHIiadbHi OIiHKY g yHKILiH i3 Kaacis Kinnenalinena—
Mauu.

O3HAYEHHA. Hexait Bop(zg) C Q, 0 < R< 1, t>11)\€ (O,nq%q}rl
mo hyHKIg u € WQI’I?(Q) HAJIEXKUTD JI0 KJIacy KMglz’)fqz;ff)\(BR(:):O);Kl,KQ,Kg), SIKIIIO
icaytors momarHi ctaui Ki, Ko i K3, Taki, mo s OyAb-sIKUX KOHIEHTPUIHUX KYJIb
q—2p
By (z0) 1 Br—or(x0), R/2 < r—or <r < R, 1 6ynb-sikux unces | > 01 > R2a-r)
BUKOHY€THCsI HepiBHICTDL (J171s1 mopiBHsHHs nuB. |38, mepisuicTs 4.10]):

U t—1 D%ul? K69 (A+1)(g—1)
> / st} | 1+Z’/t dr < Q/ (1 + Uis(u)) T da
‘a| 1 Q,_ a'rl xO) ]. + Ui(s(u)) (O-T) Qr,l(wo)

) . T'oBopumo,

(17)

+K / (1 + fo)da + K36 \flde,
Br(iUO) Br(x())

ae Q. 1(xo) = By(zo) N {x € Q: |u(x)| > I} i, naa Oyap-sikoro s € R,

Uis(s) = max{(’S’&l),O} = (|S|6Z)+ (18)

Teopema 7. Hexati Bop(zg) CQ, 0<R<1,t>21,0<A<(¢—1)/(n—q+1),

u€ KMf}I;f;}fA(BR(m);K13K27K3)a
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1 Hexatl xg — mouxa Jlebeza Pynruii u. Todi sukoHyemves makxa HEPIBHICML:

1
[u(wo)| < C(R‘"/ yu\(kﬂ)(q—l)d:p) D=1
Br(zo)

1 + 1/(g—1 SA=2p
-H%Kﬂwgﬁﬂmwm+Ky@)ngﬂm+Rmm>
de C' — dodammna cmana, 3aredcna miavku 6id n, p, q, A\, t 1 K.

Mu ne HaBouMO TyT joBeseHHs Teopemu 2. BoHo moBTOpIOE 3 HE3HAYHUMHI 3Mi-
HaMU MipKyBaHHsI, 10 BukJajeHi B [38, Posm. 4.2,4.3|). Takox B [38, Jlema 4.1] noka-

3aHO, IO JJIsT OYIb-SIKOrO A € (0, nz;lu) i nesikoro t = t(p,q) > 2 noBlibHUil caab-

KWl pO3B'SI30K U € Wzlg(Q) piBastaus (1) 3a ymos (H1) i (H2) nanexunrs 1o xiiacy
KMQ;}&%{/\ (Br(zo); K1, K2, K3), B sixkomy xoucrantn K1, Ko i K3 3a7ekaTh TIIbKI Bij
n, p, q, c1, c2 1 A. Came 3Bizgcu i 3 Teopemu 2 BunmmBae ciymHicrs orinku (8).

Bak/imBUM HOBMM MOMEHTOM, sIKUil BijipizHse 1o pobory Bif [38], € Toit dakr, 1o
JI0 KJIACiB KMQ};{C;’%{ A
(1), ame i ix cynepnosurii 3 meSKUMH JOMOMIdKHUMHU (DYHKIISMHI, HA KIITAIT JIOTa-
pudmivaux dbyskiit Mosepa [27,28]. Leii dakT Gy/ie BCTAHOBIEHO i BAKOPUCTAHO JIJIsi
noBeseHds Teopemn 1 B HACTYITHOMY PO3ILJIi.

4. loBenennsa Teopemu 1.

Hexait ¢ — goBinbaa Touka B €2, 0N — rpanung (2, 1 d = dist(zg, 012). 3adikcyemo

pajiycu

(Br(wo); K1, K2, K3) Hanexkarh He TLIbKHU DO3B'SI3KU DIBHSIHHSI

R <min{d/8,1} i 0<p<R, (19)

i 3pobUMO TaKi MO3HATEHHS:

M(p) =ess sup u, m(p)=-ess inf u, w(p)=osc{u;By(xo)} = M(p)— m(p).
By(xo) By(z0)

Bracainok [38, Teopema 3.6] maemo: M (p) < 400, m(p) < 400, i Tomy w(p) < +o0.
BI/I3Ha‘{I/H\/IO TaKl MHOXKUHUA:

w(p
G, = {x € By(zo) : u(z) < m(p) + (2)}, G = By(x0) \ G, (20)
Hani Busnaunmo dyukuio V i B,(z9) — (0,400) B Taknii crocio:

2 1

In » : )W(P)q_Zp ( ), SIKIIIO ]G’p‘ < §‘Bp(m0)],
u(x) — m(p +p2(qu) +7,[}P

V() = V(u(z)) = i 1

In , axmo |G| < i‘Bp(xO)L

q—2p
M(p) = u(x) + p2==») + 4 (p)
(21)
Je 3HadeHHs ¢(p) BU3HA4YeHO 3a gonomorowo (10). Ipumyckaemo takox, mo w(p) >
_2
a1 + 4 (p), i Tomy
V>0 B By(zo), (21)
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inmakmre HepismicTs (11) BEKOHYyeTBCSL.

Hamri momasbini MipkyBaHHSI CKepOBaHi Ha JOBeJeHHs oOMexkeHocTi dhyHKIil V' B
Ky B,s(x0). 3Bincu, sx Gy/e nokasano Huzue, i pumusae oninka (11). Ines suxopu-
cranHs obMezkeHocTi jorapudmivnol GyHKIT Ha 3pasok dyHKIil (21) 115 1oBeeHHS
HeIlePEePBHOCTI po3B’si3Ky u noxoauTs 3 pobit FO. Moszepa [27,28| i itoro itepamniitaoro
METOLY JJIsI JIHIMHUX eJINTUIHNX PIBHAHD JIPYTOro HOpsaaKy. s HemiHiitHuX piBHSIHD
BHIIUX HOPSIKIB 3 JIOCHTH PEry/IsapHIME JAHEMI IomibHi i1ei peanizosano 1. @pe-
ze [10], K.-O. Bigmanowm [39], I.B. Ckpunuukom [32-34] i 3rogom Gararbma iHIIuMI
aBToOpaMu, JIUB., Hanpukyiasi, [4,6,17,18,29,30,35,37]. Hapasi, Mu He MO:KeMO 3acTO-
cyBaru itepariitauit meron Moszepa mjis moBegerHs ooMmerkeHocti GpyHKIl V', ocKiIbKH
npaBa yactuHa f piBHsHHs (1) € cabko cymoBHOIO. PakTudHO, f HAJIEKUTH TITHKH
1o LY(Q). Mu ckopucraemocst Teopenmoro 2, sika He BUMAara€ Bij f IiIBUIIEHOT CyMOB-
HOCTI 1 Jla€ MOXKJINBICTD JJIst JOBeJeHHsT oOMexKeHoCTI PyHKINT V' B TepMiHax BeJIUINH

WIR () i W, (4p).

Bizememo mosinbHy TOUKy Jlebera T € Bp/Q(ZL'(]) dbyukIil V', KOHIEHTpUYHI KyJii
B, (Z) i By—x(T) 3 pazgiycamu

p/8<r—or<r<p/4<l, (22)
dyukuito n € C§°(B,(T)) 3 TAKUME BJIACTUBOCTSIMHU:
0<n<1BB. (%), n=18B,_»(), (23)

| D% < cn(ar)_lo“ JUUIST KOKHOTO v € Ao, (24)

i mitichi umesia A i t, 110 3810BOJIBHSIIOTH Y MOBH:

qg—1

O<>\<n_1<n_q+1, t> 2. (25)

ITokazkemo, 110
Ve KMg,lz;f;;:{)\(Bp/4(§); K1, Ky, K3), (26)

Je
Ki=c3 Ko=c3[(p)]™?, Ks=cs[(p)]' 7, (27)
i gepes ¢;, i = 3,4,..., IOZHAYEHO CTaJI, IO 3aJIeKaTh TIALKH BiX c1, c2, M, P, ¢, A, t.
st nporo ¢ikcyemo uncia l i 9,

120, 6> poen. (28)

Busnaunmo dyukmii ks : R — R (gus. |38, piBmicts (4.11)]) i v : @ — R B Taxwmit
crocio:
his(s) = [1 -1+ Ult75(5))_/\/t} signs i Gyap-sikoro s € R,

(29)

BV s B(@),
o 5 Q\ B, (@),
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ne yukuist Uy 5(s) Busnadena 3a jgonomoromo (18), a dyukuis B : B,(zg) — (0,400)
— B Takuit crociob:

u(w) — m(p) + p2E 7 +(p), sxmo |G1] < 5| By(z0)],
B(z) = X (30)
M(p) = u(z) + pHa 9 +(p), smatmo G| < 5|By(wo)].

l\.')\r—t

fcno, mo hy s € CQ(R) i st 6yb-sikoro s € R BUKOHYIOTBCs criBBiHOIIEHHS (71B.,
Takok, |38, Hepismicts (4.13)]):

_ —1-=X _
h5(s) = A6~ (1 + Uly()) " Ut (s),
" — —1-X
Ih5(s)] < ead™2 (1+ Uts(s) M UE52(s

)-
Besnocepenni obunciennst 3 Bukopucranmsm (21), (24), (29), (30), (31) mokasyiors,
o YHKILS U HAJEXKUTD 0 W;}g(Q) N L>®(Q), mae komnakTHuil HOCI B B, (T) C Q, 1
BUKOHYIOTHCS TaKi TBEP/IZKEHHSI:
gaKmo a € Aoy i o] =1, To

’ by Ultgl(V)B_qDau n4

(31)

D%+ — — +(¢—1)B T s(V)Dun?
0 (1 +Uts(v))

C5q
ar

ZEBYT U s(VInT M. B
Ko o € Ao 1 |a| =2, o
e AU )BT
v 5 ¢ 1A/t
(1+Ufs(V)
<co Y IDPulP BT (g (V)] + his(V) + 5 (V) )’
|B]=1 (33)
= B —q / q—1
+— D D ulBT (s (V)] + his (V)
1Bl=1
Co 1— -2
(JT‘)QB Thy s(V)n? M.B. B ().

Hapmami, njist 3pydHOCTi, MU BUKOPUCTOBYEMO TaKi CKOPOUEHi MO3HAYEHHS:

Vis=Us(V) i @= Y [D%lT+ > [Dul. (34)

laf=1 |af=2

+ (¢ — 1)B "hy5(V) D un

_|_

[Migcrasusimn dyukiio v B (4) 3amicTs v, i CKOpUCTABIIMCL YMOBOIO (2) 1 TBep-
mxenasivu (32) 1 (33), orpuMaeMo HepiBHICTS

Acy cbvt L B—apa i
(5 Q1@ (1 + Vt )1+/\/t

flvlg B~int
< E I+ = R, vdx |,
c7<i1 + 5/ G +Vt )1+)\/t +/Qr,z(rr)‘f|v x)
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e

Z/ (or) M Aa(z, Vau)| [hy s (V)| B 99 dx,

laf=1

Z/ (01)2| A (1, Vou)| |5 (V)| B0 2de,

|laf=2

B2 2 E:t/ (o)~ [ Aa(, Vau)| [DPul |15 (V)| B~ da,

ja=2|5|=1 r=0,1 /2 (T)

=Y Y Y / (. Vau)| | DPuf? [h{y (V)| B~y da.

|a|=2|8|=1 k=0

Hawm 3Ham06ssThest Taki omiaku s I;, i = 1,2,3,4, 3 posinsanm € € (0, 1):

CoE <I>Vt L p—ap4

2 W i
6 7 (1 +Vt 42/t
2@ ( 5) (36)

+0786‘1_1 / a+v )<1+A><q 1>d$+5/ f2V I By "
et (or)? Jo, @) 0 Jo,, @ (1 +Vt 51T

Mu He HABOJMMO TYT JieTaJbHE JIOBeJIeHHsT HepiBHOCTI (36), sike MOKHA BUKOHATH Ha
3paszok poboru [38]. BayBaxKumo TiAbKHU, M0 BOHO IPYHTYEThCS Ha AKyPATHOMY BHKO-
pucranui HepiBHocti Onra B KomGinamii 3 mepiBrocTsimu (3), (22)—(25), (28), (31) i
BignosigHOMY Bubopi nmapamerpy t = t(p,q) > 2.

Omninku (36) pasom 3 (35) 3a ymoBH BHOOPY JOCTATHBO MAJIOrO € > 0 1al0Th:

VI Bapd a _
1.5 Ui dr < cg0 (1 —i—Vt(;)(lH)t@ Dda:
(@ (L4 Viig) e (o) Jo@ "

—l—c/ (f1+ L)V '
9
in(i) BQ(]_ + ‘/llfd)l“r)\/t

I; <

da:+095/ |f|vdx.
Q'f‘l(f

3 orsny na (23), (29) i (30) qust inTerpasiB B npasiif yacTuHI OCTAHHBOI HEPIBHOCTI,
o MicTsiTh MYHKIGT f1, fo 1 f, MaeMo Taki OIiHKH:

(@ B V) S T 0 P

/\

/ (f1 +f2)Vlt5 n? 1

/ flde < ()] / fldz,
Q1 (T) Q. 1(T)
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SIK1 y [IO€J[HAHHI 3 [OIIePe/IHBOIO HEPIBHICTIO, BaacTuBICTIO (23) i BusHaueHHsSIME (DYHK-
uiit V., B, Vs 1 ® (nus. pisuocti (21), (30) i (34), BiauosinHo) gaioTs:

U =1 peye 54 (A+N)(e=1)
Z/ L] 1+>\/’t dr < q/ (1+Uis(V)) T da
Ial 1 Q— or,l a;) +Ut (V)) (O—T) QT,Z(E)

C9

_ o
T oy P4 T 1

OiepkaHa HEPIBHICTD O3HAYAE, IO 1T (DYHKIUT V', BUSHAUEHOT 32 JOTIOMOTOI0 PiBHOCTI
(21), BukonyeTbecst HepiBHiCTb Buriisiay (17) 3i cramumu K, Ko, K3, BUSHAYEHUMU B
(27) i 3 paugiycamu 7 i 7 — or ax B (22). Takum unHOM, J0BE/IeHHs BKJOUeHHs (26)
3aBepIIEHO.

Tenep Teopema 2 3 ypaxysauusm (26), (27), nepiBaocreii (A + 1)(¢ — 1) < ¢ (nuB.
(25)), Tembaepa i Brmiowens B/, (T) C Bspja(ro) C By(zo) osnavae mpaBmIbHICTH
TaKol HEPIBHOCTI:

1
V(T) < eio <P_n/ V(’\H)(q_l)dfn) e
p/4(§)
217

€10 fit+f . o=
* T,ZJ(P) (Wq1+17‘12+1(x’p/2) + Wl,(I(Ia P/Q)) + c10p? q ?) (37)

—n . o o
<en(o7 [ viae) s 0 (WEEL 00+ WE(0) +

[TTo6 orinuTu inTerpaj B mpasiit YacTuHi i€l HEPIBHOCTI 3ayBaXKUMO, IO (PYHKITisS
V nanexuts jo Wh4(B,(zg)) i Mae Taky BiaacTusicts: icuye muoxuna G C By(wo) i
nonarui crami C' 1 C” raxi, mo |G| > C'p™ i ess sgp |V| < C". Hdiiicuo, 3 orssimy na (21)
Moxkemo noknactu G = G, axmo |G| < 2By(20)], 1 G = G, s |G| < 1B, (20)|.
Toni, Braciizok (20), (21) i (21"), marumemo

2w(p)

< p <4 ma G.
sw(p) + p2a=r +4h(p)

|G| > |By(z0)|/2 i 0<V <

Jlnsa dyukmil V' i3 3a3Ha9eHOI0 BJIACTUBICTIO BUKOHYETHCS HEPIBHICTH Ha 3PAa30K HEPiB-
nocri [Tyankape (qus., nanpukiasn, [11, mepisuicts (7.45)], [33, rr.1, §2, Jlema 4|):

/ Vida < 0( > / | DYV |dx + p">
By (o) le|=1 By (z0)

= C(pq/ { Z \Dau|q}Bqd:c +p">
Bp(mo)

laf=1

(38)

3 gomarHoo crajoio C, mo 3a1eKuTh Tinbku Bix n, ¢, C' 1 C”. Ocranniii inTerpan B
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IIpaBiif 9acTUHI OJIePyKAHOI HEPIBHOCTI MOXKHA OIIHUTH HACTYITHUM YHHOM:

/ { Z \Do‘u\q}B_qdm <enp'
Bp(xO)

. (39)
L C11
" G /32,0(960) T /B2p($0)(f1 + )

st nporo B inTerpasbHiit ToToKHOCTI (4) C€I1iJ] BUKOHATH MiJICTAHOBKY

B'79¢% 8 Byy(x),
Q_] =
0 B Q\ Bap(wo),

ne dyukuis ¢ € C5°(Bay(ro)) Mae Taxi BracTHBOCT:
0<C¢<1, (=18By(a), [D% <enp . (40)

OrmiHoBaHHS iHTErpaJbHUX JOJaHKIB, [0 BUHUKAIOTH IIiJI 9aC TaKol I1iICTAHOBKH, BH-
KOHYETbCs Ha 3pa30k [37, Jlema 4.2| 3 Bukopucranusm nepisrocri FOwnra, (40), crpyk-
TypHHEX yMOB (2), (3) i eJleMeHTapHUX HepiBHOCTEI:

1
B¢y < ———— dz.
/sz(zo)f e [¥(p)]a—t /BQp(xo)‘f' v

1
—409dy < .
/B2p($0)(fl + fo)B™9(%dx < W /ng(zo)(fl + fo)dx

[Moeguanus onjnok (37), (38), (39), nepisuocti (19) i esemenTapHux HEpiBHOCTE

1/q
(o [ ) W (i),
Bap (o)

pq—n 1/q
—_ d
<[w<p>]q1 /32p<x0> 7 )

1 1/(¢—1) 2% f
<1+<pqn/ fdx) <1+ W (z0;4p),
ORI D)+ baloi )

3 ypaxysanuam (10) i mosinbroro subopy Jleberoroi Touxkn T € B, /o(xo) dbynkiii V,
J1a€

c

ess sup V< cip+ s <Wflq+f2+1(4p) + W{q(4p)> < ci3.
B, 3(0) v(p) \ @ ’

3 onepxkanol HepiBHOCTI Ta 3 o3HadeHHs (yHKIil V' (nuB. piBaicTs (21)) Bumimsae, mo

Jutst KoskHOro p € (0, R] BUKOHY€THCsI HEPIBHICTB:

613—1

wlp/2) < w(p) + PP + (p).

C13
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

46

Hosenennst Teopemu 1 3apepireno. O

ITuroBaHa JiiTepaTypa

. Adams D.R., Hedberg L.I. Function Spaces and Potential Theory, in: Grundlehren der Mathemati-

schen Wissenschaften, vol. 314. — Springer-Verlag, Berlin. — 1996.

. Alberico A., Ferone V. Regularity properties of solutions of elliptic equations in R? in limit cases //

Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. — 1995. — 6, No. 4.
— P. 237-250.

. Bennett C., Sharpley R. Interpolation of operators. — Academic Press, Boston. — 1988.
. Bonafede S., Voitovych M.V. Holder continuity up to the boundary of solutions to nonlinear

fourth-order elliptic equations with natural growth terms // Differ. Equ. Appl. — 2019. — 11, No.
1. - P. 107-127.

. Bpeao M. OcuHoBbl Kitaccuieckoit Teopun morennuaia. — M.: Mup. — 1964.
. D’Asero S., Cataldo V., Nicolosi F. Regularity of minimizers of some integral functionals with

degenerate integrands // Nonlinear Anal. — 2008. — 68, No. 11. — P. 3283-3293.

. De Gliorgi E. Selected papers. — Springer-Verlag, Berlin. — 2006.
. Duzaar F., Mingione G. Gradient continuity estimates // Calc. Var. Partial Differential Equations.

—2010. — 39, No. 3-4. — P. 379-418.

. Ferone V., Fusco N. Continuity properties of minimizers of integral functionals in a limit case //

J. Math. Anal. Appl. — 1996. — 202, No. 1. — P. 27-52.

Frehse J. On the boundedness of weak solutions of higher order nonlinear elliptic partial differential
equations // Boll. Un. Mat. Ital. — 1970. — 3, No. 4. — P. 607-627.

Gilbarg D., Trudinger N.S. Elliptic partial differential equations of second order. — Berlin: Springer-
Verlag. — 1983.

Hedberg L.1., Wolff T.H. Thin sets in nonlinear potential theory // Ann. Inst. Fourier (Grenoble).
—1983. - 33, No. 4. — P. 161-187.

Helms L.L. Potential theory. Second edition. — Universitext. Springer, London. — 2014.

Jiang R., Koskela P., Yang D. Continuity of solutions to n-harmonic equations // Manuscripta
Math. — 2012. — 139, No. 1-2. — P. 237-248.

Kilpeldinen T., Maly J. The Wiener test and potential estimates for quasilinear elliptic equations //
Acta Math. — 1994. — 172, No. 1. — P. 137-161.

Kosanesckuti A.A. DuTponuiiable pemreHns: 3ajadu upuxie st OJHOrNO KJIacCa HEeJMHEHHBIX
S/UTITHYECKHX YPABHEHHH YeTBeproro mopsaxa ¢ L'-mpaseivm wactsivu // Wss. PAH. Cep.
mareMm. — 2001. — 65, No. 2. — P. 27-80.

Kowalevsky A., Nicolosi F. Boundedness of solutions of variational inequalities with nonlinear
degenerated elliptic operators of high order // Appl. Anal. — 1997. — 65. — P. 225-249.
Kovalevsky A., Nicolosi F. On regularity up to the boundary of solutions to degenerate nonlinear
elliptic high-order equations // Nonlinear Anal. — 2000. — 40, No. 1-8. — P. 365-379.
Kosanesckuti A.A., Botimosuy M.B. O MOBBINIIEHNN CyMMUPYEMOCTH OOODIIEHHBIX PEIIeHnH 3a,1a~
an JlupuxJie i HeJIMHEHHBIX YPABHEHUI 9€TBEPTOro NOPSIIKA C YCHJIEHHOH SJITMIITUIHOCTEIO / /
Vkp. mar. Kypa. — 2006. — 58, Ne 11. — C. 1511-1524.

Kowalevsky A.A., Skrypnik I.1., Shishkov A.E. Singular solutions of nonlinear elliptic and parabolic
equations. — Berlin/Boston: Walter de Gruyter GmbH. — 2016.

Kuusi T., Mingione G. Guide to nonlinear potential estimates // Bull. Math. Sci. — 2014. — 4,
No. 1. — P. 1-82.

Jadvrcencrkasn O.A., YVpaavuesa H.H. Jluneiinbie n KBa3uJIMHEHHbIE YPABHEHUST SJITUIITUIECKOTO
Tuna. — Mocksa, Hayka. — 1973.

Maly J., Ziemer W.P. Fine Regularity of Solutions of Elliptic Partial Differential Equations, in:
Math. Surveys and Monogr., vol. 15. — American Math. Soc., Providence, RI. — 1997.



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

HenepepsHicTb c/1abKuX pO3B’sI3KIB HEJIIHIHHUX PIBHSIHb 9€TBEPTOIO HOPSIIKY

Ma3svsa B.I. IlpuMepbl HeperyssipHbIX DENICHHI KBa3WJINHEHHBIX JIMITUYECKUX YPABHEHUI C
anamuTraeckuMu koddbdurmentavu // @ynkn,. amamms u ero npmit. — 1968. — 2, Ne 3. — C. 53-57.
Masvs B.I., Xasun B.I1. Henmueitnas reopust norennmasa // Yenexu mareM. HayK. — 1972, — 27,
No. 6(168). — C. 67-138.

Mingione G. Regularity of minima: an invitation to the dark side of the calculus of variations //
Appl. Math. — 2006. — 51, No. 4. — C. 355-426.

Moser J. A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic
differential equations // Comm. Pure Appl. Math. — 1960. — 13. — P. 457-468.

Moser J. On Harnack’s theorem for elliptic differential equations // Comm. Pure Appl. Math. —
1961. — 14. — P. 577-591.

Nicolost F'., Skrypnik 1. V. Nirenberg—Gagliardo interpolation inequality and regularity of solutions
of nonlinear higher order equations // Topol. Methods Nonlinear Anal. — 1996. — 7, No. 2. —
P. 327-347.

Nicolosi F., Skrypnik I. V. On Harnack type theorems for nonlinear higher order elliptic equations //
Nonlinear Anal. — 2002. — 50, No. 1. — P. 129-147.

Rakotoson J.M., Ziemer W.P. Local behavior of solutions of quasilinear elliptic equations with
general structure // Trans. Amer. Math. Soc. — 1990. — 139, No. 2. — P. 747-764.

Crpounnur M.B. YcioBue peryiasipHoCTH 0OGOOIIEHHBIX PEIeHNH KBa3UJIMHEHHBIX SJITUIITUYECKAX
ypasaenwii Boiciero nopsinka // zs. AH CCCP. Cep. marem. — 1973. — 37, Ne 6. — P. 1376-1427.
Crponnux U.B. Henunelinble snIunTHYecKne ypaBHEHNsT BBICIEro nopsinka. — Kues, Haykosa
ayMka. — 1973.

Crpounnur M.B. O KBa3sMIMHENHBIX JUIMITHYECKAX YPABHEHNX BBICIIETO MTOPsIIKa C HEIPEPLIB-
HbIMU 0600menubIME pentenusivu // duddepenn. ypasaenus. — 1978. — 14, Ne 6. — C. 1104-1118.
Crpounnur U.B. PerysisipHOCTb MPAHUYHON TOYKHN JIJIsI KBA3UJINHEHOIO SJJIMIITUYECKOIO ypaBHe-
Husl BeIciero nopsiiaka // Tp. MUAH. — 1991. — 200. — C. 310-321.

Skrypnik 1.1., Voitovych M.V. B, classes of De Giorgi, Ladyzhenskaya and Ural’tseva and their
application to elliptic and parabolic equations with nonstandard growth // Ukr. Mat. Visn. —
2019. - 16, No. 3. — P. 403-446.

Voitovych M. V. Holder continuity of bounded generalized solutions for nonlinear fourth-order
elliptic equations with strengthened coercivity and natural growth terms // Electron. J. Differential
Equations. — 2017. — 2017, No. 63. — P. 1-18.

Voitovych M.V. Pointwise estimates of solutions to 2m-order quasilinear elliptic equations with
m-(p, q) growth via Wolff potentials // Nonlinear Anal. — 2019. — 181. — P. 147-179.

Widman K.-O. Local bounds for solutions of higher order nonlinear elliptic partial differential
equations // Math. Z. — 1971. — 121, No. 1. — P. 81-95.

References

. Adams, D.R., Hedberg, L.I. (1996). Function Spaces and Potential Theory, in: Grundlehren der

Mathematischen Wissenschaften, 814, Springer-Verlag, Berlin.

. Alberico, A., Ferone, V. (1995). Regularity properties of solutions of elliptic equations in R? in

limit cases. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 6(4),
237-250.

. Bennett, C., Sharpley, R. (1988). Interpolation of operators. Academic Press, Boston.
. Bonafede, S., Voitovych, M.V. (2019). Holder continuity up to the boundary of solutions to

nonlinear fourth-order elliptic equations with natural growth terms. Differ. Equ. Appl., 11(1),
107-127.

. Brelot, M. (1965). Eléments de la théorie classique du potentiel. 3e édition. Les cours de Sorbonne.

3e cycle. Centre de Documentation Universitaire, Paris.

. D’Asero, S., Cataldo, V., Nicolosi, F. (2008) Regularity of minimizers of some integral functionals

with degenerate integrands. Nonlinear Anal., 68(11), 3283-3293.

. De Giorgi, E. (2006). Selected papers. Springer-Verlag, Berlin.
. Dugzaar, F., Mingione, G. (2010). Gradient continuity estimates. Calc. Var. Partial Differential

47



10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

48

M.B. BoiitoBuy

Equations, 39(3-4), 379-418.

Ferone, V., Fusco, N. (1996). Continuity properties of minimizers of integral functionals in a limit
case. J. Math. Anal. Appl., 20(1), 27-52.

Frehse, J. (1970). On the boundedness of weak solutions of higher order nonlinear elliptic partial
differential equations. Boll. Un. Mat. Ital., 8(4), 607-627.

Gilbarg, D., Trudinger, N.S. (1983). Elliptic partial differential equations of second order. Berlin:
Springer-Verlag.

Hedberg, L.I., Wolff, T.H. (1983). Thin sets in nonlinear potential theory. Ann. Inst. Fourier
(Grenoble), 33(4), 161-187.

Helms, L.L. (2014). Potential theory. Second edition. Universitext. Springer, London.

Jiang, R., Koskela, P., Yang, D. (2012). Continuity of solutions to n-harmonic equations. Manu-
scripta Math., 189(1-2), 237-248.

Kilpeldinen, T., Maly, J. (1994). The Wiener test and potential estimates for quasilinear elliptic
equations. Acta Math., 172(1), 137-161.

Kovalevskii, A.A. (2001). Entropy solutions of the Dirichlet problem for a class of non-linear
elliptic fourth-order equations with right-hand sides in L'. Izv. Math., 65(2), 231-283.
Kovalevsky, A., Nicolosi, F. (1997). Boundedness of solutions of variational inequalities with
nonlinear degenerated elliptic operators of high order. Appl. Anal., 65, 225-249.

Kovalevsky, A., Nicolosi, F. (2000). On regularity up to the boundary of solutions to degenerate
nonlinear elliptic high-order equations. Nonlinear Anal., 40(1-8), 365-379.

Kovalevskii, A.A., Voitovich, M.V. (2006). On the improvement of summability of generalized
solutions of the Dirichlet problem for nonlinear equations of the fourth order with strengthened
ellipticity. Ukr. Mat. Zh., 58(11), 1511-1524.

Kovalevsky, A.A., Skrypnik, LI, Shishkov, A.E. (2016). Singular solutions of nonlinear elliptic
and parabolic equations. Berlin/Boston: Walter de Gruyter GmbH.

Kuusi, T., Mingione, G. (2014). Guide to nonlinear potential estimates. Bull. Math. Sci., 4(1),
1-82.

Ladyzhenskaya, O.A., Ural'tseva, N.N. (1973). Linear and quasilinear elliptic equations. Nauka,
Moscow.

Maly, J., Ziemer, W.P. (1997). Fine Regularity of Solutions of Elliptic Partial Differential Equa-
tions, in: Math. Surveys and Momnogr., vol. 15. American Math. Soc., Providence, RI.

Maz’ya, V.G. (1968). Examples of nonregular solutions of quasilinear elliptic equations with
analytic coefficients. Funct. Anal. Appl., 2(3), 230-234.

Maz’ya, V.G., Havin, V.P. (1972). Non-linear potential theory. Russian Math. Surveys, 27(6),
71-148.

Mingione, G. (2006). Regularity of minima: an invitation to the dark side of the calculus of
variations. Appl. Math., 51(4), 355-426.

Moser, J. (1960). A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic
differential equations. Comm. Pure Appl. Math., 13, 457-468.

Moser, J. (1961). On Harnack’s theorem for elliptic differential equations. Comm. Pure Appl.
Math., 14, 577-591.

Nicolosi, F., Skrypnik, I.V. (1996). Nirenberg—-Gagliardo interpolation inequality and regularity
of solutions of nonlinear higher order equations. Topol. Methods Nonlinear Anal., 7(2), 327-347.
Nicolosi, F., Skrypnik, I.V. (2002). On Harnack type theorems for nonlinear higher order elliptic
equations. Nonlinear Anal., 50(1), 129-147.

Rakotoson, J.M., Ziemer, W.P. (1990). Local behavior of solutions of quasilinear elliptic equations
with general structure. Trans. Amer. Math. Soc., 319(2), 747-764.

Skrypnik, I.V. (1973). A regularity condition for generalized solutions of higher-order quasilinear
elliptic equations. Math. USSR-Izv., 7(6), 1371-1421.

Skrypnik, I.V. (1973). Nonlinear higher order elliptic equations. Naukova dumka, Kiev (in Russian).
Skrypnik, I.V. (1978). Higher order quasilinear elliptic equations with continuous generalized
solutions. Differentsial’nye Uravneniya, 14(6), 1104-1118 (in Russian).

Skrypnik, I.V. (1993). Regularity of a boundary point for a quasi-linear elliptic equation of higher



HenepepsHicTb c/1abKuX pO3B’sI3KIB HEJIIHIHHUX PIBHSIHb 9€TBEPTOIO HOPSIIKY

order. Proc. Steklov Inst. Math., 200, 339-351.

36. Skrypnik, LI, Voitovych, M.V. (2019). ®B; classes of De Giorgi, Ladyzhenskaya and Ural’tseva
and their application to elliptic and parabolic equations with nonstandard growth. Ukr. Mat.
Visn., 16(3), 403-446.

37. Voitovych, M.V. (2017). Holder continuity of bounded generalized solutions for nonlinear fourth-
order elliptic equations with strengthened coercivity and natural growth terms. FElectron. J.
Differential Equations, 2017(63), 1-18.

38. Voitovych, M.V. (2019). Pointwise estimates of solutions to 2m-order quasilinear elliptic equations
with m-(p, ¢) growth via Wolff potentials. Nonlinear Anal., 181, 147-179.

39. Widman K.-O. (1971). Local bounds for solutions of higher order nonlinear elliptic partial differential
equations. Math. Z., 121(1), 81-95.

M.V. Voitovych
Continuity of weak solutions to nonlinear fourth-order equations with strengthened

ellipticity via Wolff potentials.

In the present article nonlinear fourth-order equations in the divergence form with L*-right-hand sides
and the strengthened ellipticity condition on the coefficients are analyzed. Such equations, but with
sufficiently regular right-hand sides, first appeared in the works of Professor 1.V. Skrypnik concerning
the regularity of generalized solutions for multidimensional nonlinear elliptic equations of high order.
This class of equations correctly generalizes the corresponding nonlinear second-order elliptic equations
with non-standard growth conditions on the coefficients, which are models for numerous physical
phenomena in non-homogeneous medium. The main result of the article is a theorem on an estimation
of oscillations in a ball of solutions to the given equations via the Wolff potentials of their right-
hand sides. To prove this, we use the improved Kilpeldinen-Maly method and pointwise potential
estimates of functions related to special subclasses of Sobolev spaces, akin to the well-known De Giorgi
classes. A new point is the verification that these classes contain superpositions of solutions and Moser
logarithmic functions that include the Wolf potential of the right-hand side of the equation. As a
corollary, a new result is obtained on the interior continuity of solutions to the equations with right-
hand sides from the Kato class, which is characterized by the uniform convergence to zero of the
corresponding Wolff potentials. Some important cases of fulfilling this condition are considered: the
right-hand side of the equation belongs to the Morrey space with an index exceeding a certain limiting
value, then the solutions are locally Holder continuous; if the right-hand side belongs to the borderline
Lorentz-Zygmund classes, then the solutions are only locally continuous, but they are not Hoélder
continuous in the domain. In the case when the summability exponents of the right-hand sides of the
equations under consideration are less than the borderline values, there are examples of unbounded
discontinuous solutions. These facts are exact analogues of the corresponding results in the theory of

second-order elliptic equations.

Keywords: mnonlinear elliptic equations, weak solutions, continuity, Wolff potential, Kato class.
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ITPO BIAOBPAKEHHA CKIHYEHHOI'O CIIOTBOPEHHA
JOB2KVMHUW HA PUMAHOBUX ITOBEPXHAX

Y crarTi, B TepMiHax auiaTariiil, JOBeIEHO Psii KPUTEPIIB A1 HEIEPEPBHOIO i roMeoMOpPGMHOTO IPO/Io-
BYKEHHSI Ha TPAHMUINIO BioOparkeHb CKIHUEHHOI'O CIIOTBOPEHHSI IOBXKUHM MiXK O0JIACTSIMU HA PUMAHOBUX
nosepxusx. g pobora € mpomoBKeHHsAM Hamux monepeanix crareit [1] 1 [2], B axux moxkna 3HANTH
KOPOTKWUIil iCTOpUYHUIA OrJisis Ta OOrOBOPEHHS OCHOBHUX O3HAY€Hb. 3a3Ha4ueHi poboTH OyJin NpucBsiveHi
Teopil rpaHUYHOI MTOBEIIHKM BijoOparkeHb 31 CKiHYEeHHMM CIOTBOPEHHSM 3a [BaHIleM Ha pUMaHOBHX
MOBEPXHSIX, AKi crepiry Oym BU3HAYEH] Ha miomuHi B poboti [3], a micns ysarambueni na R™, n > 2,
B MoHorpadil [4]. B ganiii crarTi po3BUBa€ETHCA TEOPis IPAHMYHOI MOBEIHKH HA PUMAHOBUX HOBEDX-
HSIX, TaK 3BaHUX, BiJIOOparkKeHb 31 CKIHYEHHUM CIOTBOPEHHSIM JIOBXKUWHU, 110 OyJiM BIIEpIe BH3HAYEHI
B pobori [5] B korTekcri R™, n > 2, nus. Takox rmaBy 8 monorpadil [6]. Sk Gysmo mokazano B po6o-
Tax [7] 1 [8], Taxi BinoGparkeHHs, B3araJi KaxKydi, He € BiZOOparKeHHIMU 31 CKIHYEHHUM CIIOTBOPEHHSM
3a IBaHmeM, OCKIJIbKM TX IIepIr YacTKOBI HOXixHI MOXKYyTh 6yTH JIOKAJIBHO He iHTerpoBaHi. B Toit ke
Jac, mei KJjiac € y3araJbHEeHHSIM BiJJOMOrO KJacy BifloOparkeHb 3 OOMEXKEHUM CIIOTBOPEHHSIM JTOBYKUHU
3a Baiicana—Maprio 3 po6oru [9]. Kpim Toro, B neil Kiac BXOIATH B SIKOCTI IiJKJIaCy TaK 3BaHI CKiH-
4yeHHO Olimmuunesi Bino6GpaskenHsi, Beeneni 8 R”, n > 2 B pobori [10], aus. cexuio 10.6 B [6], axi B
CBOIO Y€pry € y3arajJbHeHHsIM J00pe BiloMuX KJaciB OLmimmmieBux BitoOparkeHb, a TAKOXK 130MeTpiit
Ta KBaziizomerpiit. [lpu jocsimKeHHl JIOKAJBHOI Ta I'PAHUYHOI IMOBEJIHKU BioOpaskeHb 31 CKiHYeH-
HUM CIIOTBOPEHHSIM JIOBXKMHU B R" Kit09oBUM (HakTOPOM OyJIO Te, 0 BOHU 33I0BOJIBHSLIN JIESIKAM
MOJIYJIBHUM HEPIBHOCTSM, SKi CIOPUsIA POIIJISAY OLJIBINT IMUPIINX KJIACIB BiOOpakeHb, IUB., HAIPU-
kiaz, crarri [5,11,12] ta monorpadio [6]. Tomy npuponbo, 1o npu gociaiakenHi BigobpazkeHsb 3i
CKIHYEHHMM CIIOTBOPEHHSIM Ha PUMAHOBUX IMOBEPXHSIX MU PO3IMOYHEMO i3 BCTAHOBJIEHHS BiIIOBIIHUX
MOJIYJIbHUX HEPIBHOCTEH, Kl Oy/IyTh CIyryBaTH /i HAC OCHOBHUM IHCTPYMEHTOM IIPW BUBYEHHI I'pa-
HUYHOI TIOBEJIIHKN TaKUX BiI0Opa’KeHb.

Ka104081 cA08a: PUMAHOST NOBEPTHI, 2PAHUNHA TLOBEJIHKA, HENEPEPEHE | 20MEOMOPPHHE NPOJOBIHCEH-
HA, 61000PAHCEHHA CKIHYERHO20 CNOMBOPEHHA J0BHCUHU, CUALHO JOCANCHI | CAGOO NAOCKT 2PAHUYL.

IlpucBsaayerbcst 100-piudio Big aus HapoaxkKeuusi I'eoprig JImurpoButda CyBopoBa

1. O3HaueHHsT Ta TONepPe/IHI 3ayBa*KeHH.

B momasnbiomy, Mu 3aB2K U OyIeMO BBaXKaTH, IO BCi BiOOparKeHHs, IKi MU PO3-
VIS IATUMEMO, € HEIIEPEPBHUMU.

[Tounemo 3 OCHOBHHMX BU3HA4YeHb poboTH [5], ajanToBaHUX J0 BHUIAJKY ObsacTeit
D B xommutekcuiit muomuni C, nus. Takoxk riaBy 8 monorpadii [6]. Bymsemo kazarm,
o Bimobpaxkentst f : D — C — ckiH4eHHOTO METPUYHOI0 CIIOTBOPEHHSI, ITUIIIEMO
f € FMD, sxmo f Bomogie (N)-Bmacrusicrio Jlysina BigrocHo miomi ta

0 < l(z,f) <L(z2,f) < o0 MB., (1)

Pobora wactkoBo mizTpumana rpanToM MinicTepcTBa OCBiTH 1 Haykm YKpalHu, HOMED ITPOEKTY
0119U100421.
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Jie
l(z,f) := liminf 7|f(()—f(2)| , L(z,f) := limsup 7|f(()—f(z)| . (2)
(—zceD  |(— 2| ¢szcep 1€ — 2|

Haui kaxkemo, mo Bigobpaxenusi f : D — C Bosogie (L)—BiiacTuBicTio, siKimno
JUist M.B. mIaxiB v B D muasax 4 = f o« JoKaJabHO cupsiMiisieTbest Ta f|, Bosogie
(N)—Baacrusicrio Jlysina sBijHocHo Mmipu gosxunu. Haramaemo, mo nuisix v B D € Bi-
nobpaxkenusiMm vy : A — D, ne A — iarepBan B R. Ilpu mpomy KaKyTb, IO JesTKa
BJIACTHBICTb Ma€ Miciie Jijist Maiixke BCix (M.B.) IUISIXIB, SIKIIO MUISIXU 3 TOPYIICHHSIM
11i€l BJIACTUBOCT] yTBOPIOIOTH CIMEHCTBO HYJILOBOTO KOH(DOPMHOI'O MOYJIsI, IUB., HAIIPHU-
KJI&J1, O3HAY€HHs B HaIIil nonepeauiit poboti [1], dbopmynu (6) i (7).

Kaxemo Takox, mo romeomopdizm f mixk aBoma obsactsmu D ta D* B C — ckin-
YEeHHOro cIioTBopeHHsi AoBxXuHu, nuiiemo f € FLD, akmo f € FMD i npu npo-
My, f ta f~! Bonozitors (L)-Bractusictio. IIpukmaaMm Taknx BioOpaskeHb MOXKYTh
cJlyryBaTH CKiHYeHHO GimimmmmiteBi romeomopdismu, 1110 3a/10BOJIbHSIOTH yMOBI (1)
BCIOJIU, & He TIJIbKHU M.B., AuB. TeopeMy 5.7 B crarti [13] a6o Teopemy 10.11 B MmoHOrpa-
il [6]. HacTuHHEM BHIIAIKOM OCTAHHIX BHCTYNAOTh OiminmmmmeBi romeomopdizmu,
JyUtst sikuX Besimaned B (1) piBHOMIpHO B obusiacti D BijyiieHi sik Bij Hysist, Tak i Bij
HeckinueHHocTi. TakuM 9uHOM, TOMEOMOPMI3ME CKIHYEHHOTO CIIOTBOPEHHS JIOBYKUHU €
JAJIEKOCSIKHUM y3araJbHEHHIM 130MeTpiit Ta KBasiizoMeTpiit.

BayBaxkennst 1. 3a Teopemoro 6.10 B [5] abo Teopemoro 8.6 B [6], romeomopdizMu
f € FLD wmix obmactavu D ta D* B C 3a70BOMBHSIOTH MOY/IHHIN HEPIBHOCTI

M(ST) < / Q(2) - p2(2) dm(2) (3)
D

3 Q = Ky nysa 6ynp-axoro cimeiictsa I maxis v 8 D i p € admI'. g susnadenns
munaranii K¢, kondopmuoro moayins M cimelicrsa I Ta monycrumux p, JuB. [1].

Tomeomopddizmu f Mmixk obmacrsmu D ta D* B KoMmiutekcHiii mromuai C, 1o 3a10-
BOJILHSIIOTH yMOBI (3), npuitasaro HasuBatn Q—romeomopdizmamu, jus. crarri [11]
Ta [12], a Takoxk raBu 5 Ta 6 Monorpadil [6]. 3 orsiy Ha 3ayBazkeHHst 1, 1 roMeo-
Mopdi3MU IPEACTABIIAIOTL COOOI0 IIe OLIBIN IMMUPOKUil KJIac BiAoOparKeHb HiXK T'OMeOo-
MOpdi3MU CKIHYEHHOTO CIIOTBOPEHHS JTOBXKIHI.

[Tepetiiemo 110 BiAIOBIIHUX O3HAYEHDL HA PUMAHOBUX 1OBepxHsaX. Hexait Terep f —
romeoMopizm Mixk objactsimu D ta D* Ha pumaHOBEHX moBepxHsix S Ta S*. Ilepr 3a
Bce KaxkeMo, 1o f € BijobparkeHHsSIM CKIHYEHHOTO CIIOTBOPEHHsI JOBXKWHU, ITUIIIE-
Mo f € FLD, sximio f € Takum B Kaprax S ta S*. 3 orisily Ha BJIaCTHBOCTI KOH(DOPMHIX
Bimobpaxkenb, a came, Biractusocreit (N)-Jlysina BigHOCHO mIOMM Ta JOBXKUHHU, a Ta-
KOXK 30epezKeHHsl JIOKAJBHOI'O CIPSIMJIEHHsI IILJISIXIB, JTUB., HAIPUKJIAJ, TeopeMy 5.6 B
monorpadii [14], Bu3HaYeHHsI He 3a1eKUTh BiJ BUOOPY Kapr. B mojasbiioMmy Takoxk
Oyzemo roBopuTH, 1mo f € JoKaJIbHUM (Q—ToMeomMopdizMoM st JesTKOl BUMipIOBa-
HoT dyHkIil @ : D — (0,00), sikio ymoBa (3) BUKOHYEThCs s Oy Ib-sIKOTO ciMeficTBa
maxis I' 8 D N U giaa kapr U pEMaHOBOT HOBEpXHi S, IO € 0KoJlaMu TOUO0K p € D.
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BayBaxkenHst 2. ¢k Bigomo, sikimo dyukuis p : V. — [0, 00] € pomycrumoro st
Jesikoro cimeiicrBa A nugxis o B BiakpuTiii Muoxkusi V' komiuiekcHol mwiomuau C, To
bynxmis p*(¢) = p(e~HC)/|¢' (¢™1(¢))] € momycTumoro aytst cimeitcTba musxis B =
p A utaxiB [ := @ o o ipu Oy IB-TKOMY KOH(POPMHOMY Bimobpaykenti ¢ : V — C, qus.
e pa3 Teopemy 5.6 B Monorpadii [14]. Takum unnom, npasa gacrusa B (3) KoHGOPMHO
imBapianTHa, OCKiMbKN fKOGian KondopMHOTo Bimobpaskennsa ¢(z) pismmit ¢’ (2)]2.

ITpomnosuriist 1. bydv-axuii comeomopdiam f crinuenH020 CnOMEOPeHHA J0BAHCUHU
Mioic obaacmamu D ma D* wa pumanosux noseprusx S ma S*, 6idnosiono, € A0kanb-
num Q—2omeomopdismom 3 QQ = K.

Hosedenns. Hexait g : U — C kapTa puMaHOBOI IIOBEPXHI S, siKa € OKOJIOM JIOBLJIHHOT
toukn p € D. Ockinbku npocrip S cenapabenbuuit, BigkpuTa Muoxkuua D N U ckia-
JAEThCA 31 3J1i9eH01 KLTBKOCTI KOMITOHEHT Uy, KOXKHa 3 IKNX KOH(MOPMHO eKBIBAJICHTHA
miockuM obmmactam Vi := g(Uy). Takum unnom, obmacri Uy = f(Uy) romeomopdHi
mIockuM obstactsaM Vi i, IK HACHIIOK, 3a 3araJibHUM IpUHIAIOM Kbobe, muB., HAIIPHU-
kia, [15], c. 48, kondopMHO eKBiBaJICHTHI UM OBJIACTSIM.

BinmiTuMo Takoxk, 1o cimeiictBo mnuisxiB I po3dmBaeThbCs Ha 3jivuenHuit Habip ci-
MelicTBa HIIAXiB 'y, 10 TOIAapHO HE MEPETUHAIOTHCH, 1 JiexkaTb B obiactsax Uy. To-
My cimetictBo ttaxiB I'* := fT' po3buBaeThcs Ha 3mivennit Habip cimeiicTBa IMIIAXIB
I'; := fT'y, mo nomapHo He IepeTHHAIOTLCH, i JexKaTb B obnacTax U, TobTo, Takux,
0 JIeXKaTh y BIOBITHUX KapTax PUMAaHOBOI moBepxHi S*. Takum dmHOM, 3a 3ayBa-
skeHHsM 1 po6oru [1] Ta 3a 3ayBaxkenusiv 11 2 gaHol poboTu, OTPUMAEMO HEOOXIIHMI
BHCHOBOK.

2. OcHoBHa Jjema.

B nognansmomy, A(E, F'; Q) aus muoxkus E, F i Q) Ha pumanosiii noBepxHi S o3avae
cimeiicTBo KpuBHX 7 : [a,b] — S, axi 3’eauytors muOokuEn E i F' B £, T0O6TO 7Y(a) €
E, v() € Fi~v(t) € Qupun a <t < b. Haragaemo Ttakoxk, mo ¢hakTop-IpocTip
D/G omurnanoro kosa D no auckperniii rpymi G 6e3 HEPYXOMEUX TOYOK € PHMAHOBOIO
HoBepxHero 3 Kapramu 3 upoekiil 7 : D — /G, nus., Hanpukias, Teopemy 6.2.1 B [16].

Jlema 1. Hexati G — duckpemmna epyna dpoboso-sinitinux eidobpasicerv D na ce-
be bez wepyromuxr mowok, f : D — D* — zomeomopdiam CKIHUEHHO20 CNOMEOPEHHA
dosorcuru miore obaacmamu D ma D* na pumanosuzr nosepruar D/G ma S*. Todi

M (A (fCy, fCu; f4)) < / Ki(p)- €(h(p.po) dh(p)  ¥poe D (4)
AND

oas 6ydv-awux kiseuv A = A(po, R1, R2) = {p € D/G : R1 < h(p,po) < Ra}, xin C1 =
{z €D/G: h(p,po) =11}, Co={p€D/G: h(p,po) =r2}, 0 < R < Ry <&(po), 4,
ons 6yov-axur sumiphur Gynrkuid £ : (R1, Re) — [0, 00], maxuzx, wo

Ry
/ ER)dR> 1, (5)
R1
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i npoekyia m: D — D/G wonugopmma na xpysi {z € D : h(z, z0) < e(po)}, po = 7(20).
Josedernsa. Ik obrosopioBasoch B ceknil 2 poboru 1], TyT M OTOTOXKHIOEMO I0O-
Bepxuio D/G 3 dynmamentanbhoio MuoxkuHoio F' B D st G 3 MeTpuKoio d, BU3HA-
genoro (2.10) B [1], sika micTurh dyHmaMenTa bHUT MHOrOKYTHUK [lyankape D, st
G 3 nenTpoM B Touli 29 € D, opbirta skol G, i € pg. Be3 obMmerkenb 3arajubHOCTi, Oy-
nemo paxysaru zg = 0. Le gocsraerbest 3a paxyHOK JpOOOBO-JITHIHHOIO BijoOpazkeHHst
D na cebe go(z) = (2 — 20)/(1 — 2Zp), WO EPEBOUTH TOUKY Zg B HOYATOK KOODJIU-
nar. Ilepexomgun 1o nosoi rpymu G, orpuMaemo pumanoBy nosepxuio D/Gp, sika
6yzner koudopmuo expiBasenTHoo /G, a Bei Besmuunu it ymoBu B JjieMi 1 KoHbOpM-
Ho inBapianTtai. O6epemo e(pg) € (0,dp) macriipkn mamnmu, mob npu d(0,z) < £(po)
5, 400 0.2
Bigmitumo, 1m0 3a Bu3HAUYEHHSIM TiepOosigHOl MeTpuKy, AuB., Hanp., (11) B [1],

BuUKOHyBaJsack piBaicrs d(0, z) = h(0, 2), 1e 69 = min

R := h(0,z) = log 11—:, rye roi= |z,
1, BIIIIOBIJIHO, R
2dr et —1
iR=9"35" "= mir
A={zeD:ri<|z|<r}, Ci={zeD:|z|=r}, Co={zeD:|z|=ro},
efr —1 efz — 1
TR T R

Ak Hacmimoxk,

2 147
/n(r)dr} 1, e n(r) = T2 §<log 1—r> ,

T1

tomy dyukuig p(z) = n(|z]), z € A, € momycrumoro Jyist 3a3HaYEHOro ciMeiicTBa
MJISIXiB, AKINO 1T mpojoskuTh HyjteM no3a A i D. Kpim Toro,

/ Ky(2) - € (h(z 20)) dh(z) = / Ky(z) - n*(l2]) dm(2) , (6)

AND AND

qe enement o dm(z) := dxdy Bianosinae mipi Jlebera wa miaomuui C. Takwum
9IHOM, BUCHOBOK JIEMU BUILIUBAE 3 TPONO3uIiil 1.

BayBaxkenus 3. 3a reopemoro yHidbopmizarnii Kieiina—Ilyankape, mus. 11.3 8 [1], a
takox 7.4 B [17], Gyap-sika pumaHoBa MOBepXHs S KOHMOPMHO eKBiBajIeHTHA (HhaKTOP-
IPOCTOPY OAMHUIHOrO Kpyra D 3a muckpeTHO TIpynoio G 6e3 HEPYyXOMUX TOUYOK, 32
BHUKJTIOUEHHSIM HAMIIPOCTIMIX BUNAIKIB, Koun S kondopmuo exsiBasentaa C, C, Kimb-
o abo Topy.

Y Bumazky topa, S xomdopmuo ekBiBasenTHa darTop-npocropy C/G 3a rpymnoro
G 3cyBiB 3 JIBOMa reHepaTopaMu z — z w1 12 — 2z +wa, e wy iwe € C\ {0} i
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Im wy/we > 0. B npomy Bunajky, dysamentagbta obsnacts F € mapasesorpamMoM
31 CTOPpOHAMU TapaJeIbHUMU W] Ta Wy, MICIA CKJIEHKN NPOTUJIE2KHUX CTOPIH SKOTO i
orpumyeThest Top. Ockinbku EBKIIiMOBI BimcTani i w0 iHBapiaHTHI BiJIHOCHO 3CYBIB,
To MeTpuKa i mwioma Ha nosepxui C/G B MajoMy Takoxk CHIiBIAIA0Th 3 EBKIIIOBIM.

Takum gunoM, 3a mpomosuiieio 1 Bigpomenus (4) Mae Micre Jjisi BCIX BKa3aHUX
0CODIMBHUX BUIAIKIB 3 EBKJITOBUM BiJACTAHSM 1 IJIOIIEIO 3aMiCTh rimepbosiyaux. Xoda,
30epiraeMo Texk MO3HAYEHHs JIJIsi yHiBEpCaJbHOCTI.

3. Ilpo nmpoaoB>kKeHHsT HA IPAHUII0O ODEpHEHUX BiZOOparkeHb.

Tyt i nani posymiemo, mo aunaranis Ky mpojgos:kena Hysiem noza D i S, numre-
Mo Ky € Llloc, axmo Ky jokaabHO inTerpyerhes B KapTax S. Bygemo rakoxk xazaru
sk 1 B pobori [1], mo romeomopdism f : D — D* mix obmactssmu D ta D* B KOM-
naxkTudikanisx Kepexpsapro-Croinosa S Ta S* € BimobparkeHHsiM 3i cKiHyeHHUM
CIIOTBOpPeHHsAM aoB2kuHH, nuiiemo f € FLD, gximo s BjiacTuBicTh Mae Miciie J1Jist
itoro 3By2keHHs B S. Haramaemo, mo romeomopdizm MizxK obsactsimu B S Ta S* 3aBxK /1

[IPOJIOBXKYETHCST 10 TOMeOMOP(i3My MiK BIANOBIIHUMEI obacTIMU B S Ta S*.

Hacrynna Jjiema € OCHOBHOIO TIPH JOCJIXKEHHI TPOOJIEME HEIepepBHOIO ITPOIOB-
JKeHHsT obepHenux Biobpazkens f~! aus f € FLD na rpanmio.

Jlema 2. Hexati S ma S* - pumanosi noseprni, D ma D* — obracmi 6 S i S*,
6idnosiono, 0D C S i 0D* C S*, i dD* — caabo naocka. Axwo f : D — D* — zomeo-
mopism 31 ckinuennum cnomeopenmam doesicunu i Ky € Llloc’ modi 6 MmouKkax py 1t
p2 € 0D, p1 # p2, AokarvHOl 36 °a3Hocmi obaacmi D

Clp1, f)NC(pa, f) =2, (7)

de C(po, f) dana 6ydv-aroi mouru pg € 0D C S 03HaAUGE MHOHCUHY MOUOK HAKONUNEHHA
f(p) npu p — po Ha pumarosits noseprni S*.

Jlosedernsa. 3rimmno 3ayBaykenHst 3, M MOYKEMO OOMEKUTUCH BUIAIKOM TTIOBEPXOHD
rinepboigroro tumy. BimmiTumo takoxk, mo 0D ta 9D* MaoTh 0OKOJH, sIKi HE MICTATH
JKOJHUX IPAHUYHKUX eJIeMeHTiB mosepxonb S i S* 3 moueni Kepekbsipro-Croinosa,
ockinmekn 0D C S1 0D* C S*.

Hexait E; = C(p;, f), i = 1,2. Toui 3 nacaiaky 1 crarri [1] E; € 9D*, i = 1,2.
Homyctumo, mo F1 N Ey # @ i Hexait p, € 1 N Es.

[Mosnauumu yepes § auciao €(py) 3 jgemu 1. Tak sik obsacts D JIOKAIBHO 3B’si3HA B
TOYKaxX p1 1 P2, icHYIOTH 1X Bimkputi okosm Uy i Us B S, Bimmosigno, Taki, mo Wi =
DNU; i Wy = DNUs; € obnactsimu, a takoxk Uy C B(p1, 0/3) 1 Us C S\ B(p1, 20/3).
Toxi 3a nepiBuicTio TpukyTHUKA (W71, Wa) > §/3. Posrusinemo dyHKIiio

(3/5, te(5/3,26/3),
f(t)—{ 0. ¢ (5/3 20/3).

26/3
3posymino, mo [ &(t) dt =1 it 3a npuHIUIIOM MIHOPHPYBaHHS Ta JIEMOIO 1 11t Gy 1b-

5/3
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sikux KoHTHHYMIB C1 C W1 i Cy C Wa:

M(F(A(CY, Ca, D)) < / Ki(p) - E(h(p.p1)) dh(p) <
A(p1,6/3,26/3)
32
S 5
A(p1,6/3,26/3)

Ky(p) dh(p) < oo,

tak sk Ky € L'(A), ne A = A(p1,6/3,25/3) Ta upunyckaersces, mo K¢ 1pojioBxKena
Hysem mo3a D.

[Ipote, 151 oIiHKa MpOTHpPEYUTh yMOBi, o OD* € ciabo miockow. [ilicHo, p, €
EinNEy C fWi N fWy i roni B obnmactsax Wi = fW; i Wy = fWs 3snaiinerbcsa
10 HellepepBHiil KpuBiii, mo neperunae Oyib-ski Hamepe] 3ajani kosna 0B(pg,ro) i
OB(p«,T+) 3 JOCTATHBO MAJUMU pajiiycaMu 7o i ry. TaKuM YHHOM, HPUILYIIEHHS, 110
E1N Ey # @ 6ymo XubHUM.

Ha Binminy Bim npamux BigoOparKeHb, IUB. HACTYIIHY CEKINIO, Ma€ Micle IPOCTuit
KpUTePiil JIJisi TPOJIOBXKEHHS 00epHEHNX BijI0OparkeHb Ha IPAHUITIO.

Teopema 1. Hexati S © S* — pumanosi nosepxwi, D ma D* — obaacmi 6 S ma
S*, eidnosidrno, 0D C S i 0D* C S*, D aokaavho 361’°sna na eparnuyi 1 0D* — caabo
naocka. Axwo f: D — D* — 2omeomopdiam 3i crinvennum cnomeopertim JosAHCUHU

i Ky e Llloc, mo f~1 npodosocyemucs za nenepepericmio 6 D*.

Jlosedenns. 3a TeopeMoo YPHCOHA S € IPOCTIP 3 MOMKJIMBICTIO BH3HAUEHHS MeET-
puKH, auB., Hanpukiaan, Teopemy 22.I1.1 B [18]. Tomy kommakTHiCTH S exsiBasent-
Ha CEKBEHIaJIbHIN KOMIAKTHOCTI, JMB., HAaUpuKJ/Iaj, 3ayBaxkenns 41.1.3 B [19]. Orxe,
rpanmana Muoxkuna C(py, f~1) me mycra ayis Gyab-aKoi Toukn p, € OD* 3 ornsmy ce-
KBeHmianbHoi KommaxTHocTi S i C(py, f~1) € dD C S 3a maciinkom 1 3 poboru [1].
TaxkmuM 9IHOM, JIOCTATHLO TlepeKoHaTnch, mo C(p., f~1) cKIagaeThes 3 €IMHOT TOUKH,
7B, , Hanpukas, teopemu 20.V.1 1 21.11.1 B [18], ockinbkn Ha S Moxke 6yTH BU3HAUEHA
MeTpUKa.

Hormycrumo, mo 3uadijerbes npuHaiiMii 1Bl Touku p1 i po € 0D B C(py, f _1). Tomi
p« € C(p1, f)NC(pa, f), mo nuporupednts emi 2. OTpuMaHe NPOTUPITISA CIPOCTOBYE
3po0JIeHe JIOMYIIEHHS, i TUM CaMUM, JOBOJIUTH BUCHOBOK Teopemu 1.

4. HenepepBHe NPOAOBXKEHHSI HA TPAHUINIO IIPSIMUX BimoOparkeHb.

Ha BimMminy Bim Bumajaky obepHeHUX BiqoOparkKeHb, siK 1ie O0y/I0 BCTAHOBJIEHO IIEe HA
IJIONIUHI, »KOJIHA CTEINHb IHTEerPOBAHOCTI JIUJIaTallil He MPU3BOIUTH JIO TTPOJIOBYKEHHS
Q-romeomopdismis (i sk HaCHiIOK, romeomopdismis kmacy FLD) ma rpamumo, aus.,
HAIPUKJIJL, npono3utiio 6.3 B [6]. Biamosiqauii kpurepiit Jj1si 1bOro, HaBeICHUI HUK-
4e, € 3HAYHO BUTOHYeHIMM. fIK i pamime, mu posymiemo, mo aunataiis Ky 1m1pojos-
JKeHa HyJIeM 3a MexKi obsiacti D.

Jlema 3. Hexat S i S* — pumarosi nosepxmi, D i D* — obaacmi ¢ S ma S*,
6idnosidno, 0D C S, OD* C S*, D aokaarvro 38°asna 6 mouui pg € 0D. Honycmumo,
wo f 1 D — D* — 2omeomopdiam crinuennozo cnomeoperhs Jo6acuru maxut, uLo
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OD* cuavho docasicna xowa 6 6 0dnitt mowyi C(po, f) i, 6 deaxit xapmi U noseprni
S 3 noKaavHON0 KOOPIUHAMOIO Z) MOYKU Pg,

[ K@ el dnG) = o, @) mu e 50 ()
e<|z—z0|<e0

oaa dearozo g > 0, de Py, (t) — cimeticmeo nesid emnux sumipnuz (no Jlebezy) dyrx-
it na (0,00), MmaKux wo 3a00804HANOMD

0 < I e(e): :/”%O,s(t)dt < 00 Vee (0,e0) - 9)

Todi sidobpasicenns f npodosotcyemues no nenepepsrocmi 6 mouky po it f(po) € 9D*.

Binmirumo, mo ymosn (8)-(9) npusoasts 110 Toro, mo I, ., (¢) — oo upu € — 0
i, mo €9 MOoxKe OyTH OOpaHO HACTLIHLKKA MAJUM Ha CKIJIbKH MOTPIOHO 3i 30eperkeHHsIM
(8)-(9).

Josederna. Tlepexonstan no xkaptu U, MU MOXKeMO BBaykaTh, 6e3 0OMeyKeHHs 3a-
raJibHOCTI, 10 S 1 D — miocki obsacti. Toji 3a mpuaIunom yridopmizarnii Krobe, mus.,
Hanpukiaas, [15], c. 48, obmacre D* = fD TakoX € KapToi Ha PUMAHOBIH MOBEPXHI
S*. TakuM YHHOM, 32 MPOIIO3UILEO 1

M(A(SC1 fCoi D)) < [ Ky(2)+ o (lz = aal) dm(:) (10)
A
st Oyab-sikux kitenp A = A(zg,7m1,7m2) = {z € C: 1 < |z — 2] <12}, 0 <1 <
ro < €4 := Sup |z — zp|, kouTuHyMiB C7 1 Co B D, mo HajieXKaTh PI3HUM KOMIIO-
zeD

HeHTaM 3B s3HOCTi jlonoBHenHs A B C, i 115 6y/ab-9KuX (DYHKILI, MO0 BUMipIOIOTHCH
n: (r1,re) — [0, 00|, Takux, mo

/77(1“) dr> 1, (11)

T1

JIAB., HAIIPUKJIAJL, Iporo3uiio 2.4 B [20] a6o 13.4 B [6].

Harasaemo, Mo 3a TeopeMolo YPHCOHA S* € IPOCTOPOM 3 BH3HAYEHHSM METPUKH,
B., Hanpukaas, reopemy 22.11.1 B [18]. ToMy KoMIakTHICTE S* eKBiBa/leHTHA CEKBEH-
MiaJbHIfl KOMIAKTHOCTI, IMB., HANpUKJIaT, 3ayBaxkenns 41.1.3 B [19]. 3 mporo ciimye,
rpannana MHOxkuHa C(20, f) HE € IMyCTOK 3 OISy HA CEKBEHIAJbHY KOMIAKTHICTH
S*, 1 C(z0, f) € OD* C S* za maciimkom 1 3 poboru [1] . Takum amHOM, JOCTATHLO
nokazaru, mo C(2o, f) CKIaIaeThCs 3 €UHOI TOYKH, JUB., Hanpukia, Teopemu 20.V.1
i 21.11.1 B [18], ockimbkm S* MeTpHU3yeTHCS.

Ba ymooto jiemu, 0D* cunbHO mocsizkHa B Aesikiit Touri p; € C(zo, f). Jonycrumo,
1o icuye mie xo4a 6 oxHa Touka py € C(zg, f). Yepes d nosHaunmo ojHy 3 BijgcraHeil B
S*. Hexaii dy € (0, d(p1,p2)).
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3 orvisily Ha JIOKAJIBHY 3Bsi’3HICTB 0obstacTi D B Tod4Il 2, 3HANETHCSI MTOCJIIIOBHICTh
BiakpuTtux okojiB U, Toukn zg Taka, mo Dy = D N Uy — obaacti i diam U — 0 npnm
k — oo. Toni snaitnyThes Touku (i (5 € Dy 1= fDy,, 6/u3bKi 10 p1 i po, Bianosiamo,
quist skux d(p1, ) < do i d(p1,¢f) > do, i ki Moxua 3’enarn kpusuMu Cj, B 06/1aCTAX
Di, k=1,2,.... 3 ornany na 38 asuicts Cf,

CrNOB(p1,do) # @, nme B(pi,do) = {peS*: d(p,p1) <do} . (12)

3a yMOBHU CHJIBHOI JOCSZKHOCTI TOYKHU P 3HaiinyTbcsa kKontunym Co C D* 1 umcno
6 > 0 Taxi, 110
M(A(Cy,Cy; D*)) = 6 (13)

JIsi IOCTATHBO BesiuKuXx k, ockinbku dist (p1, Ck) — 0 npu k — oco. Bigmitumo, mo Ky :
= f~Y(Cp) TakoX € KOHTHHYMOM fIK HelepepBHUIl 06pa3 KOHTHHYMa. TAaKIM YHHOM,
e* 1= dist (20, Ko)) > 0. Busnaunmo B ymoBi jiemu g9 < min (g4, "),

BayBaxkuMmo, 1o i QyHKITT

ne(t) = { Va0 IZO’“(E()): . ; Eiig; (14)
BUKOHAHA yMOBa
=
/ ne(t) dt = 1.
€
Takum uuHOM, Jytsi goBlibHOrO KouTHHyMa K C D(z0,¢) := {z € D : |z — 2| < €},

3a BracrusicTio (10),

MK K D) < [ K@) (- ) dm(e) =

8<|Z—Z()|<E()

1
S / Ki(z)- 42 (z—zf) dm(z) = 0 mpue — 0 (15)
Z0.e0(6) o
e<|z—z0|<e0

3 orisijty Ha yMOBY (8).

3 immoro 60Ky, mist 6yap-sikoro € € (0,&9) npn BequKuX k Mae Micre BKIIIOYCHHS
Dy, C D(zp,¢) i, six nacmigok, f~1(Cy) C D(z0,¢). Takum 9mHOM, OTPUMAEMO TIPO-
rupivust Mk (13) i (15). Le nporupiuds cupocroBye rinoresy mnpo iCHyBaHHSI JIPyToi
roukn py B C(zp, f), 110 1 3aBepIIye JOBEICHHS.

Teopema 2. Hexatii S ma S* — pumanosi nosepxni, D i D* — obracmi 6 S ma
S*, sidnosiono, 0D C S, OD* C S*, D aokaavro 36’°asna na eparuyi i OD* cusvho
docsoicna, f: D — D* — 2omeomopdiam ckirnuernnozo cnomeoperts dosiHcuHU.

Honycmumo, wo daa 6ydv-axoi mouxu pg € 0D 3 A0KaAbHO0 KOOPIUHAMOI 2o 8
desaxiti wapmi U noseprhi S,

0
dr
0/ G 1o
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npu 6cix docmamruvo maaux § > 0, de

17 Gor) = [ Kl [da]. (17)

|z—z0|=r

Todi 6idobpasicenna [ mpodosocyemvesa no nenepepsrocmi wa 0D

Josedenna. [iiicuo, pn 1, (t) = 1/||K¢|| (20,t) miaa seix t € (0,e0) 1 gocrarHbo
masiomy g9 > 0, Ta 1, (t) = 1 nus Beix t € (g0, 00), 3 (16) orpumaemo, 1o

Kp(2)- 0% (12 = 20l) dm(z) = Lyso() = o(l%40(e)  mpn €0,
€<|Z—Zo‘<60

1
loc »

ae 3 orusgy ymoB Kg(z) >1 B D i Ky € L

€g
0 < Iz0,50(5)3:/¢zo(t)dt < 00.
3

Takum uYMHOM, TeopeMa 2 BUILIMBAE 3 JieMu 3 Ta Teopemu 1.

Hacuinok 1. B wacmunnomy sunadky, uCHo80K meopemu 2 Mac Micue AKu0, 0Ad
b6ydo-axoi mouku py € 0D 3 aokarvHo0 KoOpIUHaMOl zy 6 kapmi U noseprni S,

K¢(z) = O(log "= 7l

> npu  z— zp , (18)

a60, GiAbvUW 3042aAbHO,

ks (e) = O(log i) npu €—0, (19)

de k() — cepedne snavenns dynruii Ky na xoni |z — 2| = €.
3 ypaxysanusim teopemu 3.1 B pobori [21] Ta pesynabrary Teopemu 2, oTpuMaEMo
HaCTyIIHE.

Teopema 3. Hexat S ma S* — pumanosi noseprwi, D i D* — obaacmi 6 S ma
S*, sidnosiono, 0D C S, OD* C S*, D aokaavno 36°asna na eparnuyi i OD* cusvho
docaotcrna, f: D — D* — 20meomopdhiam cKiHUEHH020 CNOMBOPEHHA JOBHCUHU.

Honycmumo, wo daa 6ydv-axoi mouwku pg € 0D 3 aokaavhoto kKoopdunamoro zy 6
desaxiti kapmi U nosepxwi S,

/ B(K;(2)) dm(z) < oo, (20)

de @ : Ry — Ry — mecnadarona eunyxaa dynxuisa 3 ymoeoro, daa dearozo > ®(0),

o0

dr
/M:oo. (21)

5

o8



HpO Bjﬂ06pa}KeHHH CKIHYEHHOI'O CIIOTBOPEHHS] JIOB2KUHU HA& PUMAaHOBHUX ITIOBEPDXHAX

Todi eidobpastcernns [ mpodosorcyemobes no wenepepenocmi wa 0D.

BayBaxkennst 4. Bijvitumo, mo 3a reopemoro 5.1 ta 3ayBaxkennsim 5.1 B [13] ymosa
(21) € He TIABKU JOCTATHBOWO, & i HEOOXIJAHOIO Jisi HEllePEePBHOIO MPOJOBXKEHHS HA
CPAHUINIO BCiX BijlobparkeHb f CKIHYEHHOI'O CIIOTBOPEHHSI JOBXKWHU 3 iHTErpaJbHUMU

obmezkenHsMu Bty (20).

BayBaKnMo TakoxK, 1o 3a Teopemoio 2.1 B 21| ymoBa (21) exkBiBasienTHa Oy1b-sKiit
i3 macrynanx ymos, e H(t) = log ®(t):

/H'(t)cit:oo (22)
A

abo -

dH(t)

/t =00 (23)
A

abo -
/H(t) % =00 (24)
A

Jutst jiekoro A > 0, a TaKOXK KOXKHIN 13 piBHOCTEI!:

jH <1> it = o (25)
0

o] dn .
| - .
A

Iarerpasn B (23) posymierbcst sk inrerpas Jlebera—Crunrbeca, a inrerpanu B (28),
(24)—(26) sik 3Buyaiini inTerpasn Jlebera.

I Jestkoro § > 0,

st jiesikoro A, > H(4-0).

Heobxigno maBectn 1me nosicienusi. B npasnx wactunax ymoB (22)—(26) maemo Ha
yBasi 4+o00. dxmmo @ (t) = 0 msa t € [0,¢,], ro H(t) = —oo mst t € [0,¢,], i Mu 3aBepiiye-
Mo o3HaveHHs B (22), BBaxkaroun H'(t) = 0 g t € [0, t.]. BigmiTumo, mo ymosn (23) i
(24) BUKJIIOYAIOTH BUIAJIOK TOTO, 1O 4 HAJEKUTH IHTEPBAJY IHTEIPYBaHHsI, OCKLIbKH
B IIPOTUJIEKHOMY BHIAJKY JiiBl gacTunu B (23) i (24) abo piBHi —00, ab0 He Bu3HAUEHI.
Tomy npumycrkaemo, mo B (22—(25) 6 > tg, Bianosinno, A < 1/ty, ne tg := SUP ()0 ¢
i BBazkaemo to = 0, sakmo ®(0) > 0.

Haii6isibm nikaBuM i3 BKa3aHUX BUIIE YMOB € yMOBa (24), sika Moxke OyTH 3alicaHa

V BUTJISII:
o

/ log®(t) & = oo . (27)

)
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Hacuainok 2. 3okxpema, suchosor meopemu 8 mae micue, axuwo npu desxomy o > 0
/eaKf(z) dm(z) < oo. (28)

Hacrynue tBepizkennst € HacigkoM Teopemu 1 i jiemu 3 nipu ¢ (t) = 1/t.

Teopema 4. Hexati S ma S* — pumanosi noseprwi, D i D* — obaacmi 6 S ma
S*, sidnosiono, 0D C S, OD* C S*, D aokaavno 36°asna na epanuyi i 0D* cuavho
docsotcrna, f: D — D* — 20meomopdiam cKiHUEHH020 COMBOPEHHA JOBHCUHU.

Lonycmumo, wo das 6ydv-axoi mouku pg € 0D 3 aokaabHOW KoOpIUHAMOW 2o 6
deaxit xapmi U noseprmi S,

2
K¢(z) _dm(z) = 0([10gﬂ > npu € —0. (29)

|2 — 20]?
6<‘Z—Zo‘<60

Todi eidobpasicenns [ npodosocyemupes no nenepepsrocmi wa OD.

BayBaxkenHst 5. Obupaioun B sremi 3 dbyukio ¢ (t) = 1/(tlog1/t) samicts ¥(t) =
1/t orpumaemo, 1o ymosa (29) mMoxke 6yTH 3aMiHEHA YMOBOIO

Ky(z) d 177

£(z) dmlz) 5 = o([logloge} ) mpu £—0.  (30)
1

€<|z—20|<80 (|Z - ZO| IOg ‘Z—Z0|>

Awnajioriuno, ymosa (19) 3a Teopemoro 2 Moxke 6yTH 3aMiHeHa OLIBIT CJIAGKOI YMOBOKO

1 1
kx(e) = O <log z log log 5) mpu € — 0. (31)

3BUYAtHO, MU MOTJIN 6 TYT HABECTH BEJWKY KiTbKICTH BIATOBIMHUX yMOB Jlorapudmid-
HOT'O THILY, BUKOPUCTOBYIOUM (byHKIwH (1), M0 T IXOAAT.

Anasoriuno sk B [22], roBopumo, 1o dyskiis ¢ :  — R Ha BiakpuTiii MHOXKUHI

() C C mae cKiHYeHHe cepeiHE KOJMBAHHS B To4Il 29 € D, numemo ¢ € FMO(z),
SIKITIO

1 -
tmsup 5 [ pe) = Bl dm(z) < oo (32)
e—0 TE

B(Zo,E)
ne Pe — cepenne 3HaveHHs GyHKIUT ¢ B Kpysi B(zp, ) ={z € C: |z — 2| < e}.

Ba semoro 3 3 BubopoM v, -(t) = 1/tlog %, JIUB. TAKOXK HACJIOK 2.3 B [22], orpu-
MAEMO HACTYIIHUI PE3YJILTAT.

Teopema 5. Hezati S ma S* — pumanosi noseprni, D i D* — obaacmi ¢ S ma
S*, eidnosidno, 0D C S, OD* C S*, D aokasvro 36°a3na Ha eparuyi ¢ OD* cuavHo
docsorcra, f: D — D* — 2omeomopdism cKiHvenn020 CnomeopeHHa J08AHCUH.
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Honycmumo, wo dasa 6ydv-axoi mouku pg € 0D 3 A0KaABHOW KOOPIUHAMON 2o 6
deaxiti xapmi U nosepzni S, das deaxoi dymxuii Q : U — RT,

K¢(z) < Q(z) € FMO(z) VzeU. (33)

Todi eidobpasicenns [ mpodosocyemuea no wenepepsrocmi na 0D
3a naciinkom 2.1 B [22] 3 Teopemn 5 TakoK MaeMo:

Hacainok 3. 3okpema, sucrogox meopemu 5 mae micue, AKUL0

ems0 mE?

1
limsup — / K¢(z) dm(z) < oo .
B(Zo,E)

3ayBakeHHd 6. Jlema 3 [103BOJIsIE IPOBOAUTH MOTOYKOBHMI aHAJI3: SIKIIO BUKO-
HaHl yMOBH Ha JWJIATAII0 B OyAb-siKiii rpanndHiil Touni D, To B miil To4ml Mae Micie
IIPOJIOBYKEHHS HA FPAHUILY 10 HEIIEPEPBHOCTI.

5. IIpo romeomopdHe MpoaoB2KeHHA BimoOparkeHb Ha I'PAHUITIO.

Kombinyroun Teopemy 1 3 pesysibraraMu MONEPETHBOI0 PO3JILTY, MOKHA OTPUMATH
[Ty HU3KY ePEeKTUBHUX KPUTEPIIB roMeoMOpPGHOrO MPOJOBKEHHS HA T'DAHUIO JIJId
BimoOparkeHb 31 CKIHYEeHHUM CIIOTBOPEHHSIM JOBXKHUHH MiK OOJIACTSIMH Ha, PUMAHOBHX
nosepxHaAX. fK i panime, TyT Mu 6yjieMo posyMiTu, mo pyHKiis K ¢ 1pogoBKeHa HyJIeM
1o3a obsractio D.

Teopema 6. Hexati 6 donosnerns do ymos meopemu 1, drsn 6ydo-axoi mouku py €
0D 3 aoxarvroro Koopduramoro zy 6 desaxitl kapmi U noseprhi S,

0
dr
0/ G .

npu ecix docmammnoo masuxr § > 0, de
1Kl Gor) = [ Kyl [l (3)
|z—z0|=r

Todi eidobpasicernsa f moorcna npodosorcumu do zomeomopdismy D na D*.

Hacaigok 4. B uacmunmomy eunadky, UCHOB0K meopemi, 6 MaAE MICUE AKULO, OAS
6ydo-axoi mouku pg € 0D 3 sokasvro Koopdunamor zy 6 kapmi U noseprni S,

1
Ki(z) = O<10g Z_ZO|> npu  z— 2o , (36)

ab0, 0iNBUL 302GN6HO,

1
ks (e) =0 <log 5) npu €—0, (37)
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de k.o (e) — cepedne snavenns dynruii Ky na xoni |z — 29| = €.

Teopema 7. 3a ymos meopemu 1, nexat das 6ydo-axoi mouxu pg € 0D snaiidemo-
CA KAPMa NOGEPTHI S, UL0 MICTMUMD Do, 6 AOKAALHUT KOOPOUHAMAT AKOT

/@(Kf(z)) dm(z) < oo, (38)

de @ : Ry — Ry — necnadaroua sunyrxia dyrryia 3 ymoeoto, oas desrozo & > ®(0),
o0

dr
/M:oo. (39)

)

Todi sidobpasicenma f moocra npodoescumu do 2omeomopdizmy D na D*.

Hacuainok 5. 3okpema, suchosor meopemu 7 mae micue, axuwo npu desxomy o > 0
/eaKf(z) dm(z) < oo. (40)

Teopema 8. Hexati 3a ymos meopemu 1, dan 6ydv-axoi mouku pg € 0D 3 aokanb-
1010 Koopouramolo zg 6 desaxit xapmi U noseprhi S,

dm(z)

A

112
=0 [log J npu € —0. (41)

E<‘Z—Zo‘<60

Todi eidobpasicersn f npodosscyemocs 0o 2omeomopdizmy D na D*.

Teopema 9. Hexatl 3a ymos meopemu 1, dan 6ydv-axoi mouku pg € 0D 3 aokanb-
not Koopdunamor zy e deakit kapmi U noseprni S, K¢(z) < Q(z) € FMO. Todi
sidobpasicenna f npodossicyemucsa do 2omeomopdizmy D na D*.

Hacaigok 6. Soxpema, suchosox meopemu 9 mae micue, AKULO

) 1
hIEIlj(l)lp = / K¢(z) dm(z) < oo .
B(z0,¢)

20, €
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S.V. Volkov, V.I. Ryazanov

On mappings with finite length distortion on Riemann surfaces.

The present paper is a natural continuation of our previous paper (2017) on the boundary behavior
of mappings in the Sobolev classes on Riemann surfaces, where the reader will be able to find the
corresponding historic comments and a discussion of many definitions and relevant results. The given
paper was devoted to the theory of the boundary behavior of mappings with finite distortion by Iwaniec
on Riemannian surfaces first introduced for the plane in the paper of Iwaniec T. and Sverak V. (1993)
On mappings with integrable dilatation and then extended to the spatial case in the monograph of
Iwaniec T. and Martin G. (2001) devoted to Geometric function theory and non-linear analysis. At the
present paper, it is developed the theory of the boundary behavior of the so—called mappings with finite
length distortion first introduced in the paper of Martio O., Ryazanov V., Srebro U. and Yakubov E.
(2004) in the spatial case, see also Chapter 8 in their monograph (2009) on Moduli in modern mapping
theory. As it was shown in the paper of Kovtonyuk D., Petkov I. and Ryazanov V. (2017) On the
boundary behavior of mappings with finite distortion in the plane, such mappings, generally speaking,
are not mappings with finite distortion by Iwaniec because their first partial derivatives can be not
locally integrable. At the same time, this class is a generalization of the known class of mappings
with bounded distortion by Martio—Vaisala from their paper (1988). Moreover, this class contains as
a subclass the so-called finitely bi-Lipschitz mappings introduced for the spatial case in the paper
of Kovtonyuk D. and Ryazanov V. (2011) On the boundary behavior of generalized quasi-isometries,

that in turn are a natural generalization of the well-known classes of bi-Lipschitz mappings as well
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as isometries and quasi-isometries. In the research of the local and boundary behavior of mappings
with finite length distortion in the spatial case, the key fact was that they satisfy some modulus
inequalities which was a motivation for the consideration more wide classes of mappings, in particular,
the Q-homeomorphisms (2005) and the mappings with finite area distortion (2008). Hence it is natural
that under the research of mappings with finite length distortion on Riemann surfaces we start from
establishing the corresponding modulus inequalities that are the main tool for us. On this basis, we
prove here a series of criteria in terms of dilatations for the continuous and homeomorphic extension
to the boundary of the mappings with finite length distortion between domains on arbitrary Riemann

surfaces.

Keywords: Riemann surfaces, boundary behavior, continuous and homeomorphic extension, mappings

of finite length distortion, strongly accessible and weakly flat boundaries.
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BOUNDARY VALUE PROBLEMS FOR THE GENERALIZED
ANALYTIC AND HARMONIC FUNCTIONS

The study of the Dirichlet problem with arbitrary measurable data for harmonic functions is due
to the famous dissertation of Luzin. Later on, the known monograph of Vekua has been devoted to
boundary value problems (only with Holder continuous data) for the generalized analytic functions,
i.e., continuous complex valued functions h(z) of the complex variable z = x + iy with generalized first

partial derivatives by Sobolev satisfying equations of the form 0:h + ah + bh = c, where 0; :=

% ( % + - % ) , and it was assumed that the complex valued functions a, b and ¢ belong to the class

LP with some p > 2 in the corresponding domains D C C. The present paper is a natural continuation
of our articles on the Riemann, Hilbert, Dirichlet, Poincare and, in particular, Neumann boundary
value problems for quasiconformal, analytic, harmonic and the so-called A—harmonic functions with
boundary data that are measurable with respect to logarithmic capacity. Here we extend the correspon-
ding results to the generalized analytic functions h : D — C with the sources g : 9:h = g € L?,
p > 2, and to generalized harmonic functions U with sources G : AU = G € L?, p > 2. It was also
given relevant definitions and necessary references to the mentioned articles and comments on previous
results. This paper contains various theorems on the existence of nonclassical solutions of the Riemann
and Hilbert boundary value problems with arbitrary measurable (with respect to logarithmic capacity)
data for generalized analytic functions with sources. Our approach is based on the geometric (theoretic-
functional) interpretation of boundary values in comparison with the classical operator approach in
PDE. On this basis, it is established the corresponding existence theorems for the Poincare problem on
directional derivatives and, in particular, for the Neumann problem to the Poisson equations AU = G
with arbitrary boundary data that are measurable with respect to logarithmic capacity. These results
can be also applied to semi-linear equations of mathematical physics in anisotropic and inhomogeneous
media.
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Dedicated to the 100th anniversary of the birth of Georgii Dmitrievich Suvorov

1. Introduction.

The well-known monograph of Vekua [46] has been devoted to the theory of the
generalized analytic functions, i.e., continuous complex valued functions h(z) of
the complex variable z = = + iy with generalized first partial derivatives by Sobolev
satisfying equations of the form

1/ 0 .0
8gh—|—ah—|—bh—c, az—2<ax+zay>; (1)

This work was partially supported by grants of Ministry of Education and Science of Ukraine,
project number is 0119U100421.
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Boundary value problems for the generalized analytic and harmonic functions

where it was assumed that the complex valued functions a, b and ¢ belong to the class
LP with some p > 2 in the corresponding domains D C C.

The present paper is a natural continuation of the articles [6]- [8], [15]-[20], [47] and
[48] devoted to the Riemann, Hilbert, Dirichlet, Poincare and, in particular, Neumann
boundary value problems for quasiconformal, analytic, harmonic and the so—called
A—harmonic functions with boundary data that are measurable with respect to lo-
garithmic capacity. Here we extend the corresponding results to generalized analytic
and harmonic functions, see relevant definitions with history notes in the mentioned
articles and necessary comments on previous results below.

The first part of the paper is devoted to the proof of existence of nonclassical
solutions of Riemann, Hilbert and Dirichlet boundary value problems with arbitrary
measurable boundary data with respect to logarithmic capacity for the equations

9:zh(z) = g(2) (2)

with the real valued function g in the class LP, p > 2. We will call continuous solutions h
of the equation (2) with the generalized first partial derivatives by Sobolev generalized
analytic functions with sources g.

The second part of the paper contains the proof of existence of nonclassical solutions
to the Poincare problem on the directional derivatives and, in particular, to the Neumann
problem with arbitrary measurable boundary data with respect to logarithmic capacity
for the Poisson equations

AU(Z) = G(2) (3)

with real valued functions G of a class LP(D), p > 2, in the corresponding domains D C
C. For short, we will call continuous solutions to (3) of the class VVif (D) generalized
harmonic functions with the source G. Note that by the Sobolev embedding
theorem, see Theorem 1.10.2 in [44], such functions belong to the class C*.

The research of boundary value problems with arbitrary measurable data is due
to the famous dissertation of Luzin, see its original text [30], and its reprint [31] with
comments of his pupils Bari and Men’shov. Namely, he has established that, for each
measurable a.e. finite 2r—periodic function p(¥) : R — R, there is a harmonic function
U in the unit disk D such that U(z) — o(0) for a.e. ¥ as z — ¢ := ¢ along all
nontangential paths to JD. The latter was based on his other deep result on the
antiderivatives stated that, for any measurable function ¢ : [0,1] — R, there is a
continuous function ¥ : [0,1] — R with ¥’ = ¢ a.e., see e.g. his papers [29] and [32].

Later on, the Luzin theorem on harmonic functions was strengthened in the paper
[39], Corollary 5.1, see also [40], by the statement that, for each (Lebesgue) measurable
function ¢ : 9D — R, the space of all harmonic functions v : D — R with the
angular limits ¢(() for a.e. ¢ € D has the infinite dimension. Recall, it is well-known
the uniqueness theorem to the Dirichlet problem in terms of the angular limits e.g.
for bounded harmonic functions u, see Corollary IX.1.1 and Theorem IX.2.3 in [37].
However, in general there is no uniqueness theorem in the Dirichlet problem for the
Laplace equation even under a.e. zero boundary data, see e.g. Theorem 2.1 in [40].
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The Luzin theorem was key to establish the corresponding result on the Hilbert
boundary value problem in [39], Theorems 2.1 and 5.2: for arbitrary measurable functions
A:0D — C, [A(Q)| =1, and ¢ : D — R, the space of all analytic functions f: D — C
with angular limits

lim Re (Q)-/()} = () for ae. (coD (4)

has the infinite dimension. Then this theorem was extended to arbitrary Jordan domains
with rectifiable boundaries in terms of the natural parameter, see Theorem 3.1 in [39).

In turn, these results have been applied in the paper [41] to the study of the Poincare
problem on directional derivatives and, in particular, of the Neumann problem for
harmonic functions with arbitrary boundary data that are measurable with respect to
natural parameter in arbitrary Jordan domains with rectifiable boundaries. Similarly,
the results on the Hilbert and Riemann problems for analytic functions along the so—
called Bagemihl-Seidel systems of Jordan arcs terminating at the boundary in [42]
can be applied to the Poincare and Neumann problems for harmonic functions.

Moreover, a series of the corresponding results have been formulated and proved in
terms of logarithmic capacity, see its definition and properties e.g. in [16]. The base is
the following analog of the Luzin theorem in [7], see also [48|, where the abbreviation
gq.e. means quasi—everywhere with respect to logarithmic capacity.

Theorem A. Let ¢ : [a,b] — R be a measurable function with respect to logarithmic
capacity. Then there is a continuous function ® : [a,b] — R with ®'(z) = p(z) q.e.

Furthermore, the function ® can be chosen in such a way that ®(a) = ®(b) =0 and
|®(z)| < e for any prescribed € > 0 and all x € [a,b].

On the basis of Theorem A, it was proved the analog of the second Luzin theorem:

Theorem B. Let ¢ : R — R be 2w-periodic, measurable with respect to logarithmic
capacity and finite q.e. Then a space of harmonic functions u in D with the angular
limits u(z) — @(9) as z — €™ g.e. on R has the infinite dimension.

In turn, on the basis of Theorem B, it was obtain the result on the Hilbert problem:

Theorem C. Let \: 9D — C, |\({)| = 1, be of bounded variation and ¢ : 0D — R
be measurable with respect to logarithmic capacity. Then there is a space of analytic
functions f : D — C of the infinite dimension with the angular limits

lm Re (N0 f(:)} = 9(¢) .. onoD. (5)

Then this result was extended to domains with the so—called quasiconformal bounda-

ries and, in particular, to arbitrary smooth (C') domains, see [7] and [48], and it was
also applied to the Poincare and Neumann problems for harmonic and A—harmonic
functions, see [47]. Moreover, it was proved in [19] the following result:

Theorem D. Let D be a Jordan domain with the quasihyperbolic boundary condition,
0D have a tangent q.e., X\ : 0D — C, |N(()| = 1, be of countable bounded variation
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and let p : 0D — R be measurable with respect to logarithmic capacity. Then there is a
space of analytic functions f : D — C of the infinite dimension with the angular limits

lm Re(XO)f(2)} = () g.c. on dD. (6)

See the next section for definitions. As usual, this theorem on the Hilbert problem for
analytic functions implies the corresponding theorems on the Poincare and Neumann
problems for harmonic functions. Finally, notice a wide circle of the corresponding
results on boundary value problems in terms of the Bagemihl-Seidel systems in [17].

2. Hilbert problem and angular limits.

In this section, we prove the existence of nonclassical solutions of the Hilbert
boundary value problem for generalized analytic functions with arbitrary boundary
data that are measurable with respect to logarithmic capacity. The result is formulated
in terms of the angular limit that is a traditional tool of the geometric function theory,
see e.g. monographs [5,26,31,36] and [37].

Recall that the classic boundary value problem of Hilbert, see [24], was formulated
as follows: To find an analytic function f(z) in a domain D bounded by a rectifiable
Jordan contour C' that satisfies the boundary condition

lim Re {A(C) f(2)} = ¢(C) v(el, (7)

where the coefficient A and the boundary date ¢ of the problem are continuously
differentiable with respect to the natural parameter s and A # 0 everywhere on C.
The latter allows to consider that |A| = 1 on C. Note that the quantity Re {\ f} in (7)
means a projection of f into the direction X interpreted as vectors in R?.

The reader can find a rather comprehensive treatment of the theory in the new
excellent books |2, 3,23, 45]. We also recommend to make familiar with the historic
surveys contained in the monographs [10,33,46] on the topic with an exhaustive bib-
liography and take a look at our recent papers, see Introduction.

Next, recall that a straight line L is tangent to a curve I' in C at a point zg € I' if

dist (z, L
lim sup dist (2, L) =0. (8)
z2—20,2€T |Z - ZO|

Let D be a Jordan domain in C with a tangent at a point { € dD. A path in D
terminating at ( is called nontangential if its part in a neighborhood of ( lies inside
of an angle with the vertex at ¢. The limit along all nontangential paths at  is called
angular at the point.

Following [19], we say that a Jordan curve I' in C is almost smooth if T" has a
tangent q.e. In particular, I' is almost smooth if I" has a tangent at all its points except
a countable collection. The nature of such a Jordan curve I' can be complicated enough
because this countable collection can be everywhere dense in I'.

69



V. Gutlyanskii, O. Nesmelova, V. Ryazanov, A. Yefimushkin

Recall that the quasihyperbolic distance between points z and zy in a domain
D C C is the quantity

kp(z,z0) = igf/ds/d((,aD),

~

where d(¢,0D) denotes the Euclidean distance from the point ( € D to dD and the
infimum is taken over all rectifiable curves 7 joining the points z and 2y in D, see [12].

Further, it said that a domain D satisfies the quasihyperbolic boundary con-
dition if there exist constants a and b and a point zy € D such that

d(z0,0D)

< |
kp(z,20) < a + b In 102, 0D)

VzeD. 9)
The latter notion was introduced in [11] but, before it, was first implicitly applied in [4].
By the discussion in [20], every smooth (or Lipschitz) domain satisfies the quasihyper-
bolic boundary condition.

Note that it is well-known the so—called (A)—condition by Ladyzhenskaya—Ural’tseva,
which is standard in the theory of boundary value problems for PDE, see e.g. [28]. Recall
that a domain D in R™, n > 2, is called satisfying (A)-condition if

mes DN B((,p) < ©pmes B((,p) V¢eadD, p<po (10)

for some ©¢ and py € (0, 1), where B((, p) denotes the ball with the center ¢ € R™ and
the radius p, see 1.1.3 in [28].

Recall also that a domain D in R™, n > 2, is said to be satisfying the outer cone
condition if there is a cone that makes possible to be touched by its top to every
boundary point of D from the completion of D after its suitable rotations and shifts.
It is clear that the outer cone condition implies (A)—condition.

Probably one of the simplest examples of an almost smooth domain D with the
quasihyperbolic boundary condition and without (A)-condition is the union of 3 open
disks with the radius 1 centered at the points 0 and 1 + 4. It is clear that this domain
has zero interior angle at its boundary point 1.

Given a Jordan domain D in C, we call A : 9D — C a function of bounded
variation, write A € BY(9D), if

k
VA@D) = = sup ) [A(G1) = MG < o0 (11)
j=1
where the supremum is taken over all finite collections of points (; € D, j =1,...,k,
with the cyclic order meaning that ¢; lies between (11 and ;1 for every j = 1,... k.

Here we assume that (11 = (1 = (p. The quantity V) (0D) is called the variation of
the function ).

Now, we call A : 9D — C a function of countable bounded variation, write
A € CBV(ID), if there is a countable collection of mutually disjoint arcs v, of 9D,
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n = 1,2,... on each of which the restriction of A is of bounded variation and the set
0D \ Uy, has logarithmic capacity zero. In particular, the latter holds true if the set
0D \ Uy, is countable. It is clear that such functions can be singular enough.

Theorem 1. Let D be a Jordan domain with the quasihyperbolic boundary condition,
0D have a tangent q.e., X : 0D — C, |A({)| = 1, be in CBV(ID) and let ¢ : 0D — R
be measurable with respect to logarithmic capacity.

Suppose that g : D — R is in LP(D), p > 2. Then there exist generalized analytic
functions h : D — C with the source g that have the angular limits

lim Re {)\(C)-h(z)} = () g.e. on 9D . (12)

Furthermore, the space of such functions h has the infinite dimension.

Later on, we often apply the logarithmic (Newtonian) potential NV of sources
G € LP(C), p > 2, with compact supports given by the formula:

No(z) = 217r/1nz—wya(w)dm(w). (13)
C

By Lemma 3 in [16], Ng € W2P(C) N CL%(C), a:= (p — 2)/p, and AN = G ace.

loc
Proof. Extending the function g by zero outside of D and setting P = Ng with
G =29,U = P, and V = —P,, we have that U, — V,, = G and U, + V, = 0. Thus,
elementary calculations show that H := U + iV is just a generalized analytic function
with the source g. Moreover, the function

£4(C) 1= lim Re {W-H(z)} — Re {W.H(g)} . YCedD,  (14)

is measurable with respect to logarithmic capacity because the function H is continuous
in the whole plane C.

By Theorem 2 in [19], see also Theorems 5.1 and 6.1 in [21], there exist analytic
functions A in D with the angular limits

ilgé Re {\(() - A(2)} = @(() q.e. on 9D (15)

for the function ®(¢) := p(¢) — p«({), ¢ € dD. The space of such analytic functions A
has the infinite dimension, see e.g. Corollary 8.1 in [21].

Finally, it is clear that the functions h := A + H are desired generalized analytic
functions with the source g satisfying the Hilbert condition (12). Thus, the space of
such functions h has really the infinite dimension. O

Remark 1. As it follows from the proof of Theorems 1, the generalized analytic
functions h with a source g € LP, p > 2, satisfying the Hilbert boundary condition (12)
q.e. in the sense of the angular limits can be represented in the form of the sums A+ H
with analytic functions A satisfying the corresponding Hilbert boundary condition (15)
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and a generalized analytic function H = U + ¢V with the same source g, U = P, and
V = —P,, where P is the logarithmic (Newtonian) potential Ng with G = 2g in the
class VVlif((C) NCE%(C), a = (p — 2)/p, that satisfies the equation AP = G.

loc
In particular, for the case A = 1, we obtain the following consequence of Theorem
1 on the Dirichlet problem for the generalized analytic functions.

Corollary 1. Let D be a Jordan domain with the quasihyperbolic boundary condition,
0D have a tangent q.e., ¢ : 0D — R be measurable with respect to logarithmic capacity
and let g : D — R be in LP(D) for some p > 2.

Then there exist generalized analytic functions h : D — C with the source g that
have the angular limits

lim Re h(z) = ¢(() g.e. on 0D . (16)

z—C

Furthermore, the space of such functions h has the infinite dimension.

3. Hilbert problem and Bagemihl-Seidel systems.

Let D be a domain in C whose boundary consists of a finite collection of mutually
disjoint Jordan curves. A family of mutually disjoint Jordan arcs J¢ : [0,1] — D,
¢ € 0D, with J¢([0,1)) C D and J¢(1) = ¢ that is continuous in the parameter ¢ is
called a Bagemihl-Seidel system or, in short, of class BS.

Theorem 2. Let D be a bounded domain in C whose boundary consists of a finite
number of mutually disjoint Jordan curves, and let functions A : 0D — C, |A(¢)| = 1,
@:0D = R and v : 0D — R be measurable with respect to the logarithmic capacity.

Suppose that {y¢}eceap is a family of Jordan arcs of class BS in D and that a
function g : D — R is of the class LP(D) for some p > 2. Then there is a generalized
analytic function f: D — C with the source g such that

lim Re {A(C) - h(2)} = (), (17)
lim Im MO - h(2)} = %) (18)
along ¢ q.e. on OD.

Proof. As in the proof of Theorem 1, the function H = U + iV with U = P, and
V = —P,, where P = Ng with G = 2g is a generalized analytic function with the
source g. Moreover, the functions

@.(Q) = lm Re {X(0)-H(z) | = Re {NO-H(Q)} . ¥CedD, (19)

0.(Q) = lim I {3 H(:) | = I {NOHQ} . ¥CedD,  (20)

are measurable with respect to logarithmic capacity because the function H is continuous
in the whole plane C.
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Next, by Theorem 3 in [17] there is an analytic function A in D that has along .
q.e. on 9D the limits

lm Re {X(0)- A} = @(0). (21)

lim Im {A(C) - A(z)} = ¥() (22)

for the functions ®(¢) := ¢(¢) — v«(¢) and V(¢) := ¥(¢) — ¥«((), ¢ € 9D. Thus, the
function h := A+ H is a desired generalized analytic function with the source g. O

Remark 2. As it follows from the proof of Theorems 2, the generalized analytic
functions h with a source g € LP, p > 2, satisfying the Hilbert boundary condition (17)
g.e. in the sense of the limits along ¢ can be represented in the form of the sums A+ H
with analytic functions A satisfying the corresponding Hilbert boundary condition (21)
and a generalized analytic function H = U + ¢V with the same source g, U = P, and
V = —P,, where P is the logarithmic (Newtonian) potential N with G = 2g in the
class W2P(C) N CL%(C), a = (p — 2)/p, that satisfies the equation AP = G.

The space of all solutions h of the Hilbert problem (17) in the given sense has the
infinite dimension for any such prescribed ¢, A and {v¢}¢cep because the space of all
functions 9 : 0D — R which are measurable with respect to the logarithmic capacity
has the infinite dimension.

The latter is valid even for its subspace of continuous functions ¢ : 9D — R. Indeed,
by the Riemann theorem every Jordan domain G can be mapped with a conformal
mapping ¢ onto the unit disk D and by the Caratheodory theorem g can be extended
to a homeomorphism of G onto D. By the Fourier theory, the space of all continuous
functions 1 : D — R, equivalently, the space of all continuous 27-periodic functions
1, : R — R, has the infinite dimension.

Corollary 2. Let D be a bounded domain in C whose boundary consists of a
finite number of mutually disjoint Jordan curves, and \ : 0D — C, |A(()| = 1, and
@ : 0D — R be measurable functions with respect to the logarithmic capacity.

Suppose also that {y¢}ceop is a family of Jordan arcs of class BS in D and that a
function g : D — R is of the class LP(D), p > 2.

Then there exist generalized analytic functions h : D — C with the source g that
have the limits (17) along v¢ g.e. on OD. Furthermore, the space of such functions h
has the infinite dimension.

In particular, for the case A = 1, we obtain the corresponding consequence on the
Dirichlet problem for the generalized analytic functions with the source g along any
prescribed Bagemihl-Seidel system:

Corollary 3. Let D be a bounded domain in C whose boundary consists of a finite
number of mutually disjoint Jordan curves and ¢ : 0D — R be a measurable function
with respect to the logarithmic capacity.

Suppose also that {y¢}ceop is a family of Jordan arcs of class BS in D and that a
function g : D — R is of the class LP(D), p > 2.
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Then there exist generalized analytic functions h : D — C with the source g such
that
lim Re h(z) = ¢(() along v¢ g.e. on 0D . (23)

z—(
Furthermore, the space of such functions h has the infinite dimension.

4. Riemann problem and Bagemihl-Seidel systems.

Recall that the classical setting of the Riemann problem in a smooth Jordan
domain D of the complex plane C is to find analytic functions f* : D — C and
f~ : C\ D — C that admit continuous extensions to dD and satisfy the boundary
condition

RO = AQ)- Q) + B(C) v (edD (24)

with prescribed Holder continuous functions A : 9D — C and B : 0D — C.
Recall also that the Riemann problem with shift in D is to find analytic
functions f*: D — C and f~ : C\ D — C satisfying the condition

FHa(Q) = AQ) - f7(O) + B(Q) vV({eaD (25)

where o : 0D — 0D was a one-to-one sense preserving correspondence having the non-
vanishing Hoélder continuous derivative with respect to the natural parameter on 0D.
The function « is called a shift function. The special case A = 1 gives the so—called
jump problem and B = 0 gives the problem on gluing of analytic functions.

Arguing similarly to the proof of Theorem 1, we obtain by Theorem 8 in [17] on
the Riemann problem for analytic functions the following statement.

Theorem 3. Let D be a domain in C whose boundary consists of a finite number
of mutually disjoint Jordan curves, A: 0D — C and B : 0D — C be functions that are
measurable with respect to the logarithmic capacity and let {")/Z_}CEQD and {75}4631) be

families of Jordan arcs of class BS in D and C\ D, correspondingly.

Suppose that g : C — R is a function with compact support in the class LP(C)
with some p > 2. Then there ewist generalized analytic functions f* : D — C and
f~ : C\ D — C with the source g that satisfy (24) q.e. on ( € 0D, where f+(¢) and
F=(C) are limits of f*(z) and f~(z) az z — ¢ along ’yg and y;, correspondingly.

Furthermore, the space of all such couples (fT, f~) has the infinite dimension for
every couple (A, B) and any collections *yzr and v;, C € oD.

Theorem 3 is a special case of the following lemma based on Lemma 3 in [17] on
the Riemann problem with shift that may have of independent interest.

Lemma 1. Under the hypotheses of Theorem 3, let in addition o : 0D — 0D be a
homeomorphism keeping components of 0D such that o and a~' have the (N)—property
of Luzin with respect to the logarithmic capacity.

Then there exist generalized analytic functions f+: D — C and f~ : C\D — C with
the source g that satisfy (25) for a.e. ¢ € OD with respect to the logarithmic capacity,
where () and f~(¢) are limits of f¥(2) and f~(2) az 2 — ¢ along ’yg and 7,
correspondingly.
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Furthermore, the space of all such couples (fT, f7) has the infinite dimension for
every couple (A, B) and any collections 73 and 7y, C € oD.

Remark 3. Some investigations were devoted also to the nonlinear Riemann pro-
blems with boundary conditions of the form

(¢, fHO, F(©Q) =0 V(eaD. (26)
It is natural as above to weaken such conditions to the following
(¢ fH(O), f(Q) =0 q.e.on ¢ € 9D . (27)

It is easy to see that the proposed approach makes possible also to reduce such problems
to the algebraic measurable solvability of the relations

(¢, v,w) =0 (28)

with respect to complex-valued functions v(¢) and w((), cf. e.g. [13].

Later on, we sometimes say in short "C'—measurable"instead of the expression
"measurable with respect to the logarithmic capacity".

Example 1. For instance, correspondingly to the scheme given above, special
nonlinear problems of the form

RO = (¢ () qe.on (€9D (29)

are always solved if the function ¢ : 9D x C — C satisfies the Caratheodory
conditions with respect to the logarithmic capacity, that is if ¢(¢,w) is continuous in
the variable w € C for a.e. { € 0D with respect to the logarithmic capacity and it is
C—measurable in the variable ¢ € 9D for all w € C.

Furthermore, the spaces of solutions of such problems always have the infinite
dimension. Indeed, by the Egorov theorem, see e.g. Theorem 2.3.7 in [9], see also
Section 17.1 in [27], the function (¢, (¢)) is C—measurable in ¢ € 9D for every
C—measurable function ¢ : 9D — C if the function ¢ satisfies the Caratheodory
conditions, and the space of all C—measurable functions ¢ : 9D — C has the infinite
dimension, see e.g. arguments in Remark 2 above.

5. On mixed boundary value problems.

Remark 3 makes possible to formulate a series of nonlinear boundary value problems
in terms of Bagemihl-Seidel systems for generalized analytic functions including mixed
boundary value problems. In order to demonstrate the potentiality of our approach, we
give here a couple of results. Namely, arguing similarly to the proof of Theorem 1, see
also Theorem 1.10 in [46], we obtain for instance by Theorem 10 and Lemma 5 in [17]
the following statement on mixed boundary value problems.

Theorem 4. Let D be a domain in C whose boundary consists of a finite number
of mutually disjoint Jordan curves, ¢ : 0D x C — C satisfy the Caratheodory conditions
and v : 0D — C, |v(C)| = 1, be measurable with respect to the logarithmic capacity.
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Suppose also that g : C — R is in C*(C), o € (0,1), with compact support, {’Y&F}ceaD
and {’)/E}CeaD are families of Jordan arcs of class BS in D and C\ D, correspondingly.

Then there exist generalized analytic functions f©¥: D — C and f~: C\' D — C
with the source g such that

£1(0) = @(c, Bﬂ_«)) e on 9D, (30)

where fT(¢) and [%} (€) are limits of the functions fT(z) and %f—y_ (z2) as z = ¢
along 'yzr and Ve s correspondingly.

Furthermore, the space of all such couples (ft, f~) has the infinite dimension for
any such prescribed functions g, ¢, v and collections 'yg and Ve s (e€aD.

Theorem 4 is a special case of the following lemma on the mixed problem with shift.

Lemma 2. Under the hypotheses of Theorem 4, let in addition 8 : 0D — 0D be a
homeomorphism keeping components of 0D such that 3 and B~ have the (N)—property
of Luzin with respect to the logarithmic capacity.

Then there exist generalized analytic functions f©¥: D — C and f~: C\ D — C
with the source g such that

FHB0) = @(C, [Zﬂ_«)) e on 0D, (31)

where fT(¢) and [%} (C) are limits of the functions f*(z) and %f—; (z2) as z = ¢
along 72' and Ve correspondingly.

Furthermore, the space of all such couples (fT, f~) has the infinite dimension for
any such prescribed g, @, v, B and collections {VE}CEBD and {’Y{}CeaD-

6. Poincare and Neumann problems in terms of angular limits.

In this section, we consider the Poincare boundary value problem on the directional
derivatives and, in particular, the Neumann problem for the Poisson equations

AU(z) = G(2) (32)

with real valued functions G of classes LP(D) with p > 2 in the corresponding domains
D cC C. Recall that a continuous solution U of (32) in the class VVlif is called a
generalized harmonic function with the source G and that by the Sobolev
embedding theorem such a solution belongs to the class C1.

Theorem 5. Let D be a Jordan domain with the quasihyperbolic boundary condition,
0D have a tangent q.e., v : 0D — C, [v(¢)| = 1, be in CBV(OD) and ¢ : 0D — R be
measurable with respect to logarithmic capacity.

Suppose that G : D — R is in LP(D), p > 2. Then there ezist generalized harmonic
functions U : D — R with the source G that have the angular limits

lim — (2) = ¢(() g.e. on 0D . (33)
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Furthermore, the space of such functions U has the infinite dimension.

Proof. Indeed, let us extend the function G by zero outside of D and let P be
the logarithmic potential Mg with the source G, see (13). Then by Lemma 3 in [16]
P e VVi’f((C) NCLY(C) with o = (p — 2)/p and AP = G a.e. in C. Set

loc
p«(¢) = Rev(QH(C), (€dD, (34)

where

H(z):=VP(z), z€C, VP:=PFP, +iP,, z=x+1y. (35)
Then by Theorem 1 with g = G/2 in D and A = 7 on 0D, there exist generalized

analytic functions h with the source g that have the angular limits

ll—{% Rev(Q)h(z) = »(C) q.e.on 0D (36)

and, moreover, by Remark 4 the given functions h can be represented in the form of
the sums A + H with analytic functions A in D that have the angular limits
lim Re v(¢)A(z) = @(() q.e. on 0D (37)

z—(

with @(¢) := ¢(¢) — v«(C), ¢ € 9D, and the space of such analytic functions A has the
infinite dimension.
Note that any indefinite integral F of such A in the simply connected domain D

is also a single-valued analytic function and the harmonic functions v := Re F and
v :=Im F satisfy the Cauchy-Riemann system u, = v, and u, = —v,. Hence
A:}":}}:um—&—imz:ux—i-uyzﬁ. (38)

Consequently, setting U, = u + P, we see that U, is a generalized harmonic function
with the source G' and, moreover, by the construction h = VU,.

Note also that the directional derivative of U, along the unit vector v is the
projection of its gradient VU, into v, i.e., the scalar product of v and VU, interpreted
as vectors in R? and, consequently,

aU*
ov

Thus, (36) implies (33) and the proof is complete. O

Remark 4. We are able to say more in the case of Re n(¢)r(¢) > 0, where n(¢) is
the inner normal to 9D at the point (. Indeed, the latter magnitude is a scalar product
of n = n(¢) and v = v(¢) interpreted as vectors in R? and it has the geometric sense
of projection of the vector v into n. In view of (33), since the limit ¢(¢) is finite, there
is a finite limit U(() of U(z) as z — ¢ in D along the straight line passing through the
point ¢ and being parallel to the vector v because along this line

= (v,VU,) = Rev-VU, = Rev-h. (39)

1
Ulz) = Ulz) — / %(If (20 + (2 — 20)) dr . (40)
0
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Thus, at each point with condition (33), there is the directional derivative

W0 = g TEHEDZUQ gy (a1)

t—0 t

In particular, in the case of the Neumann problem, Re n(¢)v(¢) = 1 > 0, where
n = n(¢) denotes the unit interior normal to dD at the point (, and we have by
Theorem 5 and Remark 4 the following significant result.

Corollary 4. Let D be a Jordan domain in C with the quasihyperbolic boundary
condition, the unit inner normal n(¢), ¢ € 9D, belong to the class CBY(0D) and
w : 0D — R be measurable with respect to logarithmic capacity.

Suppose that G : D — R isin LP(D), p > 2. Then one can find generalized harmonic
functions U : D — R with the source G such that gq.e. on OD there exist:

1) the finite limit along the normal n(Q)

U(¢) = lim U(z) ,

z2—(

2) the normal derivative

oUu U : -U
3) the angular limit
ou ou
ilgé %(z) = (rTn(C)-

Furthermore, the space of such functions U has the infinite dimension.

7. Poincare and Neumann problems and Bagemihl-Seidel systems.

Arguing similarly to the last section, we obtain by Theorem 6 in [17], as well as
Theorem 2 and Remark 2 above, the following statement.

Theorem 6. Let D be a Jordan domain in C, v : 0D — C, |v(¢)| = 1, and
p : 0D — C be measurable functions with respect to the logarithmic capacity and let
{c}ceap be a family of Jordan arcs of class BS in D.

Suppose that G : D — R is in LP(D), p > 2. Then there exist generalized harmonic
functions U : D — C with the source G that have the limits along ~y¢

lim — (2) = ¢(() g.e. on 0D . (42)

Furthermore, the space of such functions U has the infinite dimension.

Remark 5. As it follows from the proofs of Theorems 5 and 6, the generalized
harmonic functions U with a source G € LP, p > 2, satisfying the Poincare boundary
conditions can be represented in the form of the sums Ng + H of the logarithmic
(Newtonian) potential N¢ that is a generalized harmonic function with the source G
and harmonic functions H satisfying the corresponding Poincare boundary conditions.
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8. Other consequences in terms of Bagemihl-Seidel systems.

Finally, arguing similarly to the proofs of Corollaries 9 and 10 in [17] and supporting
on Lemmas 1 and 2 from Sections 4 and 5, correspondingly, we obtain the following
consequences.

Corollary 5. Let D be a domain in C whose boundary consists of a finite number
of mutually disjoint Jordan curves, B : 0D — R and C' : 3D — R be functions
that are measurable with respect to the logarithmic capacity and let o : 0D — 9D be a
homeomorphism keeping components of 0D such that o and o~ have the (N)—property
of Luzin with respect to the logarithmic capacity.

Suppose that G : D — R is in LP(D), p > 2, {’}/Z_}Ceap and {’)/C_}CE(‘QD are families
of Jordan arcs of class BS in D and C\ D, correspondingly. Then there exist generalized
harmonic functions ut : D — R and u~ : C\ D — R with the source G such that

ut(a(¢)) = B(§)-u"(¢) + C(Q) g-e. on 9D, (43)

where u(¢) and u=(¢) are limits of u™(z) and u=(2) az z — ¢ along ’yzr and 7y,
correspondingly.
Furthermore, the space of all such couples (u™,u™) has the infinite dimension for
any such prescribed functions G, B, C, a and collections {’er}(eaD and {7E}C€3D.
In particular, we are able to obtain from the following corollary solutions of the
problem on gluing of the Dirichlet problem in the unit disk D and the Neumann problem
outside of D in the class of generalized harmonic functions with the source G.

Corollary 6. Let D be a domain in C whose boundary consists of a finite number
of mutually disjoint Jordan curves, v : 0D — C, |v({)| = 1, be a measurable function,
B : 0D — OD be a homeomorphism such that B and B~ have the (N)—property of
Luzin and ¢ : 0D x R — R satisfy the Caratheodory conditions with respect to the
logarithmic capacity.

Suppose that G : C — R is in C*(C), a € (0,1), with compact support, {72’}499[)
and {VE}CeaD are families of Jordan arcs of class BS in D and C\ D, correspondingly.
Then there exist generalized harmonic functions vt : D — R and u™ : C\ D — R with
the source G such that

w*(B0)) = so(c, Bj]_@)) peon 0D (44)

where u™(¢) and [%]_ (€) are limits of the functions u*(z) and %‘—I: (2) as z — ¢
along 73 and Ve s correspondingly.

Furthermore, the space of all such couples (u™,u™) has the infinite dimension for
any such prescribed functions G, v, B, ¢ and collections 'yg and Ve s e dD.

The corresponding results on the boundary value problems for semi-linear equations
of mathematical physics in anisotropic and inhomogeneous media with arbitrary mea-
surable data can be proved on the basis of the factorization theorem in the paper [14],
too.
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B. I'ytasacekuii, O. HecmenoBa, B. Psazanos, A. €Edimymikin

KpaiioBi 3ama4i a5 y3arajJbHEeHUX aHAIITUYHUX i TapMOHIYHUX (DYHKITii.

Busuenns zagaun /lipixsie 3 70BiTbHUME BUMIpHUME JaHUMUA JJIsI TAPMOHIYHAX (DYHKIIH CXOMUTH /10
3nameHuTol auceprarii Jlysina. Iliznime, Bigoma monorpadis Bekya Oymna npucssuena KpaitoBum 3a-
nagaM (TLUIBKY 3 HeepepBHUMH 10 L'ebaepy TPAaHMYHUMHA JTAHUME) JJIsl Y3araabHEHUX aHAJIITUIHAX
PYHKIIHA, a caMe Il HellepepBHUX KOMILIEKCHO3HAYHUX (DYHKITI KOMILIEKCHOT 3MIHHOT 3 y3arajbHEeHU-
MU HEePIIUMU YaCTUHHUMU ToXigauMu 110 CobOoIEBYy, sKi 38/10BOJILHSIOTD JIHIHHUM PIBHAHHSM MIEPIIIOTO
nopsiiky, 1ni KoedilieHT inTerpoBaHi MOpsiaKy Oiibline 2 y BiAIOBIIHUX 00JIaCTIX KOMILJIEKCHOI IIJIO-
mmnn. [logana cTarTs € TpupoaHiM TPOTOBKEHHAM HAIUX CTATEH, IPUCBAYEHNX KPAMOBUM 3a/1a9aM
Pimana, I'insbepra, [lipixse, Ilyankape i, 3okpema, Helimana st KBa3ikoH(OPMHUX, aHAJTITUIHUX,
rapMOHIYHHKX 1, TaK 3BaHUX, A-rapMOHIYHUX (DYHKIIIH 3 KpaliOBUMU yMOBAMH, BUMIPHUMH BiJHOCHO JIO-
rapudmigaOol eMHOCTI. B 11i#t pob0oTi MU IOMMPIOEMO BiAIOBIAHI pe3yIbTaTn Ha y3arajJbHEeH] aHATITHIH]
dyHKIIT 3 BUTOKAMH IHTEIPOBAHUMU MOPSIIKY OiIbIle 2, a TaKOXK Ha y3arajbHeHi rapMoHivHi hyHKIIT 3
BUTOKAMU 1HTEIPOBAHUMU MOPSIAKY Oinbire 2. TakoxK Mu 1a€Mo BiAMOBiIHI BUBHAYEHHS 3 HEOOXITHUMA
IMOCUJIAHHSIMU Ha 3raJIaHi CTATTi Ta KOMEHTapi mo mnonepenHix pesyiabrarie. CTaTTs MICTUTH pPi3HO-
MaHITHI TeOpeMU iCHYBaHHSI HEKJIACHIHUX PO3B’si3KiB KpaioBux 3amad ['inmbbepra ta Pimana 3 qoBinb-
HUMU BUMIPHMMHY BiJTHOCHO JroraprdMiqHOT €MHOCTI JJAHUMHY JJIs y3arajJbHEHUX aHAJIITHIHUX PYHKIH
3 Burokamu. Haim mifgxifn rpyHTyeTbCs HA reoMeTpuuHiil (Teopernko-dbyHKIMOHAIBHON) iHTEpIpeTa-
il rpAHUYHUX 3HAYEHb B IOPIBHAHHI 3 KJIACHIHUM OIEPATOPHUM IiJIXOIOM B Teopil gudepeHniinnx
PiBHSIHb 3 YACTMHHUMM ToXimHuMu. Ha 1iii OCHOBI BCTAHOBJIEHI BiJIIOBi/IHI TeopeMu iCHYyBaHHS JIJIst
3amadi [lyankape npo noxinni 3a HanpsiMamu i, 30KpeMa, Jutsd 3aiaadi Heiimana 1o piBuanus [lyacona
3 JIOBUIBHUMM KPalOBUMM yMOBAMH, BUMIpHUMHU BiHOCHO Jiorapudmivnoi emuocti. Ili pesynbraTn Ta-
KOK MOXKYTb OyTH 3aCTOCOBaHI sl HALIBIIHIRHUX PiBHAHD MaTeMaTndHO! (Di3UKH B aHI30TPOIHUX Ta

HEOIHOPITHUX CePeIOBUINAX.

Karowosi caosa: pishannsa [lyacona; 3adawi Pimana, iavbepma, dipizae, Hetimana ma [Tyanxape;

Y3020NHEHT GHAATMUNHT MaA 2aPMOHINHT PYHKUIL; N02aPUPMIYHE EMHICTVD.
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OIIIHKA JOBYTKIB BHYTPIIIIHIX PAIIVCIB OBJIACTEN
3 IOJATKOBOK YMOBOK CUMETPII

VYV nmaniit poboTi po3risiaeTbesa mpobsemMa Ipo MaKCHMyM JOOYTKY BHYTDImIHIX pajiyciB n obsacreii,
IO B3a€EMHO HE MEPETUHAIOTHCS, 3 JIOJATKOBOIO YMOBOIO CUMETPIl, Ta MICTATb TOYKHN PO3MIMPEHO] KOM-
IJIEKCHOT IIOIIMHY, 1 CTYIIEHsI Y BHYTPIIIHBOIO paJiiycy o0J1acTi, M0 MiCTUTh TOUKY Hy/b. OiepKaHo
OIHKY 3BEpXy MaKCHMyMa JIAHOro 100yTKy Ipu Beix 3HadeHHsix 7y € (0, n]. OcHOBHUIT pe3ysbTaT po-
6OTH TAKOXK y3arajbHIOE T IIOCUJIOE PE3yJIbTATH TONEPETHUKIB [1-4] Ha BUMaIOK MOBLILHOTO po3Ta-
HIyBaHHS cECTeM TouoK Ha C.

MSC: 30C75.

Karouwosi caosa: snympiwHili padiyc obaacmi, 06Aacmi, wo HE nepemunatomvcs, gyrwkuis I'pina,
mparchiHimnut diamemp, meopema Npo MiHIMI3aUi0 NAOUL, HepieHicmy Kowi.

Hexait C — kommekcua miomuna, C = C|J{oo} — ii onnorouxosa kommaxrudika-
mist, N, R — MHOXKMHN HaTypaJbHUX i JificHux 4mces, Bignosimno, RT = (0, c0). Hexait
r(B, a) — BuyTpimmiit pagiyc obmacti B C C siznocno Toukn a € B [1 - 9].

B reomerpuuHniit Teopii (hpyHKIIil BeMKY posib BigirpatoTs crenudivuHi criocobu Bu-
MIPIOBaHHS 3aMKHYTUX MHOKHUH Ha KOMILIEKCHII mrormuai. OuH 3 Takux criocobiB OyB
manuit @ekere B 1923 pomi. 3rigno 3 teopemoro Cere, BBesenuit Pekere TpancdiHiT-
HUil giaMeTp JOpiBHIOE jorapudMivHill eMHOCTI 1 BuparkaeThes depe3 eHepriio Binepa
3 jorapudmMidyauM sapoM. IIpupomniM y3arajabHEeHHSIM JIOTapU@MIiUHOI EMHOCTI € €M-
nicts Pobena. B pobori /Tiopena, Ildbansurpadda i Typmana mosenena dpopmya, 1o
OB’ s13y€ eMHuicTh Pobena Ta enepriio Binepa, B posi sjpa kol 3aMicTb jorapudmMiaHol
dbyukil € dyuknis Heiimana. Bigmitumo, 1mo B Teopii morenriiaia BBeJIEHI MOHITTS
eMHOCTI, eHepril Binepa, TpancdiniTHOro miamerpa i cramoi Yebwuimesa BigHOCHO HO-
BIJIBHOTO siJipa i JJOCUTH J00pe BUBUYEHUIT 3B’SI30K MiXK HUMU.

Jns komrmakTa E iforo jorapudmidyHa eMHICTD BU3HAYAECTHCS HACTYIHUME PiBHO-
CTAMU:

1

capF = ——,
r(C\E, )

akio seuunna r(C\E, 00) ckinuenna; cap E := 0 — B iHIIOMY BUIIAJIKY.

Hamnpukia, rpancdiniTaunii giamerp 0yab-sIKOTO KOJIa JOPIBHIOE HOT0 PaJIiyCy, TPAHC-
diuiTHU KiaMeTp OYIb-AKOTO MPMOJIHITHOTO BiIpizKa MOPiBHIOE UBEPTI HOTO JTOBXKU-
uu [7].

Cucrema Touok A, := {ar € C,k = L,n}, n € N, n > 2, HasuBaeThCs n-
npomMenesoto, ko |ay| € RT npu k =1,n10 = argay < argas < ... < arga, < 2.
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[Toznaunmo 1pu 1bOMY

o 1 Ak+1
Ap+1 = a1, Qf = ;arg ar
k

n
Qnt1 i =a1, k=1n, Zak =2.
k=1

Hexait U — BigkpuTuii oJuHUYIHUI KPYr 3 [EHTPOM B mo4YaTKy KoopauHat, JU —
oIMHMYHE KO0JIO. BBaxkarumemo, 1mo objacrb Dy HalexuTb 10 Kiaacy A, axmo 0 €
Dy cCra (@\Do) N OU micTurh x049a O OFHY HEBUPOJIZKEHY JIYT'Y OIUHUIHOI'O KOJIA.

BraxkaTumeMo, 1mo obsiacts Dy € A manesxknThb 110 Kiaacy A, axmo Do C U, ode-
BuaHo, o A C A. Cucremy Henepeciunux obsacreit Dy, Do, ..., D,,, 6yieMo Ha3uBaTH
CHCTEMOIO 00JTacTeld, IO B3aEMHO HE IEPEeTUHAIOTHCS, 3 JOIATKOBOIO YMOBOIO CUMETPIl,
sIKa BU3HaYaeThcsa obiactio Dy, Dy € A, gKIo Mae Miclie HacTyIIHE CIIiBBIIHOIIEHHST

Dt (b},
k=1

ne Dy — obnactb, cuMmerpudna Dy BimHocHO omuHIYHOrO Koja. OueBnmgHo, mo Dy, Dy,
Do, ..., D, — cucrema obyiacTeil, 1110 B3a€MHO HE IMEPETHHAIOTHCSI.

IIpo6aema. [Ipu Beix 3Hauennsix napamerpa vy € (0, n| 3HaiiTn MakcuMyM 100y TKY

n

Lo(y) =7 (Do, 0) [ [ 7 (Dk, aw) , (1)
k=1

aen €N n>2 a =0, A, = {ap}}_, — n-upomenesa cucrema To40K, {Dj}}_;
— JIOBLIbHA cECTeMa 00JIacTell, M0 B3aEMHO He HMePEeTHHAIOTCH, 3 JOJATKOBOIO YMOBOIO
cHMeTpii, aKa BU3HauaeThes obaactio Do € A, ap € Dy, C C, k = 0,n, i onucarn Bci
eKCTpeMauIi.

BukopucroBytoun MipKyBaHHs JeMu 1 po6oru [5] Mu oTpuMmyeMo crpaBenBicTh
HACTYIIHOI OIIHKK 3Bepxy J100yTKy (1).

Teopema. Hexatin € N, n > 2, v € (0, n]. Todi daa 6ydv-axoi ¢ixcosanoi cu-
cmemu pisnux movwok An, = {ar}i_; € C/{0} ma 6ydv-axoeo nabopy obaacmeti Dy,
ap € Dy € C, k = 0,n, ap = 0, de {Dy}}_, — cucmema obaacmeti, wo 63a€mno
HE NEPEMUHAIOMBCA, 3 A00AMKOBON YMOBOI CUMEMNPIL, AKA GUSHAMAEMBCHA 0DAACTIIO

Dy € A, cnpasedausa HepisHicmo

_a 2y
1 n n n

117 (Dx.ax) ITlexl | - (2)
k1

k=1

o2

n
7 (Dy,0) H 7 (Dg,ar) <n~
k=1

Hana Teopema y3arajbHIOE Ta HOCUIIIOE pe3yJibTaTu PobiT [1-4] Ha BUIA0K JOBLIb-
HOI'O po3TallyBaHHs cucTeM To4ok Ha C.
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Omirka 106y TKIB BHYTPIIIHIX paJiyciB obJaacTel 3 JoJaTKOBOK YMOBOK CHMETPIT

Jlosedenns. Hexait d(F) — tpancdiniTauii giamerp kommakTHol muoxuuu E C C.
Toni Mae Miciie HACTYIIHE CITiBBiIHOIIIEHH T

1 1
_ < :
d(C\ Dy) d<6D;>
k=1

T(DO,O):r(D(J{,oo) = (3)

ne DT = {z : % € D} . 3rigno i3 Teopemoro Ioita [6], cipaBeyinBa HepiBHICTD
pE < wd*(E),
se wFE — neberosa mipa KoMakTHOT MHOXKUHE F. 3Biacu
1
1 2
d(E) > <,LLE> .
™

Hauti, BukopucroByioun (3), MaeMo

1 1 I~ —4|
r(Dy,0) < —— ~ < = |- > uDy| . (4)
_ —
d (kL_Jl Dk> %M ( U Dz) k=1
- k=1
Ba reopemoro 1po Minimizanio o [7| ogepxkyemo, 1o
u(D) = 7r? (D, a).

I3 mepisuocTi (4), MaeMo

(NI

r (Do, 0) < [;Zn: D;]_Q . [iiuDZ]_2 § [irz (D'j’ai)]‘

k=1

3BijIcH OTPUMYEMO HEPIBHICTH

1
r (Do, O) g 1
n 2
(D)
k=1
BukopucroByioun xkoudopmuy inBapianTuicts pyukIil ['pina
ap, (z,a1) = g+ (wh,al) w+:} aJr:i
k 9 Dk y Y ) 27 k ak,

Ma€eMo
+ 11 1 + o
gDz-(w ’ak)ng,j' o zlnm—l—lnr(Dk,ak)—ko(l).
k
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Bukonapimu Heck/1a/iHi mepeTBOPEHH, OEPAKYEMO

2]

k
1
=In T arl +1Inag)? +1n (1 — a—k(z —ay)| +Inr(Dy,af) +0o(1) =
1
=In P +In|ag*r(D{, af) + o(1).
Takum annOM,
T (Dk ak)
r D+, af) = —2 %2
( k k) ’ak’2
1 IpUXOJMMO JI0 HACTYITHOI HEPIBHOCTI
1
2
1
r (D(]a 0) < n
Z TQ(Dlmak)
= el
Haui,
n
n I1 7 (D ax)
17 (Do,0) [[ 7 (Dr, ax) < = -
k=1 i r2(Dgag) | °
= el

Iz mepiBrocTi Komri orpumyemo

3Bijcn MaeMo, 1110

n T2 (Dk,ak)
=

k=1

W
3R

I, Takum umrHOM,

Hepisuicrs (2) manol Treopemu josejena. O
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SayBaxkeHHsA. SJxwo v =n i H lak| < 1, modi npu ecix ymosaxr suwe chopmy-
k=1
ADOBANOT MEOPEMU MAE MICUE HEPIBHICTTIL

w3

" (Do, 0) H r (Dk, ak) <n
k=1

V yvomy eunadky cmpykmypa movwok i 0baacmeti € He6aNtcAUBON.
BukopucroBytoun HepiBHicTb [§]

17w ar) <27 £(AL) - T] e
k=1

JIOBeJleHy JJisi OylIb-IKOI Nn-IIPOMEHEBOI CUCTeMHU TOYOK A, = {ak}zzl 1 JIOBIJIBHOI CU-
cremMn 0OJIACTelt, MO B3a€MHO He mepeTnHaioThest, { D}y, ar € D C C, k = 1,n
OJIEPKYEMO HACTYITHE TBEPJI>KEHHSI.

)

Hacainok 1. Hexatin € N, n > 2, v € (0, n]. Todi das 6ydv-sxoi dikcosanoi n-
npomenesoi cucmemu mowox A, = {ay}i_, maxoi, wo L(Ay) = 1, i 6ydv-axozo nabopy
obracmeti Dy, a, € D C C, k =0,n, ag = 0, de {Dy}}_, — cucmema obracmets, wo
63AEMHO HE MEPEMUHAIOMBCA, 3 000AMKOBOI0 YMOGON CUMEMPLL, AKG GUSHAMACTNOCA
obaacmio Dy € A, cnpasedausa HepisHicmb

3R

n

(Do, 0) [[ r (Dryan) <2777 -0~
k=1

R

n
[T e
k=1

Y BUNAJKY, SKIIO (¢ = %, k =1,n, Toxi Mae Miclle HACTYIIHAN PE3yJIbTAT.

Hacainok 2. Hexatin € N, n > 2, v € (0, n]. Todi npu eciz ymosax nacaioky 1
CNPasedAUBa HEPIGHICTIL

- (AN
Do, H Dk,ak <n_5 <n> .

3 MipkyBaHb JI0BejIeHHsI BUIIE C(DOPMYJILOBAHOT TEOPEMHU JIJIisl BUIIAQJIKY, KOJIU |ak| =
1, k = 1,n, MaeM0O HaCTyIIHE TBEPZKEHHSI.

Hacainok 3. Hexatin € N, n > 2, v € (0, n]. Todi das 6ydv-axoi cucmemu pisnux
mowok A, = {ag}}_; 0dunuunozo koaa ma 6ydo-axozo nabopy Henepecivnus obaacmedi
Dy, a, € D, C C, k =0,n, ap = 0, de {Dy}}_, — cucmema obaacmeti, wo 63aemMHo
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NEPEMUHAOMBCA, 3 000aMKOBON YMOBOW CUMEMPIL, AKA BUSHAMAEMBCA 0OAACTIIO

Dy € A, cnpasedausa Hepienicms

1—

R
3R

n
7 (Do, 0 H (D, ar) <n”

17Dk ar)
k=1

Excrpemanbhi 3a7a4i iHIINX THUIIB, TOB’A3aHUX 3 TEOPI€IO BimoOparkeHb, OIiHKAMUI

€MHOCTI 1 MOJyJIsl, & TaKOXK TOYHUMHU OIIHKAMW IHTErPAJIiB 3 Baroio, PO3TJISIAJNCS B
poGorax [10-15].

ABTOpP BHCJIOBJIIOE TOASKY PEIEH3EHTY CTaTTi 3a yBaykKHe IPOUNTaHHS poboTH i

3pobJIeH] 3ayBarKEHHSI.

11.
12.
13.
14.

15.
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I.V. Denega
Estimation of the products of the inner radii of domains with an additional symmetry

condition.

In geometric function theory of complex variable extremal problems on non-overlapping domains are
well-known classic direction. A lot of such problems are reduced to determination of the maximum
of product of inner radii on the system of non-overlapping domains satisfying a certain conditions.
Based on these elementary estimates a number of new estimates for functions realizing a conformal
mapping of a disc onto domains with certain special properties are obtained. Estimates of this type
are fundamental to solving some metric problems arising when considering the correspondence of
boundaries under a conformal mapping. Also, on the basis of the results concerning various extremal
properties of conformal mappings, the problem of the representability of functions of a complex variable
by a uniformly convergent series of polynomials is solved. In this paper, we consider the problem on
maximum the products of the inner radii of n disjoint domains with an additional symmetry condition
that contain points of extended complex plane and the degree 7 of the inner radius of the domain that
contains the zero point. An upper estimate for the maximum of this product is found for all values of
v € (0, n]. The main result of the paper generalizes and strengthens the results of the predecessors
[1-4] for the case of an arbitrary arrangement of points systems on C. In proving the main theorem,

the arguments of proving of Lemma 1 [5] and the ideas of proving Theorem 1 [3] played a key role.
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We also established the conditions under which the structure of points and domains is not important.
The corresponding results are obtained for the case when the points are placed on the unit circle and
in the case of any fixed n-radial system of points.

Keywords: inner radius of domain, non-overlapping domains, the Green function, transfinite diameter,
theorem on minimizing of the area, the Cauchy inequality.

Iacruryr maremaruku HAH Ykpaiuu, Kui Ompumaro 19.05.19
iradenega@gmail.com
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ACUMIITOTUYHE OIIIHIOBAHHA CTAHY TA 2KOPCTKOCTI
OCIMJIATOPA BAH OEP ITIOJIA

PosrsinyTo 3amaay cniocrepexkentst Ta igeHTHdIKAIT MATEMATHIHOT MOJEI ocusiTopa BaH jep 1lo-
g1, [lykani HeBioMi XapakKTepu3yIoTh IIBUIKICTb KOJMBAHb Ta YKOPCTKICTD ociuisiTopa. Taki momesti
BUHHUKAIOTH IPU CIPOIIEHOMY MOJEIIOBaHHI 0ararboxX CKJIAQJIHUX (i3udHMX, OIOJOrivHMX HeJTiHITHUX
IIPOIIECIB, IO MAIOTh NUKJIYHUN XapakTep i JJjIs SKUX aKTyaJIbHOIO € 3a/a49a BiJIHOBJIEHHSI XapaKTePU-
CTHUK KOJIMBAHb B PEXKUMi peabHOIO 4Yacy 3a JaHUMU BUMipioBaHb. [[jis moOymoBU BiIIIOBIIHUX cxem
CIIOCTEepEeXKEHHS Ta ieHTudiKalil BUKOPUCTAHO METO/I CUHTE3y iHBapiaHTHUX CIIiBBIIHOIIEHD, PO3POO-
JIeHmit 171 pO3B 13Ky OOEPHEHUX 33,199 MaTEMAaTUIHOI Teopil kepyBauHst. MeTos m03BoIste hopMyBaTH
CKiHYEHHI CHiBBi/IHOIIIEHHSI, sIKi BU3HAYAIOTH IIyKaHi HEBiOMI siK (DYHKINI Bij BiJIOMUX BEJIMYMH HA
TPaAEKTOPIfAX JOCIKYBaHOI cucreMu B nporeci 11 dysknioBanus. s BuxigHol 3aa4i no6ym0BaHO
HeJHIWHUE criocTepirad Ta imeHTrdikaTop, 3a JOMOMOrOI0 SKAX 3HAXOAATHCS ACUMIITOTHYHI OIHKN
IIyKAHOT'O ITapaMeTpa i MOBHOro (ha30BOr0 BEKTOPA 33 JAHHMU PO 3aJI€KHICTH Bijl 9acCy MOJIOXKEHHS
ocrmisiTopa BaH Jiep [loss.

MSC: 34A60,34D20, 34N05.

Karouwosi caoea: Heainitinull cnocmepizay, idenmudikauis, iH8apiaHmmi cnie8ioOHOUWEHHA, OCUUAA-
mop ean dep Iloas.

1. Berym.

YV baraThb0xX TPHUKJIAIHUX JIOC/IKEeHHsIX (izuku, 6ioJoril Ta IHIMUX HAYK B sIKOCTI
HaOJIMKEHOI0 MOJIe/l CKJIAJHUX HEJIHIHHUX MPOIECiB BUKOPUCTOBYETHCS ITiJIXiJ, SIKUM
3aCHOBAHO Ha, KOHIIENIIIT MOJIEIbHUX PiBHsAHBL. B OCHOBI TaKol KOHIIENIIIT JI€XKUTH OJI0-
JKeHHsI [IPO Te, IO HEeBEeJINKe YUCJIO XapaKTePHUX THUIB PyXiB (IATepHIB), BJIACTUBUX
OPOCTUM MATEMATHIHUM MOJEIsIM Ta/abo X KOMOGIHAIISAM, A€ K04 JI0 PO3yMiHHS
npupoau dararbox ckjaagHux apuil. [Ipu npomy ampiopi nepembdadaernes, o Bee ¢i-
3UYHE PI3HOMAHITTS AUHAMIYHMX B3a€MO3B’SI3KiB B JOC/IIKyBaHiil cucTeMi MoxKe OyTH
[IPEJICTaBACHO ¥ (OpPMI JOCUTH IIPOCTUX MOJAEJILHMX PiBHAHL. OCKIJIbKU Taki 6a30Bi
MoJIesIi OKpeMo Jo0pe BUBYEHI Ta X IHapaMeTpu MaloTh (DI3UYHY iHTepIpeTaIiio, TO e
crpusi€ SKiCHOMY JOCJII?KEHHIO Ha I1iii OCHOBI CKJIQJIHUX CUCTEM PIi3HOI ITPUPOJIN.

IIpumipom, y 6araTbox HPUKIQIHUX JTOCTIPKEHHIX KOJUBAJILHUAN PyX PI3HUX CH-
cTeM, SKHAM Mae dABHO BUPAaKEHWH HETIHIMHUNE XapaKTep, MOJETIOETHCA CUCTEMOIO, IO
CKJIAJIAE€TbCS 3 OAHOTO ab0 JEKIJIbKOX IMOB’s3aHUX MiXK CODOI0 OCHUJIATOPIB BaH Jep
[Tosst [1]. Cucremu Takoro pojy JOCHTH IIUPOKO HPEJICTABJIEH], HAIPUKIIAJ, IIPU JIO-
CJIIPKEHH] Ta MOJIETIOBAHHI Giosiorivuux pyHKIH opraHizaMy, TAaKUX K CepIieBa JIisdib-
HICTB, JMXaHHs, JOKOMOTOPHA akTUBHICTD (2], [3]. ¥V 3B’sa3Ky 3 mosiBoio npucrpois, ski
BIJICTEKYIOTH 1 PerysoioTh CTaH Ta IIapaMeTpPHU IATepHIB »KUBUX OPraHi3MiB, 3ajada
BU3HAYEHHS B PEaIbHOMY MACIITabl dacy XapaKTePUCTUK TaKUX CHCTEM 3a Pe3yJIbTa-
TaM¥ BUMIDIOBAHHS BUXIJIHUX CUIHAJIB € akryanbHowo [4], [5]. TIpobsemu inenrudika-
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il mapaMeTpiB KOJIUBAJbHUX IPUCTPOIB BUHUKAIOTH TAKOXK Y 3B’HA3KY 3 PO3BUTKOM
PIBHUX TEXHIYHUX CMapT-CHCTEM. 30KPEMa, B CyIaCHUX IHTEJIEKTYAJIbHIX €JIeKTPOHHO-
obuncmoBabEnx MEMS-crcremMax ImMMUPOKO 3aCTOCOBYIOThCS MIHIATIOPHI €JIEKTPOME-
XaHIIHI eJIeMEeHTH, PE30HATOPH - HEJIHIWHI OCIUISITOPY 3 MapaMeTpaMu, dKi Tpeba Ha-
JamroBysaru [6].

OpnHa i3 IpUTaMaHHUX JJIs TAKAX CUTYaIliil 3aa4a [P0 BU3HAUEHHS XapaKTEPUCTUK
MOJIEJILHOI CHCTEMHU, a caMe, 3aJava 3HAXOJKEHHS IOBHOTO BEKTOpA CTaHy Ta iJeH-
Tudikarii mapamerpa, IO XapaKTePU3ye KOPCTKICTh MPYKUHU OCIUISTOPA BaH JIep
[Tosis 3a indopmariiero Ipo pyx, po3mIgHyTa B JaHiil crarri. Jas oTpuMaHHsa acuMiI-
TOTUYHUAX OIIHOK HEBiJIOMUX BHKOPHUCTOBYETHCSI PO3POOJIEHUN B aHAJITUIHIN MexaHir
MeTO/[ IHBapiaHTHUX CIBBiIHOIIECHD |7], Mogudikalis sTIKoro B 3a7a4ax MaTeMaTHIHOT
Teopil KepyBaHHs J03BOJISI€ CUHTE3YBATH JIOMATKOBI 3B’s13KM MiXK BiOMUMU i HEBiTOMU-
mu BesimauHamu [8]. Meros He niepenbadae sineapusarniii BUXiIHOT CHCTEMH 1 € CYTTEBO
HEJIHITHUM.

2. 3azavya Bu3HaYeHHS XapaKTepUucTuk ocuuiasgropa BaH aep Iloss.

Poszriisinemo piBusinng Ban aep lloss, ski onmucyoTh Iporec pelakCariiiHux KoJii-
BaHb [1]

54+ p(l — s+ w?s =0, (1)

TyT s — BifiXujieHHsI TOYKH BiJl IOJIOYKEHHST PIBHOBAru, [ - KoedillieHT npu HesTiHii-
Hill CKJIAJIOBill PIBHAHHSA, AKWI XapaKTepuU3ye BEJIUYUHY 3MIHHOTO JeMIiipyBaHHs,
@ = 0. Pexxum p = 0 Bijnosigae koguBaHHSM 0€3 TePTs 1 OMUCYETHCS PIBHAHHSIM Tap-
MOHIYHOI'0 OCIIIJISITOPA 3 BJIACHOIO 9acToToro w. OHi€n i3 3a/1a1, 1[0 BUHUKAIOTH [IPU
BUBYEHHI Ta CIPOIIEHOMY MOJIETIOBAHH] HEJIHIHHIX KOJUBAJILHUX MIPOIIECIB 38 JTOIIOMO-
OO0 OCITHJISITOPHUX CUCTEM, B IIPUILYIIEHH], 110 3HaYeHHs $(t) J0CTYIIHI BUMIPIOBAHHIO,
€ 3a/1ava BU3HAYEHHS HEBIIOMOI KOMIIOHEHTH (Da30BOr0 BeKTOpa §(t) — MBUIAKOCTI KO-
JIMBaHD 1 TapaMeTpa w — KOPCTKOCTi OCITUJISITOPA.

[Mosuaunmo s1 = s, s2 = § i nepermmmemo (1) y Burysii cucremu

51 = $2,
o = —w?s1 + pu(1 — s7)so, (2)
y = s1(t).

Posruisinemo 3aja1y 3HAXOJZKEHHsT HEBIIOMEUX S2(t) 1 w K KIACHIHY 3aJady CIIO-
crepexkeHHs 1 ojHOuYacHO! imenTudikanii cucremu (2) 3a Bimomoro iHdoOpMaIiew mpo
pyx, y(t) = s1(t) [9]. Takow indopmarnico € Buxix - yukuis y(t), a Takox Ti Be-
JIMIWHH, sIKi MOXKYTh OyTH OTPUMaHI 3 BUKOPUCTAHHSM TiJbKHU JIUIE 3HAUEHb BUXIiJY.
3okpema, JaJii BioMuM OyaeMo BBaxKaTu Oyab-sike pirens 3a1a49i Kot 1yist cucremun
nudepeHIiajbHIX PiBHSIHD

E=UE (), E0)=& e R, p>1, (3)

B skiit pyukuii U (&, 1) 38/I0BOJIBHSIIOTH yMOBaM TeOpeM ICHYBaHHs Ta €JMHOCTI pillleHb
st t € [0, 00).
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BacrocoBytoun J1o cucremu (2) nepersopents Jlienapa [10]
x| = 81, x2282+u(8?/3—81), (4)
OTPUMYEMO CUCTEMY

i1 =z + p(zy — 23/3),
i = —w’wy, (5)
y = z1(t).

Ockinbkn: Buxij cucremu (2) s1(t) 36iraerses 3 1 (t)-Buxigom cucremn (5); nykana
3MiHHA S BUPArKaeThes depes Tz 3a GopMysion sy = xg — u(x3/3 — x1); mapamerp w
ouH 1 TOit e it 060X CHCTEM, TO Jaji Oy1eMo PO3IVIALATH Taky 3aady.

Sazaya. 3HaiiTH ACKMITOTHYIHO TOYHI OIIHKY 3MIHHOI X2 (t) 1 mapaMeTpa w cucTeMn
(5) mo BijloMUM 3HAYEHHAM BUXOILY Yy = X1 ().

JocTaTHbOI0 YMOBOIO JIOKAJIBHOI CHOCTEPEKIMBOCTI Ta inenTudikosanocti [9] cu-
cremn (5) € dakr HeBUpOKeHHs sikobieBol Marpuii J = J(y,§)/0(z2,w), aAe moximui
Bij dyHkIfl Buxoxy y(t) = x1(t) B3ari B cuity cucremu (5). Ockinbku detJ = —2wxy,
TO cucreMa € ieHTndiKoBaHO© TIILKK Ha iHTepBasiax 3HakocrasocTi z1(t). Tomy nasi
Oy/ZIeMO BBaXKaTH BUKOHAHUM OiJIBIN CHJIBHY YMOBY ieHTH(M)IKOBAHOCTI.

IIpunymienns. Byaemo BBaxkaTw, 10 B IIpOIeCi BUKOHAHHS CHOPMY/IHOBAHOI 3a-
Jladi 3HAYEHHsI BUXO/Y BIJIOKPEMJIEHO BiJl HYJIsI JOCUTH MAaJIOIO cTajaon § > 0.

VY zarajbHOMY BUIAJKY HPUPOJHUM € Topyiierns ymosu |z1(t)| > §. Toui, sikimio
BHUXOJ He JIOPIBHIOE TOTOXKHO HYJIIO, BEJIUYMHA 0 3aBXKJW MOKe OyTH mijgibpaHa Tax,
IO iCHY€E JesiKa IOCJIiIOBHICTh JacoBUX iHTepBaJiB Ty, HA KOXKHOMY 3 SKUX YMOBY
3HAKOCTAJIOCTI BUXOMy x1(t) BUKOHaHO. [IporoHoBaHa HUXKYe cxeMma PillleHHs 3aJadi
rrepeidadae MmoC/IiI0OBHE MOJIIIITEHHS OIMIHOK IIYKAHUX HEBIJOMUX Ha KOKHOMY 3 TAKHX
IHTEepBaJIiB.

3. CuHTe3 JoOAaTKOBUX CIIIBBiIHOIIIEHbD.

Jlist BUpiteHHsT BUXIIHOT 3a/a4i CIIOCTEPEeKEeHHs Ta imeHTudikarii 0y/1eMo BUKOPH-
CTOBYBATU METOJ CUHTE3Y IHBapiaHTHUX CIIBBIIHOIIEHDb, KU JIO3BOJISIE OTPUMYBATU
B 1porieci GyHKIIOHYBaHHsI CHCTEMU acuMITOTHYHI oninku Hesimomux [8]. CyThb 11b0-
IO MiJAXOMy MOJISTA€ B JUHAMIYHOMY PO3IIUPEHHI BUXiMHOI cucTeMu JudepeHItiaabHIX
piBusiEb (5) piBHsiHHAMEU (3), 7€ p HOPIBHIOE 2 — YMCIY HEBIIOMEX, a came: (byHKII
x9(t) 1 cramoi w. IIpu npomy npasi wacrunu U (€, £1) niadMpaloThCsi TAKUM YHHOM, 11100
oTpHMaHa po3IupeHa cucreMa judepeHriagbHux piBHsAHb (3), (5) momyckasa cim'io
IHBapiaHTHUX CITIIBBITHOIIIEHD

Fi(xlax%faw) :()7 i:1727 (6)

3 HaCTYIITHUMMU BJIACTUBOCTAMM:

1) Cuiesigromntenssi (6) popMyOTh 10JaTKOBI He3aJIeKHI PIBHSAHHS J[JIs1 HEBIJIOMUX,
OF1,F2) _ o,
- )

TOOTO Tank D(za.0)
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2) Bignosiguuii 10 piBHocTeii (6) iHBapiaHTHUI MHOTOBU/L
M = {(x]_,.'EQ,é-) c R2+P : Fi($15$27§aw) = Oa 1= 1)2}

Ma€ BJIACTUBICTH TJIOOATBLHOTO TSAXKIHHS /I Oy/ib-SIKUX PIlIeHb PO3IIUPEHOI CHCTEMI
(3), (5). Iummmu cioBamu, Ha Oyab-IKOMY DillleHH]

tllrgéﬂ(ml(t)aaf?(t)vf(t):w) =0,1=1,2

4. IcnyBaHHA iHBapiaHHUX CHiBBiIHOIIIEHb.

[Mokazkemo, 110 JJIst JA@HOI 3a/a4i iHBapianTHI criBBigHOMIEeHHs By (6) iCHYIOTB.
[ITo6 BractusicTs 1) 6y0 BUKOHAHO y BCiif pO3MIsAHyTiil obsacTi mykaTumeMo X y
BUTVISI 1

Fi(z1,29,&,w) =29 — & — Vy(x1) =0,
By, 39, w) = w® — & — Ua(21) =0,

ne &1(t), & (t) € pimennsimu cucremu judepeHiiaabHuX piBHIHD (3).

Ha dyuxiii ¥y (z1), Va(z1), Ui (&1, &2, 21), Ua(&1, &2, 1) 1OKH He HAKJIAJIAEMO Hisl-
KX 0OMeXKeHb, OKPIM BUMOI'H Oe31epepBHOI 1n(epeHIliifoBaHOCTI 110 CBOIX apryMeHTax
y po3rsHyTiit obmacti. dximo i dyHKIHT 06pani Tax, mo cuissigHomeHHs (7) CTalOTH
iHBapiaHTHUMHU Ha JIAHOMY DiIlleHHi, TO Tojl HeBimoMi 2 (t), w MOXKYTH OyTH 3HAfiIEH]

(7)

Gesnocepentbo 3 pisnocreit (7).

TBepmxkennst 1. Jlaa 6ydv-axux Jupepenyitiosnur dynryit Vi(x1), Vaolry) ic-
nyromo kepysanns Uy (&1, &2, x1), Ua(&1, &2, 1) maki, wo pienocmi (7) euxonyromoca
MOMOHCHO HA DCAKUT PIWUEHHAT POZWUPEHOT cucmemu OuPepeHtianbHuT pieHaHy (3),
(5).

Jlokas. Beenemo 3MiHHI €1, €9, sIKI XapakTepu3ylOTh HeBsi3Ky B dopmyrax (7) Ha
pimennsx cucremu (3),(5).

2a(t) — &1(t) = Wi(z1(t) = €1, w? = &a(t) — Ua(21(t)) = e2. (8)

Hudepentiitoroun (8) B cuty cucremu (3), (5), orpumyemo audepeHIiagbHi piBHIHHS
JIJIST BIJIXWJIEHD

= —Up — Ui(21)[er + & + Ui (21) + plar — 23/3)] — 21(e2 + & + Va(1),

. / 3 9)
€2 = —Us — Wy (1) [§1 + &1 + Wi (1) + p(21 — 27/3)],

Ile 3HaK ' 03Ha"a€ onepamiio IudepeHIioBaHHs.

[I106 piBHOCTI (7) BUKOHYBAJIUCS TOTOXKHO Ha JIEIKUX PIIIEHHSIX CUCTEMU JiudepeH-
miasbHuX piBHAHB (3), (5) mocuTh moKasaTH, MO cucTeMa MdepeHIialbHIX PIBHAHD
(9) momyckae TpusianbHe pintenus £1(t) = ea(t) = 0.

st poro Hak/IaaeMo OOMEXKeHHs Ha JaCTUHY BIIbHUX (PYHKINN, a came: 3adik-
CYEMO BUIVIsIJ] IIPABUX YACTHUH JIONOMIXKHBOI cucTeMu JudepeHianbHux piBHsHb (3)

& = Ui(6,&,21) = Wi (z1)[& + Ti(a1) + plzr — 23/3)] — 21(& + Va(21)),

. / 3 (10)
§2 = Ua(&1, &2, 71) = —W5(21)[§1 + Wi(z1) + p(z1 — 27/3)].
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B pesyabrari cucrema mpudepeniiaibHuX PiBHSIHD IS BIIXUIEHD €1,E2 CTAE OIHO-
piaHOIO

€1 = Uy (z1)e1 — 2169,

(11)

. /
€2 = —Wy'(w1)e,
TOOTO BOHA JIOIYCKa€E TpuBiaJbHe pirmeHus. 1eepdocermsa dosedero.O

TakuM YMHOM, MOYKHA CTBEP/KYBaTH, 1110 Jist Oyab-sikux Wi (z1), ¥a(x1) mogarko-
Bi suavenns £1(0),&2(0) B 3anaui Komi st qudepennianpaux pisasinb (10) MoXKyTb
6yru obpani TakuM duHOM, 10 B MOoMeHT t = 0 dopmysu (7) craioTh BIpHUME DIBHO-
cTsiMu. 30KpeMa, 1ie 03Ha4as0 0, 10 MoYaTKOBI 3HaueHHs j1yist BiaxwmwieHb £1(0) = e2(0)
JIOPIBHIOIOTH HY/0. B 1npomy Bunajky pisaocti (7) juist i€l TpaekTopil po3ImupeHoi
cucremt (3), (5) BUKOHYIOTHCSI TOTOXKHO, YTBOPIOIOYH THM CAMHM CHCTEMY JI0JATKOBUX
PiBHsIHB, B SIKMX €JIMHUMU HEBIJIOMUMU 3a/IUIMAIOTHCA T2 (1), w.

VY 3aragbproMy BUNaJKy 3aiiicantu Takuii Bu6ip £1(0), £2(0) He BraeThest, OCKIIBKY
JUIsL TIbOTO HeoOXiHO 3HaT 3HavdeHHs r2(0),w, sKi, BlIacHe, 1 € NIyKAHUMH BeJIUIMHA-
mu. st Toro, mo6 BukopucroByBaru dopmystu (7) miast oiiHka xo(t), w Ha Oyab-IKOMY
pimensi cucremu (3), (5) norpibHo 3 MHOXKUHN byHKIiH ¥ (x1), Vo(x1) BubpaTn Taxi,
IpU SKUX TpuUBiaJbHe pimenHst cucremu (11) masio 6 BIacTUBICTL T7106a/IbHOT ACHMII-
TOTUYHOI CTIfIKOCTI.

5. Crabinizallis BiaXunjaeHb.

Posrisiremo 3ajaqay nigbopy noku e HepusHadeHux yukiii Wy (zy), Ya(xy) 3
MeTOI0 3abe3IeueHHsl 100 IbHOI aCUMIITOTUYHO! CTIHKOCTI TPUBiaIbHOIO PIllleHHS CHU-
cremu (11). Beememo nosnadenssi:

Vi(z1) = =0/ (21), Va(z1) = =0 (z1)
i mepenmmemo cucremy (11) y Bursi

€1 = Vi(z1)e1 — m1€2, (12)

52 = Vg(x1>€1.

B cuy nassrol cBobonu na Bubip byl Vi (z1), Va(x1) Oymemo posrisaaTu 3a-

Jady BusHadenHst GyHKIgi Vi(xy), Va(z1) sk 3amady cuHTe3y ynpaBiiHb, 3a SKHMH
TpuBianbHe pimenHst cucremu (12) crae 1706aJbHO ACUMIITOTUYIHO CTIHKIM.

TBepmxkenus 2. Hexal snauenns abcoaomnoi sesununy eurody cucmemu (5)
NPOMAZOM BCHO20 NPOUECY BUMIPIOBAHD 6idokpemaeni 6i0 Hysa, |x1(t)] > Tmin > 0.
Todi icryromv ¥i(x1), Yo(x1), maki, wo 6 $azo6omy npocmopi po3wupenoi cucmemu
dugpepenyiaronur pienans (5), (10) icnye ineapianmuuil mmuozosud M, axul eusna-
waemvea cnissionowernamy (7) i Mae 6AACMUBICMY 2400a46H020 MAHCIHHA 0N GCIT
mpaekmopiti danoi cucmemu.

oxas. Jlokas mpoBesieMo B JiBa eraru. Ha mepiioMy 3 HUX 3HARIEMO CiM'I0 yIIpaB-
minb Vi (21), Va(x1), npu sikux 3MiHHI €1, £9 10B’s13aH1 OJTHOPIIHUM IHBAPIAHTHUM CIIIBBIJI-
HotreHHsiM. Ha jipyromy erarii 3a I0IIOMOT0I0 BiJIITOBITHOTO CHHTE3Y KEPYIOUUX (PYHKITIT
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3a0e311eunMO 1€ OJIHOPI/(HE CIIIBBIIHOIIEHHS BJIACTUBICTIO TSKIHHS JIJIsl TPAEKTOPIit (12)
B mIpocTopi €1, €. Jauti nindepemo BitbHI DyHKINT TAKUM IHHOM, 11106 O/IHA i3 3MIHHUX
€i,t = 1,2 npsamyBaJia 10 Hysd. To/li HASBHICTH TAKOrO OJHOPIIHOIO CITiBBiIHOIIEHHS
ABTOMATUYHO 3a0€311€UNTh IPSIMYBAaHHS JI0 HYJIs 1HITOI KOODJIUHATH.

BakajaeMo crodarky, mob piBasiHHs (12) Masium JiiHiliHWI iHBApIAaHTHUI MHOTOBH/T
Buny {(e1,€2) : €9 = ke1} , e k — crasa, Taka, 1o sign k = —sign x1(t). Y 3aragbHoMy
BUIAJIKY TPAaeKTOPil (12) He 3HAXOAATHCS Ha Iiii MpsiMiii, TOMY BBEJIEMO TAKOXK 3MIHHY
7 - BIIXUJIEHHS TPAEKTOPIN BiJl IbOIO MHOTOBHJLY:

gy =kei +1.
SBaminusmm y piBusHHAX (12) 3MiHHY €9 Ha 7), TIEPENUIIEMO TX y BUTJISI

é1 = (Vi(z1) — kx1)er — 2,
N =kxin+ (Vz(xl) — le(acl) + k23;‘1)61.

Poszriisinemo B sixocTi dyukiii JIsamynosa Bupas

L o 2
V= 5( 1+m7)
i obuncauMo ioro moxijHy, B3ATY B CHly cHCTeMH JudepeHIfjajbHux piBHsHb (13).
Otpumyemo

V = (Vl — kl‘l)E% + [VQ —kVi + (]C2 — l)xl]sn + k.%'1172.

Ha npyromy erarmi 6yemo BumaraTy, o6 HesusHadeni noku sesmanau Vi (z1), Va(xy)
38/I0BOJIbHSAIH HACTYIIHUM PiBHOCTSM

Vi=kx1 -1, Vo=k+ 2. (14)

Tomi
V < —(ef + [k |n®),

1110 3 yMOBH |21 (t)| > Xymin, > 0 103BOIIsIE cTBepKyBaTH: 3MiHHI €1 (%), (1) acumuroTHd-
HO TIPSAMYIOTH J10 HyJIst. OCKIZIBKY IPU IIbOMY BUKOHYETBCs PIBHICT £9(t) = ke (t)+n(t),
TO 3MiHHA £9(1) TAKOXK HpsiMye J10 Hyss. A 1e o3Havae, mo MHOroBuj M, sikuii 10-
POJKEHO iHBapiaHTHUMHM CHiBBiIHOIIEHHSIMU (7) € UPUTATYIOUNM JIJIsl BCIX TPAEKTOPIiit
posimpenol cucremu audepeniiaabaux piasanb (3), (10). Teepdocenna dosedero.0

6. Coocrepira4.

Cdopmyemo ocraTouHuil BUTIS]] PIBHSHB, 0 PEai3yIOTh 3alPOIOHOBAHY CXEMY
pillleHHsT 3a1ati cIocTeperkeHHst Ta imerTrdikarii. st 1Ib0oro BU3HAYEMO OCTATOTHIMN
BULJIsiJ] BLILHUX (DYHKIIH, 11100 3a10BOJILHUTH yCi HaBeeHi Buie ooMexxenns. [lepeaba-
Ja€ThCs, IO BUXITHA 33/1a9a BUPINIYETHCSI Ha 9aCOBOMY IHTEPBAJIl, IPU SIKOMY 3HATEHHS
Buxony |x1(t)| > Tmin.

96



Acumnrornune OLIiHIOBaHHH CTaHy Ta }KOpCTKOCTj ocruJIsIToOpa BaH Jiep Ios

Ockinbku Vi (z1) = —U4'(21), Va(z1) = —U9'(21), T0 3 ypaxysanusm (14) nokia-
JIEMO
x? x?
\1’1:]{3?1—1'1, \1’2:?1—{—/{3171. (15)
Toxi acuMITOTHYHI OIIHKYA HEBIIOMUX OTPUMYEMO 38 (DOPMYyJIAMU
x? 2 ag
ZEQ(t) :gl(t)ij‘? -, W :gg(t)Jr?ijCCl, (16)

qie 3minni &1 (t), E2(t) 3a10BONIBHSIOTH JTofaTKOBUM jindepeniianbauM piBHstHHsM (10)
3 Oyap-skuMu nodarkosumu 3uadenuamu £1(0), £2(0).

3 ypaxysanHsaM nepersopeHHs JIieHapa 0CTATOYHO MAEMO OLIHKY JJIs INBHJIKOCTI
KOJIMBaHb BUXIJIHOI CUCTEMU

sa(t) = wa(t) — pu(si(t)/3 — s1(t)).

7. BucHoBkwmu.

PosrnsuyTo 3amady criocTepeKeHHsi CTaHy 1 oJHOYACHO! imeHTH(dIKAINT mapaMer-
pa, M0 XapaKTepU3ye *KOPCTKICTb IPYKHOIO 3B’s3KYy i ocmijgropa Bax jep llo-
Jisi. 3aIIPOIIOHOBAHO METO/1 T0DYI0BH HeTiHiiTHOTO ieHTndiKaTopa, AKuii J03BOJISE OT-
PUMyBATH aCUMITOTHYHI OIIHKU ITYKAHUX HEBIJOMUX 34 Pe3yJbTATaMU BUMIiPIOBaHHS
BUXIJIHOI'O CUTHAJy B peajbHOMY MaciinTabi dacy. BukopucroByerhcs po3pobiieHuit B
AHAJITUYHIN MeXaHIIl MeTo/T iIHBapiaHTHUX CIIiBBIIHOINEHD, SKWI B 33/1a9aX YIIPaBIIHHS
JI03BOJISIE CUHTE3yBaTH IOJATKOBI 3B’SI3KM MiK BIJOMUMH 1 HEBIIOMUMU BEJTUIMHAMA.
Pozpobiennit miaxin acHMITOTUYHOIO OIIHIOBAHHS B IOJAJIBIIIOMY Oy/e BUKOPUCTAHO
B 3aJlavaX aJJalTUBHOTO KepyBaHHS XapaKTePOM KOJUBAHBb OCIUISITOPHAX MEPEK.
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N.V. Zhogoleva, V.F. Shcherbak

Asymptotic evaluation of the state and stiffness of the van der Paul oscillator.

In many applications of physics, biology, and other sciences, an approach based on the concept of
model equations is used as an approximate model of complex nonlinear processes. The basis of this
concept is the provision that a small number of characteristic types movements of simple mathematical
models inherent in systems gives the key to understanding and exploring a huge number of different
phenomena. With this approach it is a priori assumed that the entire physical diverseness can be
represented in the form of fairly simple model equations. It is contributes to a qualitative study of
complex systems for various physical nature since basic models individually are well studied, their
parameters have a physical interpretation. In particular, it is well known that oscillatory motion of
various systems with a stable limit cycle can be modeled by a system consisting of one or more coupled
van der Pol oscillators. Such systems are widely represented in various technical devices and in the study
and modeling of some biological functions of the body, such as cardiac activity, respiration, locomotor
activity, etc. It is considered a typical situation for many practical applications of control theory when
the complete state vector of the system is unknown and only some of the functions of the state variables
— the outputs of the system are accessible to measurement. Therefore, the problem of determining in
real time the state and parameters of such systems based on the results of measuring the output
signals are relevant. One of these inverse control problems, namely, the problem of observability and
parameter identification of an model oscillatory system is considered in this article. For observation and
identification scheme design the method of invariant relations developed in analytical mechanics is used.
Its modification in control problems allows us to synthesize additional relationships between known and

unknown quantities of a dynamical system that arise during the observed motion. The method does
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not involve linearization of the original system and is essentially non-linear. The constructed nonlinear

observer provides an asymptotic estimation of unknown parameter and velocity of oscillations.

Keywords: mnonlinear observer, identification, invariant relations, van der Pol oscillator.
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AJITOPUTMMU, ITTO PEAJII3YIOTH TEOPETUKO-MHO>KWHHI
OIIEPAIIIl HA TABJINIIAX TA MYJIBTUTABJINITAX

Pobora npucssiuena JOC/TIIZKEHHIO aJI'OPATMIB, IO peasi3yloTh omneparlili neperuHy, ob’€/IHAHHS Ta
pisHuIi y TabyMIgX Ta MyIbTATAONMHIX. TeMaTrka poOOTH € aKTyasbHOIO, OCKIJIbKY HE3BAXKAIO4YU HA
BaXK/IMBICTh Ta BXKHUBAHICTb TEOPETUKO-MHOXKUHHUX OMEPaIliil y pessamiitanx 6a3ax JaHUX, BHACTIIOK
MEeBHUX [PUYMH, YBAry JOCJIHUKIB OYJI0 30CEpe/KEHO Ha ONTUMIi3allil IHIMUX TaOJUIHUX OIepAarIliit,
y mepiny 4depry — 3’e¢aHaHHsl. [Ipy 1bOMy ONTHMAbHE BUKOHAHHSI TEOPETHKO-MHOXKUHHUX OTIEPAaIliii
MpU3BeJe 10 GBI MBUIKOrO BUKOHAHHS 3alUTY, III0 MICTUTH XO4Ya O OJHY TaKy OIEparlii, Ta CyT-
TEBO 3MEHIIUTDH Jac 00poOKu iHdopMaril y cydacHux 6azax JaHUX. Y CTATTI po3risgHyTO 0a30Bi, Hall-
OL/IBII IPUPO/IHI AJINOPUTMH, II0 PEasi3yI0Th TEOPETHKO-MHOXKIHHI onepariil Ha TabJIuIsgX Ta MyJIbTH-
TabIUIX, Ta JOC/IKYBaTHC Moaudikarii 6a30BUX aJIrOPUTMIB, Ki MOT/IM 6 3MEHIIUTHA KiTbKICTH
obunciensb. Y SKOCTI KPHUTEDisl OIHIOBAHHS MIBHUIKO/II aJrOpUTMIB PO3IVISATacs 1X CKJIAIHICTD ¥
CepeHbOMY JIJIsl HANOI/IBIN 3araIbHOTO BUIIAJIKY, 38 SIKUM JOMEH KOXKHOIO aTpudbyTy cXeMu TabJIuIlh
€ (ikcoBanuMm i 3a37es€eriAp BiTOMUM, a PO3MOMII 3HAYEHD 33 KOXKHUM aTpPUOYTOM B KOXKHIl Tabu-
1l € piBHOMipHEM. [IIs1 KOXKHOTO 3 IIeCTH BUNAIKIB (TpH omepanil Ha TabIMIFAX Ta TPHU omeparil Ha
MyJIbTUTaOINIEIX ) 3HAHIEHO HAWOLIbII IIBUIKI 38 UM KpuTepieM ajropurmu. s ycix posrisiHyTx
6 anropmrMmiB Ha Tabsuigx (6a30Bi Ta HadimBuann Mommdikanil 6a30BMX) 3HANIEHO TOYHY CKJIaJI-
HICTB Y CepegHbOMY, IPUIOMY (POPMYJIH, IO BU3HAYAIOTH CKJIAJHICTH 3aIIPOIIOHOBAHUX AJTOPUTMIB,
He MicTsaTh O-acumnToTuku. J[jist eKCIIepUMEHTABHOTO T ATBEPXKEHHSI TEOPETUIHUX PE3YIIBTATIB PO-
3pObJIEHO TTPOTPAMHY CHCTEMY, SKa 00YnCIoe (DAKTUIHY KIJBKICTh BUKOHAHUX OOUMC/IIOBAIBHUAX JIiif
JIJIsT KOXKHOI'O PO3TJIAHYTHX y pobori ajmropurMmy. IIpoBejieHi ekcriepuMeHTH IMiITBEPIMIN TEOPETHIHI
OIIHKM, 3HANIeH] s TabJINIlb, Ta BU3HAYNIN HAWOIIBII IMIBUIKI aJTOPUTMHU ISl MYJIBTUTAOIUIE. Pe-
3yJIBTATU POOOTH MOXKYTh BUKOPHCTOBYBATHUCH SIK y TeOPil pendriifHux 6a3 JaHWX, Tak 1 HA MPAKTHUII
JIJIsl ONTHMI3aIlil 3anuTiB Ta 3MeHIIeHH:A Yacy oOpobku iHdopMmariii B cucremax yrpaB/iHHsS 6a3amu
JaHUX.

MSC: 68Q25.

Knaowost caosa: anrzopumm, ckAadHiCmMs, 663U JGHUT.

1. Bcryn.

B mam wac cBitT indopMaIiifHuX TEXHOJIOTIH MIPOKO PO3IOBCIOAMBC Maiike y BCi
cdepu Jr0CchKOI AistibHOCTI. [lepeBazkna GlIbIICTD cydacHuX iHMOpPMAIIHHUX cuCTEM
y CBOI#l pobOTi BUKOPHUCTOBYE 0a3u JaHUX, POOOTY 3 sIKUMHU 3a0€3IM€UyIOTh CHCTEMU
YIPaBJIiHHS Oa3zaMu JIAHUX, 10 PEAJi3yIOThCsS PI3HOMAHITHIUME ITPOIPAMHUMHU POy K-
Tamu. Hapazi criocrepiraerbes mocriituumit 3pict oocsri indopmartii, 1o i BuILye Bu-
Moru Jijist 11 36epiranusi Ta 0OpobKu y peasbHux Oazax manux. OJHIEIO 3 1UX BUMOL
€ 30ibIIeHHs MBUIKOMIT poboTu cucreMu 3 KopucryBadem. g 6iigbmocti indopma-
IMIHAX CUCTEM I BUMOTa 3a3BUYall peasi3yeThCs depe3 ONTHMI3AlIliio 3alUTiB, sKi €
OCHOBHUM IHCTPYMEHTOM B3a€MOJIII MiK KOPHUCTyBadeM 1 0a3010 JaHUX Ta ¥ B3araJi 3
CHCTEMOIO.

Jloreniep HAUWGIIBIN PO3IMOBCIOJXKEHIME 3AJIMINAIOTHCS PEJIsAIiiiHi 6a3u JaHux, Ma-

100



TeOpeTI/IKO-MHO}KI/IHHj aJropuTMu Ha Ta6./'H/IL[HX Ta MyJIbTHTa6JII/IHHX

TeMaTHIHA MOJIeJIb sIKUX Blepiie Oyia 3anpornonoBana E. Komgom [1, 2|. Tabauani an-
re6pu, mo Oysu Beegeni B.H. Pexpkowm 1 JI.B. Byewm |3, 4], mobyroBani na ocHOBI airebp
E. Konza, cyTTeBO X YTOUHIOIOTH Ta CKJIAJAIOTH TCOPETUUHUI (DyHTAMEHT MOB 3aIly-
TiB Cy4YacHUX TabJMIHUX 0a3 JaHuxX. AHaui3 JiTepaTypu MO0 ONTHMI3allil omeparii
y pendiiiinnx 6a3ax JaHUX MIOKA3aB, 110 V MEePEeBaXKHiil OiIbIIOCTI BUNIAIKIB PO3TJIdAIa-
FOThCS MIXOIN, sIKi TO3BOJISIIOTH OJEPKATH OIMTHMI3AIIIIO JIUIIE Olepariil 3’ € IHaAHHS, He
OyJ10 3HANIEHO 2KOTHOT CIIPOOU ONTUMIBAIII]T TEOPETUKO-MHOKUHHUX OIIEPAIIiil IepeTUHy,
06’euanns, pisauni. [Tpore 1i oneparnii € BaxKaMBUMHE Jyist TaOJUIHUX (pesisiiiiiHnX )
ayiredp Ta JIOCUTHb BXKUBAHUMU Yy 3aluTax. 1TOMy JIOCTI/PKEHHST TEOPETUKO-MHOKUHHUX
TabJIMIHUX OIepalliii € BaXK/JINBOIO 3aJ1a9€i0, Pe3y/AbTaTh sIKOI MOXKYTh OyTH BUKODHU-
CTAHUMU JJISI ONTUMIi3allil 3aIIuTiB.

Y poboTi HOCTIRKYIOTbCS AJITOPUTMH, 10 PEAi3yIOTH epeTuH, 00’ € HaAHHS Ta, Pi3-
HUITIO TaOJHIh i MYJILTUTAOIUIL. Y KOXKHOMY 3 IIUX IECTH BUIIAIKIB CIOYATKY PO3TJIs-
JTAIOTHCsT 0a30Bi, HANOIIBIT MTPUPOIHI AJTOPUTMH, IO X Peai3yioTh. ¥ MPOIECi JTOCTiI-
JKEHHSI TeOPETUKO-MHOKUHHUX TAOJUIHUX OIepariii Hamu OyJi0 PO3IVISHYTO 3HAYHY
KUIBKiCTD (pubu3HO 15 1171 KOXKHOrO BUIa Ky) Moaudikaliii 6a30BUX aJropuTMis,
siKi MOTJIM O 3MEHIUTH KiJIbKiCTh oOumcyieHb. Jjist TabauIb jiyisi KOYKHOTO aJIlOPUT-
My, 10 OYyJI0 PO3IVISHYTO, 3HANIEHO 3HAYEHHsI CepeIHbOI KIIbKOCTI obuucienb. Kpim
TOro, HaMu OYJI0 PO3POOJIEHO TPOTPAMHY CUCTEMY, siKa JJIsd TabJIUIh Ta MYyJIBTHTA0 -
b i3 3a/aHUME TapamMeTpaMu (KIbKICTh psi/IKiB, aTpubyTiB, HOTYKHICTH aTpubyTis),
3HAXOUTH (PAKTUIHY KUIBKICTh BUKOHAHUX OOYHMCIIEHD 38 KOKHUM 13 PO3IVIAHYTHUX aJl-
ropuTMiB. 3aBsKH poOOTI €l MpOrpaMHOl CHCTeMH OYJIH INJITBEP/XKEHI TeOpeTUIHI
OIIHKH CKJIQIHOCT] AJrOpUTMIB 11jist Tab/Iuilb, Ta 00pani HAROLIBIN MBUAKI (3 PO3IJIs-
HYTUX) AJITOPUTMU JIJIsi MYJIBTUTAb/INUIb; Y 11iii po6oTi HABEJEHO I IICTh AJrOPUTMIB
Pa3oM 3 OIIHKAMU TX CKJIAHOCTI.

2. OcHOBHI BU3HAYECHHA.

Badikcyemo mesiky menopoxkuio muoxkuny A = {A;,..., Ay}, enemenru sikol Ha3m-
BaroTbest arpubyramu. JosinbHy ckindenny ninmuoxuny R = {A),..., AL} C A nasse-
Mo cxeMol10. PsigoM s cxemu R nasuBaerTbest MuoxkuHa map s = { (A}, d1), ..., (A4}, dk)},

IIPOEKIIisT TKOT 38 MEePITOI0 KOMIIOHEHTOIO JopiBHioe K. Tabmuieio cxemu R Ha3uBaeThes
CKiHYeHHa MHOXKWHA PsiyikiB cxemu R. KiyibkicTb psikiB y Tabsuii 1’ mo3HaYaTHMEMO
7.

Ha muOkUHI Beix Tabuunp cxemu R BBeJHO Taki nmapamerpudHi omepartii: 1) me-

perud (| Tabuunpb cxemu R — Tabumis, M0 CKIaJa€Thest 3 TUX 1 JIUIIEe TUX PSAJIKIB, sKi
R
HaJIe’)KaTh OJHOYACHO BCIM BUXimHUM TabsmigM; 2) ob’eauanns ) Ttabauns cxemun R
R
— TabJIHI, 0 CKJIAIAETHCI 3 TUX 1 JIMIIe TUX PsJIKIB, dKi HaJeXKaTh xoda O OJHIiH 3

BuxigHux Tabsmin; 3) pisaung 77 — T aBox Tabauns cxemu R — Tabsmig, Mo cKia-
R

JA€ThbCA 3 TUX 1 JINIIIe TUX PsIIKiB, sIKi HajexkaTh Tadbaumi 1) Ta He Hajge:KaTh TaOIUII
1.

Tamuvu cioBamu omepariii meperuny, o6’eqHaHHS 1 pi3HUII TaOJHUIL € 0OMeXKeH-
HeM BiJIIOBIIIHO TEOPETUKO-MHOXKHUHHKMX OIlepalliii nmepeTnny, ob’eIHaHHs 1 pi3HUI Ha
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MHOYXKUHI TabJIUIb OIHAKOBOI CXEMU.

Icaye minuit psii TPAKTUIHUX CUTYAIiil, IPU SIKAUX MOYXKE€ BUHUKHYTHU IIOBTOPIO-
BaHicTh JaHux. Ilpm 3acTocyBanHi TpauiiiiHux pessniiiaux (rTabaunaHnx) 6a3 JaHuX
JUisi OOPOOKM PEe3yJIbTATIB y IHUX CUTYyalligX MOXKYTh BUHUKHYTH IEBHI YCKJIQIHEHHS,
OCKIJIbKY y TaOJIUIIX MOBTOPIOBAHHICTEL MaHuUX 3abopoHeHa. IcHye mekinbKa IMUIAXiB
YCYHEHHSI IUX YCKJIAJHEHb, OJHUM 3 SKUX € PO3IIMPEHHS HMOHATTS TabJInIl 3 METOIO
YCYHEHHsI 3aD0POHU TTOBTOPIOBAHHOCTI psiKiB. [lo aHasorii 3 mOHATTIM «MYJIBTUMHO-
JKHUHA», TaKl TabJIuI JicTaan Ha3By «MyJabTuTabauiiy». OTxe, MyabruTabiurero (cxemu
R) Ha3MBa€ThCs CYKYNMHICTH PsiIKiB OjHAKOBOI cxemu (R).

Haii6inbm npupoauumu € Taki 1Ba criocodbu MOMAHHS MYJIbTUTAOJINIL:

a) MyJbTUTAOJINIS 3a1a€ThCs K HEBIOPSIKOBAHA CYKYIHICTH DPSIIKIB OJHAKOBOI
cxemu (i3 MOYKJIMBEM IIOBTOPEHHSIM DSIJIKIB);

6) 3MiHIOETBCST CTPYKTYpa psijika. BBomuThest HoBuit arpubyr (y Hammiii poboTi reit
aTrpubyT HA3BEMO JIUUJIBHUKOM, iM’s1 IIbOT0 arpubyTa nosHauuMo K), 10 He HAJIeXKUTh
cxeMi BuxizaHol TabuIl. B gkocTi 3HaMEHHS IHOr0 aTpudyTa OYIAeMO PO3yMIiTH KiJIbKIiCTD
MIOBTOPIB JJAHOTO PsiJIKA 3aJaHOI TabJINIl, 1e 3HAYeHHS € JTOJATHUM ILJIUM TUCJIOM.

Hecknamno badnTu, mo 1i ABa CIIOCOOU MTOJMAHHSA MYJILTUTAOIUIN € eKBIBAJCHTHU-
MU: 3 MyJIbTUTAOJIMIL, IPEJICTABIEHO] IIEPIIUM CIOCOOOM, JIETKO OTPUMATU (IPUIOMY,
OJIHO3HAYHO) MYJIBTHTAOJININO, [IPEJICTABJICHY JIPYIUM crocoboM, 1 Hasmaku. Ha mamn
HOTJIsil, B PeaJibHUX 0a3ax JaHUX IPUPOJHO 3aJ[aBATU MYJIBTUTAOJIUIN IEPIIUM CIIO-
cobom, a i 0OpoOKU MyIbTUTAbIUNb (y TOMY YHCJI JIJIs BUKOHAHHS Oleparliii Hal
HUMH) GLIBIIT 3PYYHUM € JPYIHil cnoci6 mojaHus. Y pasi, KOJU BIHOMIIEHHS KiTBKOCTI
PSIKIB, IO 3yCTPiYalOTbCs TOYHO OJWH Pa3 [0 3arajbHOl KiJIbKOCTI PSIKIB y TaO/IuIl
HEBeJINKe, IPyTuil Crrocib MmoJaHHs MyJILTUTAOIUIN € Haiblapm ontuMa bauM. lasi y
HaImiil pobOTi BBAXKATUMEMO, IO MYJILTUTAOIUITO 3aIaHO JAPYTUM CIIOCOOOM IIOJIaHHS.

Yepes ||T'|| mosraunMo KiIbKiCTh yHIKAIBHUX PsiaKiB y mysnbrutabauni 1. Hexait
s ={(A1,d1),...,(An,dyn), (K, k)} — nesuii psyiok mysnbruradiauni cxemu R. Tozi fioro
ocHOBOIO ||s|| Ha3zBeMo obmexenHst s 3a R, 10610 ||s]| = {(A1,d1), ..., (An,dn)}.
CTAIOTH IONAPHO PI3HUMHU, TOOTO BOHA IIEPETBOPIOEThCA B Tabsmmio cxemu R = R|J K
3 OJHUM OCOOJIMBUM ATPUOYTOM — JIIUUJIBHIUKOM.

HageieMo 03HaYEHHST TEOPETUKO-MHOKMHHUX Ollepalliii st Mysbrurabamip. 1) [Te-
M

peruH JBox Myabrutabimips 11 ta Ty — mysnsrurabuuis 11 )T, mo MictuTs Ti 1 TiabKn
!

Ti PAJKH, AKI OJHOYACHO MICTSTBHCsS B 000X Buxigaux tabsuigax. 2) O6’emHanHsa JBOX
M

mysbTuTabauie 1 ta Ty — mynbrurabiauig 11\ 7o, mo mictuts Ti 1 TinbKu Ti psiaKy,
/

sIKI MICTSITBCsT X0ua 6 B OJHIN 3 BuXigHUX Tabuunb. 3) Pisauns nBox MysibTuTabIuinb

M
T1 ta Ty — mynbrutadauis 17 — 1o, M0 MICTUTD Ti 1 TIIBKHU Ti PAJKH, 9Ki MICTITHCA B
R/

Ti 1 He MicTaThCda B Th.
IIpoimocrpyemo 1 o3uadennst. Hexait ||s|| € 11, ||s|| € T2 Ta 3nadenus jiduabHAKA
s B MysabruTabaungx 17 i To mopiBHIOIOTH Bimmosigmo kq i ko.
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M
Toni sHavenHsi jivwibHuka § B Mysabrutabiuii 1115 mopisuioe min(ki, k2), vy
Rl

M M
mysbrurabauid 71 JTe — k1 + ko, y mysnbrurabuuni 77 — Th — max(0, k1 — ka).
R R

IIpu oMy 11 PISHUIN MYJIBTUTAOIHID, SIKIITO 3HAYEHHS JTIYNIbHIKA MEHIIE OJIM-
HUITi, TO BiIOBIIHUI PANOK 0 PE3y/IbTYIOUO0I MYJIBTUTADIUIN HE BKIIOUAETHCS.

B pobori Mu 6ymemo mopiBHIOBATH aJI'OPUTMU 38, 1X 0OYUCIIOBAJILHOIO CKJIAIHICTIO.
Caimytoun [5], 069UCIIOBAIILHOIO CKIIATHICTIO aJIFOPUTMY HA3UBAETHCsT (DYHKITIsI 3a71€7K-
HOCTI «00csry» poboTH, Ka BUKOHYETHCSI 1M, Bill «po3Mipy» BXiaHux maHux. Posrisama-
IOTH JIBA BUIU OOYHUC/IIOBAILHOI CKJIAIHOCTI: YaCOBY, KA OIlIHIOE YaC BUKOHAHHS AJITO-
purMy (KUIBKICTh BUKOHYBaHUX OOYHCIIEHD ), 1 EMHICHY, SIKa OIIHIOE KIJIbKICTh €JIEMEHTIB
maM’gaTi, HeoOXimHUX MjIst pobOoTH ajaropuTMmy. Y HaHiil poboTi OyaeMo HOC/HKyBaTH
9aCoOBY CKJAJHICTb Ta BBAXKAEMO, IO CKJITHICTH eJJeMEHTApHUX OIlepalliii 0JIHAKOBa
(TO6TO BUKOPUCTOBYEThCSI TAK 3BaHA PIBHOMIDHA Bara).

Buningrors Tpu Tunm 4acoBoi CKJIAIHOCTI aJITOPUTMY: CKJIQIHICTD y HAUTIpIIOMY
BUNIAJIKY (MaKCHMaJsIbHA KUIbKICTh eJeMeHTapHHUX OIllepalliii, 110 BUKOHYE AJIOPUTM),
CKJIAQJTHICTD JIJIsT MajizKe BCIX BXOJIIB 1 CKJIAJIHICTD B CEPEJHBOMY (MaTeMATUIHE CIIO/[IBAH-
HsI KIJIBKOCTI €JIeMEeHTapHUX OIeparliii, Mo BUKOHYE aaropuT™m). Jloc/izKeHHsT CKIaI-
HOCTi aJITOPUTMYy B HAUTIpITIOMY BHUITQJIKY iCTOTHO MPOCTIIIe, HiXK JTOC/TIIZKEHHS 1HIITAX
JBOX TUIIB CKJIAJIHOCTI, IpOTE IMPU aHAJII31 1acoBOl CKJIAIHOCTI 00poOKM iH(OpMAaIIil B
crucTeMax KepyBaHHs 0a3aMu JaHUX Ta OOPOOKW 3alUTIB HAWOIILII MPUITHATHIM € BU-
KOPUCTaHHSI CKJIAJIHOCTI B CEpeHbOMY. ¥ HAIIi#l pobOTi MIBUIKO/IiS AJITOPUTMIB BU3HA~
qaeThCs caMe 3a IXHBOIO CKJIQTHICTIO B CEPETHBOMY.

3. Aaropurmu, M0 peasii3yoTh TEOPETUKO-MHOXKUHHI orieparlil Ha TabJjiu-
IsaX.

Y gkocTi 6a30BUX PO3IJISTHEMO TaKi aJrOpUTMU MIEPETUHY, 00 €THAHHS Ta PI3HUIL
TaOJIALID.

Agropurm BIIT 3 koxxuuM psijikoM $1 Tabjni 17 HOPIBHIOEMO BCI PsAJIKKM TaOIUIL
T5: sIKIIO iCHYE TaKWiil PSIIoK So € 1o, O §1 = Sg, TO PSIAOK S§1 A0JaeMO 10 Tadsmii 1,
y SKift MICTUTBCSA PE3yJ/IbTAT, Ta IIEPEXOIAUMO JI0 HACTYIIHOTO psiaKa Tadsuii 17.

Asgropurm BOT [logaemo Bci pstaku tabsmii 17 10 HoBol Tabsmmi 1, sika MiCTUTD
PEe3yJIbTAT, a MOTIM BCi PAIKHU So TabuIl Th MOpiBHIOEMO 3 psaakamMu Tabsuii 1, i Ko
He iCHye TaKoro psajKa Si, IO S = S1, TO PsJIOK S9 JOMAEMO 110 Tabuii 1, a sIKIIo
TaKni PSIIOK iICHYE, TO MEPEXOAUMO JI0 HACTYIHOTO Psaka Tadauii 15.

Asgropurm BPT 3 koxkuHuM psigkoM s1 Tabsuili 17 MOPIBHIOEMO BCI PsIIKH TaOJIUIT
T5: gKIMO He iICHy€ TaKOro psijika S € Th, Mo §1 = S, TO PAJOK S JIOJAEMO JIO HOBOL
pe3yIbTy0q0l Tabuil 1, a SIKIMo TaKuil PsIAOK iCHY€, TO MEPEeXOIMMO 0 HACTYITHOIO
psinka Tadaumi 1.

Y mporieci TOCTiIZKEHHST TEOPETUKO-MHOXKUHHUX TaOJIUIHUX OMEPaIiil MU pO3IJis-
maan pizai Momudikalil 6a30BUX aJrOPUTMIB, SIKi MOTVIN O 3MEHIINTH KiJTbKICTh 0OTmIC-
JIEHb. Y SKOCTI KPUTePisi OIiHIOBAHHSI IITBUIKOJII aJITOPUTMIB PO3TJISIATIACT 1X CKJIAJI-
HICTb y CEpPEIHBOMY I HAHOLIBIN 3arajbHOrO, HA HAI IOTJIAJ, BUMAJKY, 33 SKHM
JIOMEH KOXKHOT'O aTpudyTy CxeMu Tab/uIb € (PIKCOBaHUM 1 3a3jeseriiib BIJIOMEUM, Ta

103



I1.C. Kanapceka

PO3IIO/I 3HAYEHD 38 KOXKHUM aTpPUOYyTOM B KOXKHiM Tab/uii € piBHOMIpHUM. [HITIMM
caoBaMu, Jst 6yIb-ssKuxX arpudbyty A € R Ta psaka s 6y1b-sKOT TabIuIl KOXKHUT eJie-
MeHT MHOXKUHE dom, = {di,...,d,} Mae onHakoBy fiMoBipHicTb OyTH 3HavYeHHsIM A B
si(A,d)es—P{d=di} =P{d=d2}=... = P{d=d,}.

Haiibisibin mBuikuMu BUSIBUJINCS HACTYITHI MOjm(ikalil 6a30BUX ajrOPUTMIB.

Agnropurm IHIIIT dxkmo |T1] < |T»|, To 3 KoxKHUM psijgkoM $1 Tabsuni T} 1opis-
HIOEMO BCi psiaku Tadsuii 1o, 1 SIKIO He iCHye TaKoro psika So € Th, Mo §1 = So, TO
BUJIy9YAEMO PSIIOK S1 3 Tabsuri 17, a sKINo Takuil psiioK So iCHY€E, TO BUJIYIaEMO HOTrO
3 Tabsuri T Ta IepexoauMo 10 HACTYITHOIO psiaka Tabauii 17; pe3yabTar MiCTUTHCS B
rabumni T1. kmo x |T1| > |To|, To Tabmuii 17 1 Th MiHSIOTHCS MiCIEIMU.

Anropurm ITOT dxmo |T1| < ||, To 3 KOXKHUM psiiKoM So Tabsuii T 11OpiB-
HIOEMO BCi psiiku Tabsaumi 17, i ko icHye Takuilt psifiok s; € T4, 1Mo so = S1, TO
BHJIy9AEMO PSIIOK S 3 Tabsumi 17 1 mepexomamMo J10 HACTYIIHOIO psiaka Tabsuri 15;
iCJIS IIHOIO JIOAAEMO BCI PSIAKH, IO 3aIUIININCE, 3 Tabuuii 17 10 tabmumi Th, B siKiii
micTuTbest pedynbrar. fkmo x 11| > |Ta|, To Tabmur 17 i To MIHAIOTHCS MICISIMIL

AgropurMm IIIPT 3 KoXHUM PAIKOM So Tab/uill 15 MOPIBHIOEMO BCi PSIAKU Tab-
qatt 17 Ko icHye Takuit psaaok s1 € 171, 1o Sg = §1, TO BUIy4IaeMo S; 3 Tabsuii 17,
y SKiif MICTUTBCS PE3yJIbTAT, 1 IePEeX0oauMO 10 HACTYIIHOTO psiaka Tabsmii T5.

Suaitemo ckiagHicTh v cepeqapomy asgropurmis BIIT, BOT, BPT, IHIIT, IIIOT,
IIPT.

Hexaii |Th| = mq, |Ta] = ma, |A1] = q1, - . ., |An| = ¢n- Hozrauumo m = min{my, ma}
Ta @ =q1- ... Qn. IcHyE Q) piKCOBAHUX PSIJKIB, KOXKHUIA 3 IKUX HE3AJIEXKHO BiJ pernTu
IHIIUX MOXKe HaJjIeXkKaTh 9U He HaJesKaThH KOXKHIi 3 Tabiaumb-apryMenTiB. Heckiammo
fadnTy, Mo y BUIAJIKY M1 + me < () MiHiMaiabHa KinbkicTb psaakis tabmuii 17 )72

R

nopisaioe 0, y TPOTHIEKHOMY BHIIAJKY MiHIMaJbHA KIIbKICTb psifkiB Tabmuii 11 )7s
R
JIOPiBHIOE M1 + Mgy — (), 1le YUCIO TO3HATUMO Yepe3 2z, MAKCUMAJIBHO MOXKJIUBA KiJih-

KicTb psiyikiB Tabuuni T1( T2 cranoButb m. OCKIIBKU BCI 3alIPOIIOHOBAHI aJrOPUTMU
R
BUKOPUCTOBYIOTH MOPIBHSHHS PAIKIB B Tabsuigx 1) Ta Th Ha mpeaMer 1X PiBHOCTI,

Ta CKJIJHICTh YCIX IUX aArOPUTMIB 3aJIe2KUTh BiJl KiabKocTi psaiakis rabsmri Th(Th,

R
3HaliIleMo 3HaueHHsl fiMoBipHOCTI P(j) TOro, 1mo KigbKiCTh TAKUX PsJIKiB GyJe I10piB-
uosaru j (j € {z,...,m}). Hani jyist KozkHOrO ajsropurmy 3uaiigemo suadensst W(j)

cepeiHbOI KijbKocTi obuncsenb 3a ymosu |T1( 12| = j. Bymemo BBaxkaTn ckiajHicTiO
R

aJITOPUTMY YHUCJIO

Buaiigemo itmosipaicts P(j). i j psiikiB Moxkaa obparn Cé CIIOCODAMMY, PSATKHI
Tabmumi 11, 9Ki He HayexKaTh Tabauii 1o, MOXKHA 00paTH Cgﬁ;j CIIOCODAMHY, & PSIIKA
tabsmmi T, 9Ki He HajexkaTh Tabaumi 17, — Cgi:njl criocobamu. Icrye C"in BapianTiB
BUOOpY psifikiB Tabsmii T Ta C’g‘ 2 papianTiB BuOOpy psjkiB Tabsmii To. Takum duHOM
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imoBipHicTh P(j) JOpiBHIOE:

j)zcj Co; ;! Cglzmjl: mi!-ma!- (Q —my)!- (Q —ma)!
051-082 j!'(m1—J)~'(m2—J)-'(Q—m1—m2+j)!'Q!

Hnst suaxox penust W(5) cnoanKy 3HailleMo cepeiHIO KiabKicTh obuucienb W', HeooO-
Xl,ZLHy IS IOPIBHSIHHS PSIKIB S' {(Al, db), ..., (A, dl } € T1 Ta

= { (A, d?),...,(An, d2 } € Ty y Bunaixy, komu st # s IMOBIleCTb TOrO, IO
d% = d2, ,zLopiBHIoe q%’ ToMy iMOBipHicTB TOTO, MO di # d?, nopisHioe 1 — q—l = qlq—zl.
Axrmo d% £ d?, To nepesipka Ha piBHiCTH PsAKiB s' Ta s? 3aBepIIYETHCS, IPH I[HOMY

BUKOHAHO oHe obuncienns. Hexait di = d2. Toxi imosipHicTs Toro, mo di = d3, mopis-

U 12 1.1 _ 1) _ a1
HIOE a HMOBIpHICTB TOrO, 1O d5 # d5, AOpiBHIOE o (1 q2) oy - AAKmo

a1 q2’
d} # d3, o mepesipka na pismicTs s! Ta s? saBepuryeThes, IPH THOMY BHKOHAHO [TBa
0o0UnCIeHHS.
AHajoriuHo, SIKI0 BUKOHYIOThCST PIBHOCTI al1 = d2 e dl- = d2. _1, To IMOBIipHICTb
. -1
TOTO, IO djl- = d?, JOPIBHIOE qil-. . ql , & IMOBIpHICTH TOTO, 110 dl ;é * IOPiBHIOE h,
1 2

y APYyTOMY BHIIQJIKY IlePEBipKa Ha PIBHICTH S° Ta $* 3aBEPITYETHCS, HpI/I IIbOMY BUKOHaHO

j obuncenn. OCKilIbKE 3a IIOCTAHOBKOIO 3aJ1adi BUNAIOK s' = s2 € memoxkmBuM (Horo

MMOBIPHICTD JTOPIBHIOE é), TO BCI 3HaliAeH] 3HaUeHHs Tpeba MOMIMNTH Ha Iucao 1 — % =

% . Takum quHOM,

Q < q—1 @ —1 qn — 1
W' = 1 +2. 2~ 4 4.
Q-1 qQ q1 - g2 Q

[Tpu snaxomxenni W (j) BBazKkaeMo, 10 PAIKA B TaOJIMIX BIOPSIKOBaHI GiioKaMm
HACTYIHUM duHOM. B Tabumi 77 crnodarky po3MinieHo OJI0K 3 m12_] psJIKIB, IO HE
HasiexkaTh Tabmauii T, nam — 60K 3 j psykis Tabumni 11T, miciast mporo — 610K

R

mlf

3 perTu L psnkiB, Mo He HaJIeXkKaThb Ta6m/1ui T5. B Tabyiuni T BIOPAAKYBAHHS €

aHAJIOTIYHUM: CIIOYATKY PO3MiIIeHo 610K 3 2L psiKiB, 1110 He HaJeKaThb Ta6JII/IH1 T,
ma—
2

Jam — 6j1oK 3 j psizkiB tabsuni T1(\1%, micisi poro — 6JIOK 3 pemTu
R
o He HaJexkaTh Tabauii 11. OCKiIbKY B yCiX aJIrOpUTMaX, M0 PO3IVISHYTO y PODOTI,

dopmyin, siKi mMAPaXOBYIOTh 1X CKJIJIHICTD, BiAPI3HSIIOTHCs Juine 3HadeHusm W (j),
Jajti OyaeMo MOPIBHIOBATHU IIBUIKOMIIO aJITOPUTMIB caMe 3a UM ITapaMeTPOM.
Buaiinemo 3uavenuss W (j) musa agmropurmy BIIT. st koxkHOrO 3 my — j psijikiB
rabmuni T, Mo He HajexkaThb Tabuuni Th, 6y10 BUKOHaHO Mo - W' nopiBusanb. s j
psaakiB Tabsumi 17, MO TakoXK HajexkaTb Tabjuii Th, B cepegHbOMy OYJIO0 BUKOHAHO

B mQTfl - W' nopisHaHb 3 TUMM psgKaMu Tabsauni T, Mo He HajexkaTb Tabsaumi 17,

PAJIKIB,

Ta j - n MOPIBHAHDB, SIKi BCTAHOBUIN (PAKT PIBHOCTI PSIAKIB; TaKOXK OYJI0 BUKOHAHO j - T
JOJaBaHb PAIKIB 10 HOBOI Tabsuit 1, ToMy:

W(]) = <(m1 _j)mQ +]TTL22> w' + 2jn = <m1m2 — %(TH,Q + 1)) w! + 29n.
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Buaiigemo 3uadenust W(j) mus amropurmy IIIIT. ns nopiBHsiHHS 3HaUeHb M
Ta M9 HEOOXITHO OfHe OOYMC/IeHHS. Hexaﬁ m < meo. st KOKHOTO PsifKa IEPIIOro
610Ky Tabsmmi 11 (1 KiibkicTsb mopisnioe “2—1) Gyso Bukonano ms- W' nopisusann ta n
BUJIy4YeHDb 3 Tabsuii 17. s mepiroro pH,D;Ka apyroro 6Jioky Tabauiti 1] B cepelHbOMY
6yJ10 BAUKOHAHO m22_1

-W'+n nopiBHsHb Ta n BUIyYeHb 3 Tabauii T, 118 JPYyTroro psaKa
apyroro 610Ky Tabsuri 17 — mQTJ -W'+n nopiBusiHb Ta n BUIyUeHb (KIIBKICTH PAIKIB
y Tabsuii Th 1micss pos3IisaHHsl OIEePEIHBOTO PsijIKa 3MEHIIUIACH HA OJUHUIO), . . .,

ast j-ro — T2=L . W' 4 n nopisHaHb Ta N BI/myqub JIj1s1 KOKHOT'O psiJiKa TPEThOrO

1) 6yso Bukonano (mg—j)- W' nopisusnb
Ta N BUuaydeHb 3 Tabaumni T7. Tomy s BHHaLLKy mi < mao:

610Ky Tabsmi 17 (X KUIbKICTh JOPiBHIOE -

W) =1+ Ty T gy T2 T gy gy T T
2 2 2 2 2
my—j . ' 1
+1T](m2—])W’: <m1m2—;(m1—|—m2+2 ;)) W'+ +jin+mn+ 1.

JLyist 3araJIbHOTO BUIIQJIKY:

W(j) = (mlmg - %(ml + mg + % - 2)) W' + jn + min{mq, ma}n + 1.
Buaiigemo sunadenust W (j) mas anropurmy BOT. Ilpu nonasanui Beix psikiB Tab-
g 17 mo #HoBol Tabsumi 1 6y0 BUKOHAHO mq - N obuucienb. Jaji, Aas KOKHOrO 3
my — J paaKis Tabuuni T, mo He HajgexkaTh Tabauii Th, 6y/10 BUKOHAHO My - W nopis-
HaHb. [ j paakis Tabmauiti 17, 10 TaKOXK HaJiexKaTh 1 Tabsuitl 15, B cepegHboMy 0yIi10
BUKOHAHO j - ™2 i ' i

JKi BcTaHOBUIA (aKT piBHOCTI psiakiB. [Ipu momaBamnmi psakis 3 Tabsmii 15 10 Tabmii
T 6y7n0 BUKOHAHO (Mg — j) - N JIOJaBaHb, TOMY:

W(j)=m1n+<( L= jyma + A 2 )W' (ma —j)n+jn =

= <m1m2 — %(mQ + 1)> W' 4+ min + man.

Buaiinemo suadenns W (j) s amropurmy IIIOT. s mopiBHsAHHS 3HAYEHB M
Ta Mo HeOOXiJHO omHe obumcienns. Hexait mi < myg. [l KOXKHOTO psijika HEPIIoro
m227) Gyio Bukonano mq - W' nopisHsmb.
Haui, anamoriuno aaroputmy HIIIT, noa Hepmoro psizika npyroro 6Jioky Tabsuii 15 B
cepeHboMy OyJI0 BUKOHAHO mlel - W'+ n nopisusinb Ta n BUIydYeHb 3 Tabuuni 17, . .

60y Tabmuii Th (X KiAbKiCTh JOPIBHIOE

e

18 j-T0 — M -W' 4 n nopisasun Ta n BI/IJIy‘{eHb Jai 1711 KOZKHOTO psifiKa TPETHOTO

610Ky Ta6JII/II_Ll Ty (ix KinbkicTs gopiuioe 72-1) Gys0 Bukonano (my—j)-W' nopisusitb.
IIpu nomaBamH] psAAKIB, IO JUITUINCS B Ta6mm1 Ty, no Tabuuni Th BUKOHAHO (M1 —7j)n
06UnC/IeHb, TOMY JUIsl BUIIAJKY M1 < Mao:
- -J mi—J , , .
W) =1+"12"7 L + 12 ‘]W'+...+IT]W’+jn+jn+(m1—j)n:
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] 1
= (mlmg—‘;(m1+m2+2—2)> W'+ min + jn + 1.

,HJIH 3araJibHOro BUIIaJKY:

j 1
W(j) = <m1m2 - %(ml + mgy + - 2)> W' + min{my, ma}n + jn + 1.

Buaitnemo 3uavenns W (j) musa amropurmy BPT. [Ins koxkuoro 3 (my — j) psaakis
Tabsuni 17, mo He HasexKaTb Tabaumi Th, 6ya10 BUKOHAHO Mo - W/ nopisusHb. s
7 paakiB Tabsumi T, M0 TakKoXK HasekKaTh Tabauil T, B cepeauboMy Oy/10 BUKOHAHO
7 WQT_I ‘W' nopiBussb 3 TUMHI paakaMu Tabaumi 15, Mo He HajlexKaTh Tabaumi 11, Ta j-n
HOPIBHSHb, $IKI BCTAHOBHJIN (DAKT PIBHOCTI PsiJIKiB; TaKOXK 0yJI0 BUKOHAHO (M1 — j) -1
JOJaBaHb PSAKIB 10 HOBOI Tabsuil 1, ToMy:

) . mo — 1 ) . ]
W)= ((ml—j)m2+j22) W'+jn+(my—j)n= <m1m2—‘;(m2+1)> W' +mn.

Bnaiiemo smadenna W (j) musa amropurmy IHPT. Jdns koxkmoro 3 ©% ma=j PANKIB

nepiioro 60Ky Tabamii Th 6yao Bukonano mq - W’ nopisusanb. s nepmoro psiKa
apyroro 6jioky Tabsumi 1o B cepegHbOMY Oy/I0 BHKOHAHO mlel - W' 4+ n nopiBusHb
mi—j
2
pssIKiB Tperhoro 0J10Ky Tabsmii 15 Oysto

Ta N BUJIYYEHb I[bOTO psijka 3 Tabsuri 171, ..., Jjas j-ro — - W' + n nopiBusHb

Ta 1 BuLydeHb. Jlai s KOXKHOrO 3 "% me—j

Bukonano (my — j) - W/ nopisusiub, TOMy.
J— — ) m J— y m J—

me =g g ™ U T et TD Y Tt P

W) =—, 2 2 2

= (m1m2 - l(m1 +ma + 1o )) W' +2jn.
2 2 2

OckinbKE ojiep2KaHi (POPMYJIM CKJIAIHOCTI aJTOPUTMIB € JOCHTH I'POMI3KHMH, iX
aHaJ i3 3poOMMO HUKYE y IIOCTOMY PO3IiJi Iiel poboTH.

4. AsroputMmu, M0 peajli3yloTh TEOPETUKO-MHOXKWHHI orepariii Ha
MYJIBTUTADJIAISAX.

V gxocTi 6a30BUX PO3IVIAHEMO TaKi ajJrOPUTMU MEePeTHuHy, 00’€IHaHHS Ta PI3HUII
MYJIBTUTAOJIUID.

Anropurm BIIM 3 KoXHOI 0CHOBOIO ||s1|| KO2KHOrO psiika Mysbrurabrmmi 1)
HOPIBHIOEMO BCI OCHOBU DsiJIKiB MysbruTabsuni Th: skiio icuye taka ||ss|| € Th, mo
||si|l = ||s2]|, To mopiBHIOEMO 3HAUYEHHS JIYMJIBLHUKIB IUX DPSJIKIB: PSAOK i3 MiHIMAJIb-
HUM 3HAYEHHSAM JIYUIbHUKA JTOJAEMO 0 HOBOI MyabTUTabauIi 1, y sIKiil MiCTUTBCS
PEe3yJIbTAT, Ta MEePEXOAUMO JI0 HACTYITHOTO PsaKa MyJbTuTaduIi 17 .

Aaroputm BOM Jomaemo Bci psiiku MysabTUTaOIuIi 11 10 HOBOI MYJIBTHTAO-
i T, sika MICTHTB pe3ysbraT, a 1oTiM Bl ocHOBH ||so|| psakis mynabrurabiumri To
HOPIBHIOEMO 3 OCHOBaMM DsiIKiB MysibTuTabsmii 7', 1 skio He icHye Takol ||si||, 1o
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Is2|| = ||s1]|, To pssok so omaemo 1o MmysnbruTabauii 1, a SIKIIO TaKa OCHOBA ICHYE, TO
i1 igmibHUKY y T IPUCBOIOEMO 3HAYEHHSI CyMU JIYHJIBHUKIB |51 || 1 ||s2|| Ta mepexommvo
JI0 HACTYIHOI OCHOBU PsIIKA MyJIbTUTA0 U Th.

Anroputm BPM 3 koxuo10 ocuoBoio ||s1|| € T} HopiBHIOEMO BCi OCHOBH Ds/IKIB
mysnbTuTabaui Th: gxmo He icaye Taxol ||s2|| € Ts, mo |[|s1]| = |[|s2||, To psagox s;
JIOJAEMO JI0 HOBOI PE3y/IbTYIOUOl MyabTuTaduili 1, a gKIMO Taka OCHOBA iCHYE, TO y
BUIAJIKY, KOJIH k1 TiepeBuIiye ko, 101aeMo ||s1|| 10 T Ta npucBoioeMo 1it HoOBe 3HAYECHHS
miunibHuKA k1 — ko) JaJi epexo uMo 10 HACTYITHOI OCHOBHU MyJsibTuTadauri 1.

Ha#i6inbir mBuAKuME BUABUINCS HACTYIHI Moaudikalil 6a30BUX aJaropuTMiB.

Anropurm HIIIM fxkimo ||T1]| < || T3], To 3 koxuoio ||s1| € 11 nopisHIOEMO BCi
OCHOBU psAJKiB MyabTuTabiuni Th, 1 sKmo He ichye takoi ||sa|| € T, mwo ||s1|| = [|s2l,
TO PAIOK S] BUIAJISIEMO 3 MyJabTuTabsmil T), a sKINO Taka OCHOBa iCHye, TO mpu 1i
BUSIBJIEHH] MTOPIBHIOEMO 3HAYEHHS JIYMJIBHHUKIB PSJIKIB §1 1 S2, TPUCBOIOEMO HOBOMY
3HAYEHHIO JIUIMILHUKA PAJIKA S MEHIEe 3 MOPIBHIOBAHUX 3HAYEHD Ta BUJIAISIEMO Dsi-
JIOK So 3 MYJIBTHTA0UIN 15; Ja/i IepexoquMo 10 HACTYITHOI OCHOBHU psiaka 17, y AKiit
micturbest pesysbrar. Skmo x |11 > || 72|, o T1 i T MiHSIOTHCS MiCISIMH.

Aaropurm IIIOM ko || 11| < ||T2||, To 3 KOKHOI0O OCHOBOIO ||s2|| € T mopis-
HIOEMO BCl OCHOBHU psfKiB MysbruTabiuni 17, i skmio icaye taka ||s1]| € 11, mo |[|s2|| =
Isi||, To i1 miunmnbHuKy y Th NPHUCBOIOEMO 3HAYEHHS CyMH JIYMIABHUKIB ||s1| 1 [|s2fl,
BUJAJISIEMO PSIOK S1 3 Tabsuii 17 1 mepexoanMo 10 HACTYITHOI OCHOBU MYJILTHUTAO/IAII
T5; mic/st bOro JI0JIAEMO BCl PSIIKH, M0 3AJUIMUINCH, 3 MyJIbTUTA0 U 1] JT0 MyJIBTH-
rabuni To, B kit Micrurhest pesyabrar. Aximo xk ||T1]] > || T2||, To myabrurabauni T3
1 T5 MIHAIOTHCS MICISIMU.

Anropurm ITTPM 3 koxkHOI0 0CHOBOIO ||s2|| € T mopiBHIOEMO BCi OCHOBU PsiJIKiB
mysibruTabauii 1 : skimo icuye taka ||si|| € 11, mo ||sa|| = ||s1||, To y Bunaaxy, koau k;
nepeBuIrye ko, IpUCcBOOEMO ||s1|| y T1 HOBe 3HavYeHHs JiunabHuKa ki — kg, a y BUIAJKY
k1 < ko BUIydaeMO PSIJIOK §1 3 MyJITUTA0UII 1] Ta MepexonMo 10 HACTYIHOT OCHOBU
1.

5. ExkcriepuMeHTa/IbHE MOPiBHSIHHS INBUAKOIIl AJITOPUTMIB.

s eKCliepuMeHTAIBHOTO I ATBEPXKEHHST TEOPETUIHUX OIHOK CKJIATHOCTI st
TaOJUIL Ta 3HAXOKEHHST HAWIIBU/INX AJTOPUTMIB JI MYyJbTUTAOIUIE OyI0 po-
3pO0JIEHO TIPOIPAMHY CHCTEMY, siKa Jjisi TabJIuib i3 33J@aHUMU Hapamerpamu (Kiib-
KiCTh PsJIKiB, aTpubyTiB, MOTYKHICTH aTPUOYTIB), 3HAXOAUTH (DAKTUIHY KiTbKICTh BU-
KOHAHUX ODYHUC/ICHb 3a KOXKHUM i3 3allPOIIOHOBAHUX AJTOPUTMIB Ta MOPIBHIOE iX i3
SHANIEHUME TEOPETHUYHUME OIiHKaMu (Jyisi TabJIUIb), & TAKOXK 3HAXOUTb CEPEJHE
3Hadenns (pakTUIHOI KUIBKOCTI BUKOHAHUX OOYUC/IEHDb JJisi Oy/b-AKOI cepil eKcrepu-
MeHTiB. BararouncieHni eKCIepuMEHTH IATBEPIUIN TEOPETUYHI OIIHKKA CKJIAJIHOCTI
B CEPEIHBOMY AJITOPUTMIB I TAOJUIb, TOYHICTb 3HAMJJIEHUX TEOPETHYHUX OIIHOK
BUSBWJIACh JOCTATHHO BHUCOKOIO, V 2KOJHIM cepil eKCIepUMEHTIB BiJIXWJIEHHS He Iie-
pepuntysasio 0,25%. YV Tabu. 1 maBememMo mami 3 IBOX cepiif €KCHEPUMEHTIB: IIepIma
cepis ckmananacs 3 H00 excriepumentis 3 napamerpamu n = 10, |T1| = |Tz| = 1000,
|A1] = 3,]A2| = ... =|A10] = 2, apyra — 3 2000 ekcriepuMeHTIB 3 HapaMeTpamu n = 5,
Th| = |T>| = 100, [A1] = |Ao| = [A3] = 3, [A4] = |4s5] = 4.
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Tabs 1. ExcriepuMeHTaIbHI 3HAYEHHST CKJIATHOCTI JIJIsI TAOIHIIb.

KinekicTs obunciens y cepii | Kinpkicts o6unciens y cepii 11

Anropurm | Teoper. | ekcmepum. | Biax. % | Teoper. | excrmepum. | Bigx. %
BIIT 1132071,9 | 1131741,0 | 0,029 | 13324,34 | 13336,58 0,092
LIIIrT 771415,3 | 771135,0 0,036 | 12205,89 | 12231,50 0,210
BOT 1139051,1 | 1139279,6 | 0,020 | 14092,86 | 14094,35 0,011
m1oT 771415,3 | 771304,5 0,014 | 12205,89 | 12212,60 0,055
BPT 1129051,1 | 1128895,6 | 0,014 | 13592,86 | 13595,13 0,017
IIpT 767924,7 | 767386,5 0,070 | 11820,63 | 11819,86 0,007

Y Tabu1.1 gani 3 gpyroro Ta 1’sroro CTOBIINB OTpUMaHi 3a JoroMoroo dopmy.u (1),
JIaHI 3 TPETHOI'O Ta IIOCTOTO CTOBIIIIB € cepeIHiM apudMeTHIHIM (PaKTUIHOI KiJIBKOCT1
00YMC/IeHb, JaHi 3 YeTBEPTOrO Ta CHOMOI'O CTOBIIIIB OOYHUCIOIOTLCA 33 (QopMyJIaMu
% -100% Ta % -100% BimmosimHo.

YV Tabi1. 2 HaBeeMO JaHi 3 IBOX Cepiii eKCIIEPUMEHTIB 3 MyJIBTUTAOIUISIMHA 3 TAKUME
2K CAMUMM ITapaMeTpaMun JAaHuX, K 1 JJ1d TabJIHIlb.

Tabsr 2. ExcnepuMeHTaIbHI 3HAYEHHST CKJI&HOCTI IS MYJIbTHTAOIUID.

Auropur™m | Kimbkicrs obuncitensb y cepii I | KinbkicTs obunciens y cepil 11
BIIM 689766,2 10822,1
HITIM 530267,7 9840,3
BOM 698374,4 11688,1
HIOM 530935,3 10173,9
BPM 691356,5 11141,5
IIPM 525921,6 9733,5

3 nanmx Tabs.1 Ta Tabs1.2 MoxkHa 3poduTu BUCHOBOK, 110 ajroputmu IIIIT, IITOT,
[IPT, IUIIM, IIIOM, HIPM 3a mMBHIKOIIEO CyTTEBO IEPEBUILYIOTH BiIIIOBIIHO aJI-
ropurmu BIIT, BOT, BPT, BIIM, BOM, BPM npudoMmy Iie mepeBUINeHHs TOMITHO
3pOCTaE 31 3POCTAHHAM BEJIMYNH 3HAYEHDb [IapaMeTPIB BUXIIHUX TaO/IUIb.

6. BucHoBku.

Y poboTi JMOCIIZKEHO aJITOPUTME, M0 PEATiZyI0Th TEOPETUKO-MHOXKUHHI Omepartii
Ha TaOJIUIAX Ta MyJIbTUTAOIUIAX. Po3TiisinyTo 6a30Bi, HAHOIIBIT TPUPOIHI AJTOPUTMH,
10 peasi3yioTh Il omepaliil, 3Haiiaeno Moaudikalil 6a30BUX aJrOPUTMIB, AKi J03BOJIsI-
I0OTb 3MEHIINUTHU KIIBKICTh 004ucjenb. [l ycix po3risiHyTuxX aJropuTMiB Ha TaOIIIITX
3HAWIEHO TOYHY YaCOBY CKJIJIHICTBH Y CEPETHBOMY, 3aBJIAKU Kl BIAJIOCT BU3HAYUTU
HaymBuIII Moandikaril 6a30BUX aaropuTMiB Ha TabauIsax. Jjist ekcriepuMeHTaIbHOTO
IT/ITBEP/?KEHHSI TEOPETUIHUX PE3Y/IbTATIB Ha TaOJIHUIIX Ta BU3HAUEHHS] HANITBUIINX
AJTOPUTMIB Ha MYJIBTUTAOIUIIAX PO3POOJIEHO TPOTPAMHY CUCTEMY, SIKa O0UHUCIOE (pak-
TUYIHY KiJTbKICTb BUKOHAHUX OOYMC/IEHD JJIsT KO2KHOTO 3 3aIIPOITOHOBAHUX AJTOPUTMIB i
HOPIBHIOE 1X 13 3HANIEHUMU TEOPETUIHUMHU OIHKAMU (/17151 TabJINIIb); IPOBEJICH] eKcIie-
PUMEHTH i ITBEP MM 3HANICHI TEOPETUYHI OIiHKU. Pe3ybraTtn MOXKYyTh OyTH BHKO-
PHCTaHI Ul ONTHUMI3aIil 3alUTIB y peldiiiinnx 6a3ax JaHUX Ta JJIsi 3MEHIIEHHS Jacy
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00pobKu iHdopMaIil y cucreMax yIpaB/iHHs Oa3aMu JaHUX. 3a TEMOI JIOCJIPKeH-
Hsl B HOJAJIBIIIOMY ILJIAHYETHCS JIOC/IIUTH aJTOPUTMHE, 10 PEAJH3yIOTh iHI TabjmyaHi
omepariii, a TaKOXK aJTOPUTMU, IO Peasi3yioTh TEOPETUKO-MHOXKUHHI Ollepaliil i3 BUKO-
PUCTaHHSM COPTYBAHHSI, IHAEKCAIlil, XeIIyBaHHsI Ta cuerudikaiil TabIuib.
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I.S. Kanarskaya
Algorithms, that implement set-theoretic operations on tables and multitables.

The paper is devoted to the research of algorithms implementing intersection, union and difference
in tables and multitables. The subject of the work is relevant, since despite the importance and
applicability of set-theoretical operations in relational databases, for some reason, the attention of
researchers was focused on optimizing other table operations, first of all, the join. Meanwhile, the
optimal implementation of set-theoretical operations will lead to a faster execution of the query, which
containing at least one of set-theoretical operations, and will significantly reduce the time of processing
information in the database management systems. For each set-theoretical operation algorithms that
implement them on tables, in which strings are not repeat, and on multi-tables, in which the strings
can be repeated, are considered. After that the modifications of the basic algorithms, that we found,
which allow to significantly reduce the number of computations are considered. As an average case, we
understand the most general case in which the domain of each attribute of the table schema is fixed
and known above, and the distribution of values for each attribute in each table is uniform. For each
of the six cases (three table operations and three multi-table operations), the fastest algorithms by
this criterion were found. For all 6 algorithms considered on the tables (basic and fastest modifications

of the basic ones) we found exact complexity on average. The found formulas defining the complexity
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of the proposed algorithms do not contain O-asymptotics. For the experimental confirmation of the
results we developed the software system, which, for tables with given parameters, finds the actual
number of computations performed for each of the proposed algorithms. The experiments carried out
confirmed the theoretical estimates found for the tables and identified the fastest algorithms for the
multitables. The results of the work can be used both in relational databases theory and in practice

in queries optimization and to reduce the processing time in database management systems.

Keywords: algorithm, complezity, databases.
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BUKOPUCTAHHS{ ITOBHOTI'O OBPA3Y TA OBME2KEHH#A
B JOCJIIJI>KEHHI BJIACTUBOCTEN AEIKNX CUTHATYPHUX
OIIEPAIIIN TABJINMYHUX AJITEBP

Y po6oTi BHKOPHCTAHO BJIACTHBOCTI ITOBHOI'O 00pa3y MHOXKWHU BiJIHOCHO GiHADHOI'O BiJHOIIEHHS Ta
obMerkeHHsT GIHAPHOTO BiTHOIMEHHST 38 MHOXKUHOIO JJTsI JIOCTIPKEHHSI JeSTKUX CUTHATYPHUX OTepPAarliii
TabsuaHux ajaredbp. KoHcTpykiil moBHOro 06pasy Ta OOMEXKEHHsSI € 3arajJbHO3HAYYIIUMU JIjIs MaTe-
MaTUKU Ta TAOIUYIHUX ajredp, siki € CydJacHHM aHAJIOrOM Bimomux pessiiiianx aaredp Komma, mo
CTAHOBJISITh TEOPETUIHHUIN (DYHIAMEHT MOB 3AlUTIB CyYaCHUX peJIAmiitHnX 6a3 manux. EiaemenTn HOCs
TabJIUIHUX aJIredp YTOYHIOIOTh PEJIAIIHI CTPYKTYPHU JaHUX, a olepaliil mody1oBaHi Ha 6a3i OCHOBHUX
Maninyssniin y SQL-noaibnnx mosax. OmepkaHo Taki pe3ysibTaTy B JJOCJIL?KEHHI BJIACTUBOCTEH [TOBHO-
ro 0b6paldy Ta OOMe’KeHHsI: 3HAMIEHO B3a€MO3B SI3KH MiXK TMTOBHUM 00pa30M Ta OOMEKEHHSIM; JTOBEIECHO
MOHOTOHHICTB 1 TUCTPUOYTUBHICTD ITOBHOTO 00pa3dy Ta OOMEXKEeHHsI BiJIHOCHO 00’€IHAaHHs, KpUTepiil ix
ITIOPOXKHOCT] Ta B3a€MO3B’SI3KM 3 IIEPIIOI0 Ta JPYIOIO IIPOEKIHEI0 BiIHOIIEHD; 3HAIEHO IOBHUN 00pa3
KOMITO3HUITI] BiIHOIIIEHb Ta KOMIIO3WUINis OOMEYKEHb; BCTAHOBJIEHO AUCTPUOYTUBHICTH OOMEXKEHHs Bif-
HOCHO IIEPETUHY MHOXKHH; HaBEJIEHO OIIHKH ITOBHOI'O 00pa3y INEPETUHY Ta PI3HMIL MHOXKUH; 3HAMIEHO
KpuTepil AucTpubyTUBHOCTI IOBHOIO 00pa3y BiJHOCHO IepeTuHy Ta pizHuii MHOKuH. Kpim Toro, HaBe-
JeHO 300parkeHHsI JesTKUX CUTHATYPHHUX OmMepariiii Tabinaamx aarebp 3a JOMOMOIOI0 MOBHOTO 00pa3y
Ta obmekeHHs. 1[I 300parkeHHs JIO3BOJIMJIN OJEPXKATHU JIesIKI BJIACTUBOCTI IUX OIEparliif, sKi MpsiMo
BUILIMBAIOTH 3 BJIACTUBOCTEN IOBHOIO 006pa3dy Ta obMexkeHHsI. B momasbinomMy mepeadadacTbes OTpy-
MaTH AHAJOTIYHI 300parkeHHsI IHIMUX CUTHATYPHHUX OMeparliii TaOJNIHUX aJredp, a TaKOXK BUILIATH
X BJIACTMBOCTI, 1110 BUILUIMBAIOTH 3 TAKOro 306paxkenus. OepKani pe3yinbraru MOKYTb OyTH BUKOPH-
craHi B Teopil TabiMaHuX ajaredp y sIKOCTI MiAXOZY IO JOCIIPKEHHsI BJIACTUBOCTEH 1X CHTHATYPHUX
omepariiif, mo Moxke OyTH BUKOPUCTOBAHUM IIPU ONTUMI3aIlil 3alUTiB B PEIAIifHAX 6a3ax JAHUX.

MSC: 68P15.

Karouwoset caosa: nosHuli 06pas MHONCUHU, 0OMENCEHHA GIOHOUWEHHA 30 MHOACUHON0, b6a3a JaHUT,
MabAuHL ar2ebpu.

1. Beryn.

Hapasi tabmamanmit (pestsimiitamit) crocib 300pakeHHsT JaHUX, MATEMATHIHA MOJEITh
sikoro Oysia 3anpornonoBana E. Komgom [1], 3ammmaerbest oM 3 HaWGLIBIT PO3IIO-
BCIO/PKEHUX. 3 MATEMATUIHOT TOUYKHN 30Dy pesiiiiina 6a3a JaHnX € CKIHIeHnM HabOpOM
CKIHYEHUX BIJIHOIIIEHb Pi3HOI PO3MIPHOCTI MizK 3a37aJ1eri/ib BU3HAYEHUMHU MHOXKUHAMU
eJIEMEHTApHUX JaHuX — qoMeHamu. Tabymani anrebpu, siki 0ysio Beegeno B.H. Penpkom
ta JI.B. Byem [2], nobynosani Ha ocHoBi pessmiiinux anre6p E. Komga ta cyrreBo ix
YTOYHIOIOTh. BOHM CKJIaAaI0Th TeopeTUIHuil (PyHIaMEHT MOB 3alUTiB CydacHUX Tab-
JugHuX 0a3 ganux. EjaemenTu Hocis TabaudHOl aarebpu yTOUHIOTh PEJIAIiiiHI CTPyK-
TYPH JAHUX, & CUTHATYPHI orepariil modynoBani Ha 6a3i oCHOBHUX TaOJIMIHUX MAHIITY-
JIAniR y pensniitanux anarebpax ta SQL-monibnux mosax.

Jlama poboTa MpUCBsYeHa, JTOCTIZKEHHIO 3aralbHOZHATYIINX JIJIT MATEMATHKN KOH-
CTPYKIIil HOBHOTO 00Opa3y MHOXKHUHHU BiIHOCHO HIHAPHOI'O BiIHOIIEHHSI Ta 0OMerKeHHs Oi-
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HAPHOTO BiHOIIIEHHST 38 MHOXKIUHO0. JI0BOIATHCS JesiKi 3arajabHi TeOPeTUKO-MHOYKIHHI
BJIACTHBOCTI MTOBHOTO 00Opa3y Ta 0OMeXKeHHsI. AHAJOTIYHO pe3yIbTATaMM, sIKi ofepIKa-
HO B [3], pO3IUISIIA€THCSI B3a€MO3B’SI30K MiXK IIOBHHM 06pa30M Ta OLepallisiMU Iiepe-
TuHY, 00’¢qHanus 1 pizuuii MHOXKUH. OCHOBHUM PE3y/IbTATOM PODOTH € 300parKeHHst
CUTHATYPHUX olepariiii Tabauduux ajaredbp — neperuny, o0’e€IHaHHs, PI3HUIN, MTPOEK-
mil i 3’eqHAHHS — 3a JOIMOMOTOI0 KOHCTPYKIIH ITOBHOIO 00pa3y i 0OMerKeHHsI, & TaKOXK
JIOCJTI/PKEHHS BJIACTUBOCTEN IUX OIepaIliil 3 BUKOPUCTAHHSIM JIAHOTO 300parKeHHS.

2. OcHOBHi BU3HAYEHHH.

Badikcyemo pesiknii yHiBepcyM D. ¢k 3aBxku, OiHapHUM BijHOIIEHHSIM Ha [ Ha-
BUBAETHCS JTOBLIbHA MAMHOXKIHA HeKapToBoro mo0ytky D x D. Ilaai B poboTi Mu pos-
IJISIIAE€MO TiJIbKK OiHApPHI BifHOIEHHST Ha D, dKi JJIsT CTUCIOCTI BUKJIAJIEHHS OYyI1eMO
Ha3MBATH TEPMIHOM «BiJIHOIIEHHs». BijiHOoIIeHHs p HA3UBAETHCH DYHKIIOHAJILHIM, K-
mo 3 (z,y) € pra(x,z) € p BUIIIUBAE PIBHICTD Yy = 2z, Ta IH €KTUBHUM, SKIIO 3 (Z,y) € p
Ta (2,y) € p BumIuBac x = 2. [Ipoekieio BiHOIIEHHS p 3a MEpIIO0 Ta JPYTOI0 KOM-
HOHEHTOIO (B pobOTI Takoxk OyeMO BUKOPHCTOBYBATU TEPMIHU <«IIEPIIa IPOEKIIisT» Ta
«JIpyra IpoeKIiisi» ) 6yaemo Bianosiano Hasusaru muoxkunu pri(p) = {z|Jy((z,y) € p)}
ta pra(p) = {y|3z((z,y) € p)}. Komnosumnieo BigHomenb p i T HA3BEMO BiIHOIICHHS
pot ={(z,2)|Fy((z,y) € T&(y, 2) € p)}.

Hosnum obpazom wvHOXKUHM X BiIHOCHO OGIHAPHOTO BiIHOINIEHHS O HA3UBAETHCS
MHOXKHHA p|X], 110 CKIAIAa€ThCs 3 eJIeMEHTIB ¥, [l SIKUX icHye Takuil © € X, 110
(z,y) € p. Obmestcennam BIHOIIEHHSI p 38 MHOXKHUHOKO X HA3UBAETHCS BIJHOIIEHHS
pllX = pN(X x D). 3micToBHO KaxKytH, 0OMeKeHHs p 38 X CKJIQJIA€ThCs 3 TUX I1ap
p, TIepIa KOMIIOHEHTa SIKUX HAJIEXKHUTh X .

Jani HaBe/ileMO OCHOBHI BU3HAYEHHsI 3 TeOPIil TabJMIHUX ainrebp y BUKJIaJeHH] [4].
Badikcyemo nesiky HenopoxkHio MuokuHy A = {A1,..., A}, ejemenTu sikoi Ha3uBa-
10Tbest arpubyramu. Josineny ckindenny migvuoxuny R = {A7, ..., A}} C A Hazsemo
cxemoio. Psixom s cxemn R masusaerbest Muoxkuna map s = {(A},d1), ..., (A}, dk)},
IIPOEKIIisT IKOT 3a MEPIIOI0 KOMIIOHEHTOIO JopiBHioe K. Tabmureio cxemu R nazuBaeThes
CKiHYeHHA MHOYKMHA PsiKiB cxemn R. Yepes Tj mosnaunMo Tab/IHIO, sIKa HE MiCTHTH
JKOJTHOTO PsiJIKA.

Ha muoxKuni Beix Tabsunpb cxemu R BBeJeHO Taki napamerpudsi oneparii: 1) te-

perud (| Tabuunpb cxemu R — Tabumiig, M0 CKIaJa€Thest 3 TUX 1 JIUIIE TUX PSJIKIB, sKi
R
HaJIeXKaTh OJHOYACHO BCIM BuXimHuM TabuuigM; 2) o0’ennanns |J rabmunp cxemn R
R
— TabJIHIs, 0 CKJIAIAETHCI 3 TUX 1 JIMIIEe TUX PsJKIB, dKi HaJeXKaTh xoda O OHii 3

BUXijHUX Tabsunb; 3) pisanms T; = T5 nBox Tabauib cxemu R — TabanIls, IO CKJia-
IAEThCA 3 TUX 1 JINIIIe TUX PsIIKiB, SKi HajexkaTh Tadbaumi 1] Ta He HajgeKaTh TaOIUII
Ts.

[amuMmu cjoBaMu orepariii mepeTuHy, ob’eHaHHS 1 pi3HUIN TAOJIUIB € 0OMEKEH-
HeM BiJIIOBI/IHO TEOPETUKO-MHOXKUHHUX HEPETHHY, 00’€IHaHHs 1 PI3HUIN HA MHOYXKUHI
TabJINIb OJTHAKOBOI CXEMH.

BBenemo Busnadenus oneparii npoexiiii. IIpoexiieio 3a Maoxkunoio arpudyris X C
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R HasuBaeTbCsl yHApHA IapaMETPUYHA ONEpaIlis 7x, 3HAYEHHSIM KOl € TabJIUIs, 10
CKJIQJIAEThCs 3 0OMexkeHb 3a X ycix psnkis Buxiguol tabmuni: wx (1) = {s||X|s € T'}.

Jl1st BU3HAYEHHS olepallil 3’€IHaHHSA HEOOX1IHO OJ/IHe JOIOMIXKHE TTOHSITTA. BiHapHi
BIJIHOIIEHHS p 1 T HASHBAIOTLCA CYMICHUME (IIO3HAYAETLCS p A T), gkio p||X = 7||X,
ne X = pri(p)(\pri(7). 3'eqHannsam Ha3uBacTbCs OiHApHA OIEpallis &, 3HATEHHIM
SKOI € TaDJINTIA, 0 CKJIAIAETHCS 3 PI3HOMAHITHUX 00’ €/THAHDb CYMICHUX PAJIKIB BUXITHIUX
rabmin, 10610 T) @ To = {s1Js2 | s1 € T1 A sa € To A sy = sa}.

Tabsmaroo aaredbpoio HA3WBAIOTH YACTKOBY aredpy 3 HOCIEM — MHOXKUHOIO BCiX
TabJIUIb JOBIIBHOI CXeMU, HABEJEHUMU BUIIE 11’ ITbMAa OIePAIlisiMU, 8 TAKOXK OIepaIlis-
MU aKTHUBHOTO JIOITOBHEHHSI, CEJIEKIIil, JIJIEHHS Ta epeliiMeHyBaHHs aTPUOYTIB, SIKi B ITiif
pobOTI HE BUKOPHUCTOBYETHCSI.

3. BiacTtuBocCTi 1TOBHOTO 00pa3y MHOXKUHU.

Posristremo jiesiki BJIaCTUBOCTI MOBHOTO 00pa3y MHOXKUHU X BiJTHOCHO BiJIHOIIIEHHSI

Teopema 1 (BiacTtuBocTi MOBHOrO 06pasy). Bukonyromvcs nacmynui meep-
oorcena:

1) 3 p1 € pa ma X7 C Xo sunausac p1[X1] C p2[Xa] (monomonnicmo sa cyxyn-
HICMIO ap2ymenmis);

2) plUXi] = UplXs], U pilX]) = (Up)[X] (Quecmpubymusericmos eidnocro 06’e-
i€l iel i€l iel
OHAHHA MHOHCUN, TG BIOHOUEND );
3) plNXi] € NplXi] (sepzra ouyirnka nosnozo 06pasy nepemuny MHOHCUN);
i€l i€l
4)(p1 0 p2)[X] = p1[p2[X]] (nosnuii o6pas eidrnocro xomnoszuyii idnowens);
5) plX] =0 < XNpri(p) =0 (kpumepit nopostcrnocmi nosnozo 0bpasy);
6) pIX] = p[X Npri(p)], p[X] C pra(p) (83a€M038°a30% misic nosrum obpasom ma
nepwoto i Opy2010 NPOEKUIAMU SIOHOULENHA);
7) p[X] — p[Y] C p[X — Y] C p[X] (ouinku nosrozo 06pazy pisruni MHOHCUN,).
Jlosedenns. 1) Hexait y € p1[X1]. Toni, 3a osnadenusim mosHoro obpasdy, Jr €
Xi|(z,y) € p1. 3 X1 C Xo ButummBae x € Xo, a 3 p; C py BumiuBae (x,y) € pa. 3a
O3HAUEHHSIM [IOBHOTO 00pasy y € pa[Xa|, Tobro p1[X1] C pa[Xa).
2) Hexaii y € p[|J X;]. Toni icuye rakuii x € |J X;, wo (x,y) € p, ToMy icHye Takuii

ingexe k, mo = € )1(6;: 3a 03HAYEHHSIM [TOBHOI'O zo€6Ipa3y y € p[Xk], Tomy, y € |Jp[Xi].
Hexait Tenep y € |Jp[X;]. Toni icuye rakuii ingekc k, mo y € p[Xi]. 3a O3HE7§{I€HH5IM
ITIOBHOT'O 0Opazy icllf){e Takuit x € X, 1Mo (:1:, y) € p, TOMY, T € U X, 3 4OTO BUILIIUBAE
y € p[U X;], mo noBoauTk nepiy piBHICTB IIYHKTY. !

Hel)e(;fx’l y € U (pi[X]). Toui icuye rakuii injgexc n, mo y € p,[X], Tomy, icuye Taxuii
r € X, mo (:Ejeyl) € pn- 3 mporo sunmasae: (z,y) € Upi;, mo marme y € (Upi)[X].
Hexait Tenep y € (| pi)[X]. Toxi icuyiors Taxi x € XlETIa iHgexc n, mo y € ;ﬁX ]. Le

el
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rsirae y € |J (pi[X]), 1m0 JoBoauTh Apyry PIiBHICTH IIYHKTY.
el

3) Hexait y € p[() X;]. Tomy, icuye Taxuit z € () X;, mo (x,y) € p. 3a o3HaUeHHAM

i€l el
HOBHOI'O 00pasy Jijlsl KOYKHOI'O 1HJIEKCY k BUKOHYEThCSI IPUHAJIEKHICTD (X,Yy) € p[ X,
Tomy y € [ p[X;], 0 AOBOAUTH BKIIIOYEHHS.
el

4) Hexait y € (p1 o p2)[X]. Toui icaye rakuit z € X, mo (z,y) € p1 © p2, TOMY, 32
O3HAYCHHSIM KOMIIO3UII BifHOIIEHD, icHye Takuil z, mo (x,z) € pa Ta (z,y) € p1. 3
(x,2z) € p2 m x € X 3a O3HAUEHHSIM [OBHOIO 0Opa3y BUILIUBAE, IO z € pa[X], 3Bix-
cu, 3 ypaxyBaHHsSM (2,y) € p1, ofepKuMo y € p1[p2|X]]; e moBoauTh BKIIOYEHHS
(p1 0 p2)[X] C p1]p2[X]]. Hosenemo 3Boporne BRitouenusi. Hexait y € pi[p2[X]]. 3a
O3HAYCHHSIM IIOBHOTO 06pa3y icuye Takuit z € pa[X], mo (z,y) € p1. 3 z € po[X] Bun-
JBae icHyBaHHs Takoro x € X, mo (x, z) € pe. 3a 03HAUEHHSIM KOMIIO3UIIIT BiTHOIIIEHD
ozepxKaiu (,y) € p1 o p2, ToAl, 3 ypaxyBanusam x € X, ogepxkumo y € (p1 o p2)[X]; ue
JIOBOJUTH BKJtoYeHHs (p1 © p2)[X]| D p1[p2[X]] Ta piBHicTh MyHKTY.

5) Hexait p[X] = 0. Sxwmo npu npomy X = 0, ro X pri(p) = 0. dxwmo x X #
0, To mexait x € X. 3 p[X] = 0 Bumwiusae, mo we icuye Takuii y, mo (z,y) € p,
TOMY, 3a O3HAYEHHSM Iepmol npoekiil Bigaomenus, * & pri(p), Tomy 3 p[X] = 0
suiuBae X [pri(p) = 0. Josenemo 3Boporuio immutikaiio. Hexait X () pri(p) = 0.
Bix cynporusnoro, npumycrumo, mo p[X] # 0 ta wexait y € p[X]. Toxi icaye Taxmit
x € X, mo (x,y) € p, 3Biakn Buminsae, mo x € X (| pri(p); e npoTUpiduTh yMOBI
X Npri(p) =0, noogurs imutikario X () pri(p) = 0 = p[X] = 0 ra exsiBasenTHICTH
IYHKTY.

6) dosememo pisricts p[X] = p[X (pri(p)]. Hexait y € p[X]. Toxi, 3a o3nadeHnsM
nosHoro obpasy, Jr € X|(z,y) € p. 3a o3HaAYEHHSIM [epPINOl POEKIIil BiJIHOIIEHHS
(z,y) € p marue x € pri(p), romy = € X (\pri(p), mo goBogurs BKIodeHHs p[X] C
pX Npri (o). Hexati enep y € p[X (\pra(p)], Tom 3z € X (pr(p)|(z,y) € p, Towy,
x € X, 3 yoro BummBae y € p|X|; e 10BOUTH PIBHICTD MyHKTY.

Bkutouennst p[X| C pra(p) 6esnocepeiibo BUILUINBAE 3 BU3HAYEHb [TOBHOTO 0Opa3y
1 Ipyroil MpoeKIIil BiTHOIIEHHS.

7) Hosenemo Briodentst p(X] — p[Y] C p[X —Y]. dkmo Y =0, 7o X - Y = X
Ta, 3riaHo moBesenol B 1.6 piBHocti, p[Y] = (), To6TO BKIIIOUEHHST EPETBOPIOETHCS B
pisaicts p[X] = p[X]. Hexait renep Y # 0 ra y € (p[X] — p[Y]). Toni y € p[X] ra
y & plY]. 3 y € p[X] 3a o3HaUeHHSAM [OBHOrO 00pa3y BUILUIMBAE ICHYBAHHSI TAKOI'O
x € X, mo (x,y) € p, a3y & plY] Bumusae, mo st Koxuoro z € Y (z,y) € p, Tomy
x €Y, orke, z € X —Y. 3a o3HaueHHsiM 1noBHoro obpasy y € p[X — Y], mo nosoaursb
srmodenns p[X] — p[Y] C p[X —Y].

Bkutouennst p[X — Y] C p[X] Gesnocepeiibo BUILUINBAE 3 OUEBHIHOTO BKJIIOUEHHS
X —Y C X ta mosezenol B 1.1 BJACTUBOCTI MOHOTOHHOCTI ITOBHOI'O 00Opa3y. []

IlyaxkTu 3 Ta 7 Teopemu 1 NPUPOJHUM UMHOM CTaBJIATH MUTAHHS PO JTOCTATHI
YMOBH JUCTPUOYTUBHOCTI ITOBHOTO 00pa3y BiAHOCHO NMEPETHHY i PI3HUIN MHOXKWH.

Teopema 2 (kpurepiii gucTpubyTHUBHOCTI MOBHOro 06pa3y BiAHOCHO me-
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petuHy MHOXKUH). Pisnicmo () p[X;] = p[( Xi] suxonyemves modi ma auwe modi,
iel iel
KOAU 6UKOHYEMDCA BRAOUEHHA

(elX: — ()Xi] € pl )Xl (D).

el el el

Jlosedenna. Hexait Bukomyerses pismicts [ p[X;] = p[()Xi]. ¥ mpomy Bumagky
iel el
BKJIIOUEHHST (1) IepeTBOPIOETHCSI Y BKIIIOUEHHSI

(el — ()X < (plXil(2).

iel el icl

Hexaii k — nesikuii inyexc muoxkuau I. Ockiibku BUKOHYEThCsI BKJItoUeHHst X — (| X; C
el
Xk, TO 3a J10Be/IeHOI0 y 1.1 TeopeMu 1 BIACTHBOCTI MOHOTOHHOCTI BUKOHYETHCH p|Xj —
N Xi] C p[Xk], orxe, BukonyeTbes BKiIOUeHHs (2).
el
Hexait Terep BukonyeThbest BKodents (1). 3 ypaxyBaHHSIM JOBEIEHOTO B I1.3 TEO-
pemu 1 Brimouennst p[[ ) X;] C () p[X;i] HaM 1oCTATHBO JOBECTH BKJIIOUCHHS

el el
(elXi) € pl[)Xi)(3).
i€l el

Hexait () p[Xi] # 0 ray € () p[X;]. Toxi, 3a o3HaUeHHAM IIOBHOTO 06pa3y, /st KOXKHOTO

icl icl
ingekcy k € I icaye takuit z; € Xp, mo (zx,y) € p. fkmo upu nupomy xp € ()X,
el
TO 3a O3HAYEHHSIM IIOBHOIO 06pa3y BUKOHYEThbCs y € p[[] X;], TOOTO B bOMY BHUIIQJIKY

el
BKJIOYeHHs (3) BUKOHYeThCs. Jlajii po3ryisiHeMO BUIIAJIOK, KOJIU JIJIs KOKHOTO 1HJIEKCY
k € I sukonkerbest o € () Xi. Y npomy Bunaaky xy € Xi— () X;. Toai 3a osnadenusm

1€l el
noBHoro obpasy y € [|p[X; — () Xi] Ta, 3 ypaxyBaHHsM BUKOHaHHs BKJOueHHs (1),
iel iel
y € p[() X;], Tobro BriOYeHHs (3) B IbOMY BHIIAJIKYy TAKOXK BHKOHYETHCSI. [

iel

Teopema 3 (kpurepiii AucTpuGyTUBHOCTI MOBHOrO 06pa3y BiHOCHO pi3-
HUIL MHOXKUH). Pignicmo p[X]—plY] = p[X —Y] sukonyemocs modi ma avwe modi,
koau p[X — Y| p[Y]=0

Josederns. Hexait Bukonyerscst pisnicrs p[X | —p[Y] = p[X —Y]. Big cynporusmno-
r0, IIPUILYCTUMO, IO IIPH [IbOMY HEe BUKOHYeThes piBHicTh p[X —Y ][ p[Y] = 0, 10610 ic-
Hye Takuii y, mo y € p[X —Y] ray € p[Y]. B upomy Bunazky, spaxkatoun va X —Y C X
Ta MOHOTOHHICTB IOBHOTO 00pa3y, npuHaiexHicrs y € p[X — Y] tarne y € p[X], y Ta-
KOMY BHUIIQJKy Y He HaJeKuThb JiBiii wacruni piBHocti p[X]| — p[Y] = p[X — Y] 1a
HaJIE2KUTH MPaBiil YacTWHI i€l PIBHOCTI, MO CYNEPEYUTh MPUIYIIEHHIO Ta JIOBOJIUTH
pisuicts p[X — Y] p[Y] = 0.
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Hexait renep Bukonyerbest pisticts p[X — Y] () p[Y] = 0. Ilokaxkemo, mo B oMy
BHUITAQJKy IOBHHHA BHKOHyBarucs pisaicTh p[X| — p[Y] = p[X — Y]. 3 ypaxysanmusm
Josegenoro B 1.7 reopemu 1 Brinodenns p[X| — p[Y] C p[X — Y] mam mocrarmbo
nosectu Briodenns p[X — Y| C p[X] — p[Y]. Hexaii p[X — Y] # 0 ray € p[X —Y]. 3a
O3HAYEHHSIM MOBHOIO 06pasy icuye takuii © € X — Y, mo (x,y) € p. 3 npunasekHocTi
x € X —Y Bummsae, mo x € X, tomy y € p[X]. 3 piBrocri p[X — Y]|p[Y] =0
ButBae, mo y & p[Y], romy y € p[X] — p[Y], o moBogurh nrykane BKitodeHHs. [

4. BaactuBocTi o6Me>KkeHHsI.

B pmamomy posmizi posrisHeMO JesikKi BJIACTUBOCTI OOMEXKEHHSI BiJHOIIEHHS p 3a
MHOKIHOIO X . COYaTKy PO3IVISHEMO B3aE€MO3B’S3KH MiK OOMEXKEHHSIM 1 TOBHUM 00-
pa3oM.

Teopema 4 (B3aeMO3B’I3KU Mi>K OOMEXKEHHSIM i HOBHUM obpa3om). Buko-
NYIOMBCA HACTVYNHT MEEPOHCEHHA:

1) p[X] = pra(pl| X);

2) (pX)[Y] = p[X Y]

Josederns. 1) Hexait y € p[X]. Toxi, 3a o3nadennsM nosHoro obpasy, 3z € X|(x,y) €
p. YV 1bOMY BHUIIQJIKY, 3& O3HAUEHHAM oOMexKeHHsl, (x,y) € p|| X, Ta 3a 0O3HAYEHHSIM JIpY-
roi npoekuii Biguomenns y € pra(p||X). Hexait renep y € pra(p||X). Toxi, 3a o3nagen-
mam apyrol npoekuil, 3 € p|| X|(z,y) € p||X. 3 (z,y) € p||X Bumusae (z,y) € p ra
x € X, 3a O3HAUEHHSIM [IOBHOI'O 06pa3y OCTAaHHI JIBl IPUHAJIEIXKHOCT]I TATHYTH Y € p[X].

2) Hexait z € (p||X)[Y]. Toxi, 3a o3nadennsim nosHoro obpasy, icuye rakuit z € Y,
mo (x,y) € p||X. punanexuicrs (z,y) € p||X 3a o3nadenHsIM OOMEKEHHS TATHE T €
X, ToMy, 3a o3HadeHHsIM IOBHOrO 0bpasy, z € p[X (Y]. Hexait Tenep z € p[X Y]
Toxi, 3a o3HaYeHHSIM TOBHOTO 00pasy, icuye Takuit © € X (Y, mo (x, z) € p, TobTO T €
XraxeY.3(x,z2) € prax € X 3a o3HaueHHsIM 0OMeKeHHsT BuInBae (x, z) € p|| X,
a3 (z,z) € p|X ra z €Y 3a o3nauenusM mosHoro obpasy summusae z € (p||X)[Y]. O

JlaJti po3riisineMo JiedKi iHI BJIaCTUBOCTI oOMexKeHHs. depe3 A MO3HAYINMO TOPOXK-
HE BiTHOIIIEHHSI.

Teopema 5 (ByacTUBOCTI OOMEXKEHHs). BUuKoOHYIOMbCA HACMYNHI MEEPIHCEH-
HA:

1) 3 p1 € pa ma X1 C Xy sunausae p1|| X1 C po|| X2 (monomonnicmo 3a cyxyn-
HICTNIO APRYMEHNIB);

2) plUX: = UGlX), UilX) = (UpdlIX (Quemputymusnicme sidnocwo
i€l i€l i€l i€l
00’ e0HanHA MHOMCUN Ma GIOHOWEND );
3) pllNXi= N(plX:), NpillX)=(Np)lX (Quempubymusnicmo sidnocro ne-
i€l i€l i€l i€l
PEMUNY MHOHCUN, A GIOHOULEND );
4)p|X)]Y = pl(XNY) (komnosuyis obmesrcenv);
5) pllX =A< pri(p) X =0 (kpumepitc nopostcrocmi obmesicenra);
6) pllX = pl(XNpri(p)), p = pllpri(p); (83acmoszs’azox miowc obmesrcenmam i
nePwoto NPoEeKYier i0HOWEHHA)

Josedenna. 1) Hexait (x,y) € p1]|Xi. Toni, 3a o3nauennsim obmexkennst, x € X Ta
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(z,y) € p1. 3 X1 C Xy ButuiuBae = € Xo, a 3 p1 C po BumBae (x,y) € p2, TOMy
(z,9) € pr[[ X
2) Hexait (x,y) € p UX Tomi (z,y) € p ra z € |JX;, Tomy misa mesikoro in-
el

nekey i € 1 BI/IKOHyGTbCH x € X;. 3a o3HayenHsiMm obmexenus (z,y) € p||X;, or-

xe, (z,y) € U (p||Xi), mo nosogurs Brmovenns p|||JX; € | (p||X;). Hexait renep
icl icl iel
(z,y) € U(p||Xi). Toni icuye rakwuit inmexc @ € I, Jyisi IKOr0 BUKOHYETbCS (T,Y) €
el
p|| X;. Y mpomy Bunagky (z,y) € p ta x € X;, tomy = € |JX;. 3a o3nauennsam obme-
i€l
JKeHHs1 BUKoHyerbest (z,y) € pl| U Xi, mo gosomurs Briouenust |J (pl| Xs) C pll U X
i€l i€l i€l
Ta MEPIINY PiBHICTH IMyHKTY.
Hexait (z,y) € U (pi]|X). Toui icuye rakuit ingexkc ¢ € I, sl IKOTO BUKOHYETh-
i€l
et (z,y) € pil| X. ¥V mpomy Bunagky x € X ra (z,y) € p;, Tomy (z,y) € (Upi). 3a
el
o3HavEHHSM OOMerkeHHsl BUKOHYeThCs (x,y) € (|Jpi)|| X, mo moBomuTh BKIIOUEHHS
i€l
U (pillX) € (Upi)||X. Hexait renep (x,y) € (Up:i)||X. Toni z € X ra (z,y) € U pi,
i€l iel iel iel
OTIKe, iCHy€e Takuil iHJeKC ¢ € [, IJI SKOr0 BUKOHYEThCs (T,Y) € p;. Y IIbOMY BHIAJ-
Ky (z,y) € pil| X, orxe, (z,y) € | (pil|X), mo mosogurs Brimouenus (|Jp;)|| X C

i€l i€l
U (pi|| X) Ta apyry piBzicTb myHKTY.
el
3) Hexait (z,y) € p|| (N X;. Toui (x,y) € prax € () X;, TomMy, JIst KOXKHOTO 1HIEKCY
icl iel

i € I Bukonyerbcs © € X;. 3a o3HaYeHHsIM oOMexKkeHHs1 Vi € [ BUKOHYeTbCs (Z,Y) €

pll Xi, orxke, (z,y) € ﬂ (p||X;), e noBoaurs Brmouenus pll (| X; C () (p||X;). Hexait
i€l i€l

reniep (z,y) € ﬂ(p||X) Toui mist Beix ingekcis ¢ € I Bukonyerwest (x,y) € pl| X,

T00TO (2,Y) € p Ta, Kpim Toro, x € X;, mo sarte z € (| X;. 3a o3HaueHHSIM 0OMeKeHHsI
i€l
BUKOHY€eThCst (2, Yy) € p|| () Xi, 1o moBoauts Briodenus () (pl|X;) C p|| () X; Ta nepmry
i€l i€l i€l
PIBHICTH MyHKTY.
Hexaii (z,y) € () (p:il|X). Toni, mns Beix impmekcis ¢ € I, Bukonyerscs (z,y) €
i€l

7
pil| X. Y mpomy Bunagky x € X Ta (z,y) € p;, Tomy (z,y) € ([ pi). 3a o3HAUEHHIM

iel
0OMerKeHHsI BUKOHYEThCs (,Y) € (ﬂpZ)HX mo goBoauTh BRitouenus [ (pi||X) C
el
(N pi)||X. Hexait Tenep (z,y) € (ﬂpl)HX Toni x € X 1a (z,y) € (pi), oTKe, s
iel iel iel

BCix imgekcis ¢ € I Bukomyerbess (z,y) € p;, T00TO (2,Y) € pil| X, orke, (x,y) €

N (pill X); ne moBogure Briouenust ([ p;)||X € () (p:il|X) ra xpyry piBHicTb myHKTY.
il i€l il

4) Hexait (z,y) € (p||X)||Y. Toni, 3a o3mauenusim obmexkenus, * € Y Ta, Kpim
toro, (z,y) € p||X, mo tarue z € X Ta (r,y) € p, Tomy x € X[Y. Ba o3Ha-

JeHHsIM OOMEXKEHHSI BUKOHYEThCsI npuHasiexHicTs (z,y) € p|[(X(Y), ne moBoxnrs
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sriodenns (p||X)||Y C p||(XNY). Hexait renep (z,y) € p|(XNY). Toxi (z,y) € p
rax € XY, mo tarue z € X 1a € Y. 3a 03HaueHHIM OOMEKEHHSI B I[bOMY BU-
IaJIKy BHKOHYIOTbC Ipunasexuocti (z,y) € p| X ta (z,y) € (p||X)||Y, mo mosomurs
PiBHICTH IIyHKTY.

5) Hexaii p||X = A. Bix cynporusnoro, npunycrumo, mo pri(p) (| X # 0, Toxi ic-
Hye Takuit z, mo x € pri(p) [ X. Y upomy Bunajgky x € X Ta 3a 03HAUEHHSIM HEPINO]
HpOEKIIil BifHOIeHHs icHye Takwii y, mo (x,y) € p. 3 MpOro 3a O3HAYEHHSM OOMe-
kenHst BulumBae (z,y) € p||X, mo cynepeunts p|| X = A; me noBOANTH IMILIKAIiO
pllX =X < pri(p) X = 0. Hexait renep X (pri(p) = 0. Bix cynporusuoro, npuiy-
crumo, 1o p||X = A, robro Iz, y|(x,y) € p||X. 3a osnauenmsam obMeKeHHs Iie TArHe
x € X 1a (x,y) € p, 3BiAKY, 32 O3HAYEHHSM IEPINOl HPOEKI] BiJHOIIEHHS, BUILIA-
Ba€ IpuHAJIEeXKHICTL & € pri(p), Tobro x € pri(p) () X; me cynepednTsb MPUITYIIEHHIO
X Npri(p) = 0 Ta 10BOAUTH €KBIBAJIEHTHICTD YHKTY.

6) Hexaii (z,y) € p||X. Toxni, 3a o3nauenusim obmexennst, + € X rta (x,y) € p,
3BIJIKH, 32 O3HAYEHHSIM IepIrnol IMpoekIil Biganomenus, sumiuBac ¢ € pri(p). Tomy
x € X(\pri(p), orxe, (z,y) € p|[(XNpri(p)), ue noogurs Briovenus p||X C
pll(X N pri(p)). Hexait Trenep (z,y) € p||(X N pri(p)). Toxi, 3a o3nadennsM o6MerKeH-
us, (z,y) € praxz € X[ \pri(p), orxke, x € X, 10 3a 0O3HAUEHHSIM OOMEXKEHHSI TTHE
(z,y) € p||X Ta noBOAUTH HEpILy PIBHICTH IYHKTY.

Hexait (z,y) € p. 3a o3HaYEHHAM HEPINOi IPOEKIIil BiHOIIEHHST BUKOHYETHCS T €
pri(p), romy (x,y) € pllpri(p), mo gosomurs BRtoudenus p C p|pri(p). 3Boporre
BKJIIOUEHHsI cipaseuinBo epes Britouents VX (p|| X C p); ne moBoauts qApyry piBHICTH
nyskry. [

5. HociigrkenHs BJIaCTUBOCTEN TAOJIMYHUX OIllepalliii 3a JOIIOMOI0OI0 MOB-
HOTO 00pa3y Ta OOMe>KeHHs.

Ilepeitnemo Terep /10 300parkeHHs orepariiit TabJmIHuX aaredp 3a JOIMOMOTOI0 BKa-
3aHUX BUIIE KOHCTPYKIIIH.

Omneparii meperuny, o6’eqnanns i pizuuni tabaunb (cxemun R) MOXKyTb OyTH 300pa-
JKEHMMU siK OiHAPHI apaMeTpuyHi (B posii napamMerpa BUCTYIIAE CXeMa) Olepallil, OTpu-
MaHi OOMEeXKEHHSIM BiJITOBiTHO TEOPETUKO-MHOKUHHUX ITEPETUHY, 00 € THAHHS 1 PI3HUIIL
Ha MHOXKUHY Tabjuipb cxemu R.

Ouepaisi nipoexuii 7x (7'), 3rigHo 11 BusHAYEHHS, 300paKAETHCs sIK OOMEIKEHHSI
psizkiB Tabsmni T’ 3a muOKUHOMO aTpubyTtie X: mx (1) = {s||X|s € T'}.

Omneparnis 3’equanns Tadbauii 17 cxemu Ry Ta Tabmuni Th cxemu Ro, 3rigHo 10 11
BU3HAYEHHS, 300PaKAEThCA K MHOYKUHA BCUISIKAX 00’€/IHAHb CYMICHUX PSJIKIB BUXIiJI-
HUX TabJIUIb, BiIHOIIEHHS CYMICHOCTI 3aJIla€ThCs Uepe3 obmerkeHHst, To0To 11 ® Th =
{81 U82 ’ s1 €11 Nsy e€Tn N 51||(R1 ﬂRg) = SQH(Rl ﬂRg)}.

IlepeiinemMo Terep A0 JIOCTIIPKEHHSA BJIACTHBOCTEN oIeparliii 3a JOIOMOrol0 KOH-
CTPYKIIiil MOBHOrO 0Opa3y i obmexkenus. BiactuBocrti neperwny, ob’eIHaHHS Ta Pi3-
HUI TabJMIb JeTalbHO 1OoKa3aHo B [3], Tomy B ganiii po6ori Mu IX He PO3IJISIAEMO.
Y HacTymHil TeopeMi PO3IVISTHEMO BJIACTUBOCTI IPOEKIIl Ta 3’€IHaHHS TabJIUIb, siKi
0e3110CcepeIHBO BUILIMBAIOTD 13 300paykeHHsI X OIepalliii 3a JOMOMOI0O KOHCTPYKITH
ITOBHOI'O 0Opa3y 1 0OMerKeHHSI.
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Teopema 6 (ByracTumBOCTI Ipoekmil Ta 3’€aHaHHs TAGIULB). Bukonyomuvcs

HACTNYNHE MBEPOIHCEHHA:

1) 3Ty C T uTy C T sunausae wx(T1) C nx(T]) ma Th @ To C T] ® T}

(moromonnicmy);
2) rx(UT) = Unx(T;); akwo cremu mabauys T; e odunarxosumu, mo T &
iel i€l

(UT) = UTRT;) (ducmpubymusnicms 6idnocto 06 ’ednarma mabiuyb);
iel icl

Nax(T)=Ty=T =Ty TRTy=Ty@T =Ty (36epescenna Ty);

4) x(NTi) € Nrx(T;) (seprra epanuuys npoexuii nepemuny mabauyy );
iel iel

5) nx(my(T)) = mxny (T) (komnosuyia npoexyid).

6. BucHoBku.
Y poboTi HOC/IiIKEHO BJIACTUBOCTI MIOBHOIO 00pa3y MHOXKUHU BiJHOCHO BiIHOIIIEH-

HsI Ta OOMEXKEHHsI BiIHOINEHHsT 38 MHOYKHUHOIO. TaKoXK HaBeIeHO 300parkKeHHs JIesTKIX
CUTHATYPHUX OIEpAIliil TabJuIHuX ajaredp 3a JOTOMOrOI0 ITOBHOIO 00pa3y i obmexkeH-
Ha. Taki 300pakeHHsT TO3BOJIUIN OTPUMATH JesIKi BJIACTUBOCTI OMIEpAaIliii, SKi IpsMO
BUILIMBAIOTH 3 BJIACTHBOCTEI ITOBHOI'O 0O6pa3y 1 0OMexKeHHs. ¥ IOJAJIbIIOMY Iepeaba-
JaE€THC OTPUMATH aHAJIOTIYHI 300paskKeHHs IHIMNX CUTHATYPHUX OIepalliii TabJInIHIX
aarebp, a TaKOXK BHUJIJIUTH 1X BJIACTHUBOCTI, IO BUILIMBAIOTH 3 TAKOI'O 300DasKEHHSI.
OpnepzkaHi pe3y/ibTaTé MOXKYTb OyTH BUKOPUCTaHI B T€Opil TaOJIMIHUX aJIrebp y STKOCTI
ITIXO/y JIO JIOCJIiJI?KEeHHsT BJIACTHUBOCTEN 1X CUTHATYPHUX OIEPAIliil, TAKOXK Pe3yJIbTaTu
MOXKHA Oy/le BUKOPUCTOBYBATHU JIJIsi ONITUMI3allil 3aIUTIiB B PEIAIiiHIX Oa3ax TaHUX.
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N.D. Kakhuta, A.S. Senchenko
Using the whole image and restrictions in the research of properties of some signature

operations in Table Algebra.

The features of the whole image relative to many binary relation, and restrictions on a binary relation
on the set for some of the signature operations of Table Algebra are used in the work. Constructions of
the whole image and restrictions are of general interest for Mathematics, and Table Algebra is a modern
analogue of Codd’s well-known Relational Algebra. It forms the theoretical foundation of modern query
language databases. Elements of the carrier of Table Algebra specify relational table data structures,
and signature operations are based on the basic table manipulations in Relational Algebra and SQL-
like languages. The following results in the research of the features of the whole image were obtained:
interconnections between the whole image and restrictions were found; the monotony and distribution
of the whole image and restrictions on unions, a criterion of their emptiness and interconnections with
first and second projection relations were proved; the whole image of the composition of relations
and composition restrictions were found; the distribution of restriction on intersection of sets was set;
the estimates of the distribution of the whole image of intersection and difference of sets were given;
criteria for distribution of the whole image relative to the intersection and differences of sets were
found. In addition, the clues were provided with the help of the whole image and restrictions on some
of the signature operations of Table Algebra: intersection, union, difference, projection and joining.
These representations allowed us to obtain some features of these operations, which derive directly
from the features of the whole image and restrictions. It is supposed to get similar views on other
signature operations of Table Algebras and to allocate their features arising from such representation.
The obtained results can be used in the theory of Table Algebra as an approach to the research of the
features of their signature operations, this can be used in query optimization in relational databases.
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IIPO CTINMKICTh OBEPTAHHA III/ JI€I0 ITIOCTINTHOT'O
MOMEHTY JA3UI'N JIATPAHXKA 3 IIEAJIBHOIO PIZIMHOIO
B CEPEJIOBMUIIII, ITIO YNHUTH OIIIP

PosriisinyTo 06epTaHHS HABKOJIO HEPYXOMOI TOYKH BayKKOTO JUHAMIYHO CHUMETPUYHOI'O TBEPJIOIO Tijla
3 JOBIJIBHOIO OCECHMETPUIHOI0 MOPOXKHUHOIO, ITLJIKOM 3aII0OBHEHOIO 11€aJIbHOI0 HECTUCJUBOIO PiTUHOIO.
Hocaimxkeno crifikicts piBHOMipHOrO obepranusa n3uru Jlarpam:ka 3 piIuHOIO B CEPEOBUII, IO YU-
HUTBH OHip, 3 ypaxyBaHHSIM 3aJIaHOTO IOCTiiHOTO MoMeHTY. IIpesicraBieno piBHsAHHS 00ypPEHOrO pyxy
mauru Jlarpamxka 3 imeaspHOIO pigunHoo. /loBeneHo, 110 I eTincolaabHOl TOPOKHUHN aCUMITTOTH Y-
Ha CTIAKICTh PiBHOMIpHOIO OGEpPTAHHSI MA€ MICIle TLIBKH JIJIS CTUCHYTOI eJIiIcoi1aabHOl TOPOXKHUHM.
Bimgmiveno, 1o B 61/1bII0CTI TPAKTUYHO BaXKJIMBUX BUIIAJIKAX, OCHOBHUI e(eKT BIUIMBY PiJUHE Ha PYyX
TBEPJIOTO Tijia MOXKHA BPaXyBaTH, PO3IVISIAIOYN TiJIbKM OCHOBHMII TOH KOJUBaHHS pimuan. OTpuMaHo
YMOBHU aCHUMIITOTHYIHOI CTIHKOCTI PIBHOMIPHOTO OOEpTaHHS B CEPEJOBUIII, [0 YMHUTH OINp, M €0
rocrifinoro MoMenTy j3uru Jlarpan:ka 3 JIOBIJIBHOI OCECUMETPUYHOIO ITOPOXKHUHOIO, 1[0 MICTUTD iJ1e-
anbHy piguny. i yMoBE cTifiKOoCTi BUBe/IeH] 3 ypaxyBaHHSIM OCHOBHOIO 1 JOJTATKOBOTO TOHIB KOJTMBAHD
pimuau. Baxkke TBepe Tijio Mae HEPYXOMY TOYKY i 3HAXOIUTHCS ITiJ1 JTI€I0 MTOCTIHOTO MOMEHTY B iHep-
HiaJibHiM cucreMi KoopauHAT. [IpoBe/ieHO aHAITUYHI Ta YUCEJIbHI JIOCTII/IPKEHHs BILIMBY OCHOBHOIO i
JIOJATKOBOI'O TOHIB KOJIMBAHb PIAWHU, ITEPEKUIATILHOTO, BiIHOBJIIOIOYOTO, JUCATIATUBHOTO i MOCTIAHOTO
MOMEHTIB Ha YMOBU aCUMIITOTUYIHOI CTINKOCTI piBHOMIpHOrO obepTanHs A3uru Jlarpamxka 3 ireaabHOIO
piguHOM0. 3a3HAYEHO, MO 3 ypaxyBaHHSIM OCHOBHOIO TOHY KOJIMBaHb PiIUHU, MPeJCTaBjeH] B pobOTi
KyOiuHa i KBaapaTHa HEPIBHOCTI € yMOBaMU aCHUMIITOTHYHOI cTifikocti. Ha mpukmazdi esmimcoiganpHol
IMOPOXKHUHU TTPOBEJICH] YUCEIbHI JOCiIXKeHHsT objiacTeii crifikocTi. BeranossieHo, 1o 3i 30i/1bIIeHHAM
€KBATOPIaJbHONO MOMEHTY 1HEPINl TBEPIOro Tijia 06/JIaCTh CTIMKOCTI 3MEHIIYEThCsI, & 31 301IbIIIeHHIM
OCBOBOT'O MOMEHTY iHEpIIl TBEPAOro Tija BOHM 30iIbIIYIOTHCS.

MSC: 70E50.

K408t cA08a: 4CUMNMOMUYHE CMIUKICMSb, nocmitinul momenm, d3usa Jlaepanoica, idearvra pi-
dura, cepedosuuLe, U0 HUHUMD ONIP.

1. Beryn.

B po6ori [1] posrisiayTo 3aa4dy npo CTifiKicTb 06epTaHHs HABKOJIO HEPYXOMOI TOU-
KM BayKKOI'O0 CHUMETPUYHOIO TBEPOTO Tijla I JI€I0 JUCUIIATUBHOTO 1 MOCTIHHOTO MO-
MEHTY B iHepIiasbHiil cucreM KoopiuHatr. B [2-3] y3araibHena 1s 3a/a4a Ha BUIIAJI0K
piBHOMIpHOIO 0OEpPTAHHST HECUMETPUIHOTO TBEPIOrO Tijla HABKOJIO TPETHOI TOJIOBHOI OCi
B IPUIIYIIEHH], 0 [EHTP MAac TBEPJOro Tija 3HAXOIUThCsS Ha It oci. Y poborax [4—
5| Gysm posmouari JMOCIIRKEHHsI CTIHKOCTI 06epTaHHsl B CEPEJIOBUII 3 OIOPOM J3UI'H
Jlarpanzka 3 imeanpHO0 piamHo0. Y crarTi [6] mocsiKyeThes 3aa4da, PO3IISTHYTa B
[1], Ha BUNAIOK HAsSIBHOCTI 1/1€aJIbHOT PLAMHN B IIOPOXKHKHI TBEPIOro Tia. VY 1iii crarTi,
3 ypaxyBaHHSIM OCHOBHOTO TOHY KOJIMBAHb PiAMHU, OTPUMAaHI YMOBU ACHMIITOTHIHOI
crifikocTi piBHOMIpHOTO 00epTanus n3uru Jlarpanxka 3 piinHoo0. Y 1LOMY ITOBiTOMJICH-

JlocnimKeHHsT BUKOHAHI B paMKax IporpaMu (pyHIaMEHTAJTBLHAX JTOCTiAKeHb MinicTepcTBa OCBITH
i mayku, mpoekt Ne 0119U100042.
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IIpo crifikicTb o6epTaHHSI )] JIEF0 TOCTIFFHONO MOMEHTY JI3UTH. ..

Hi y3arajIbHIOIOTHCs Pe3yJbTaTu cTaTTi [6] Ha BUIIAJIOK ypaxyBaHHsI J0JIATKOBUX TOHIB
KOJIMBaHb i/1€a/TbHOI PIIUHK B JIOBLIbHIN OCECUMETPHYHIN MOPOXKHUHI.

2. ITocranoBka 3amaui.

Posryisinemo obeprants HABKOJIO HEPYXOMOI TOUKU BayKKOT'O JNWHAMIYHO CUMETPUY-
HOI'O TBEPJIOrO Tija 3 JOBLILHOIO OCECHMETPUIHOIO MOPOXKHUHOIO, IILJIKOM 3aII0OBHEHOIO
ileaIbHOI0 HECTUCUBOIO pimmuoio. [Ipunycrumo, 1o Ha HLOTO, KPIM CHJIN TSXKiHHS,
e aucunarusuii Moment My = —DW (D = diag(Dy, Dy, D3), D; >0, i = 1,2), mo
MOJIEJIIOE OITiP CEePEJIOBUINA, 1 MOCTIMHUI B iHEpIiaJbHill cuCcTeMi KOOpMHAT MOMEHT
M, = PV, 7 — OIMHUYHUN BEKTOP BUCXiTHOI BepTUKaji, P noBiibHa cTada.

Hocnimumo crilikicTb piBHOMIpHOTO 0bepranus n3uru Jlarpamxka i3 pinunoo B ce-
PEJIOBUIII 3 OIIOPOM 3 yPaxyBaHHAM 33JaHOTO IIOCTIITHOTO MOMEHTY, BBaXKalovHd, IO B
He30ypPEHOMY PYyCi TBepJIe TiIo 1 pijinHa 00epTaloThCs HABKOJIO BEPTUKAJI STK OJIHE IIiJie
3 KyTOBOIO MIBUJIKICTIO .

PiBusinus 36ypenoro pyxy nzuru Jlarpanzxka 3 i1eaJbHOIO PIAMHOIO MAIOTh BUTJIAT [5—

6]
AQl + (C — A)WQQ +2 Z an(Sln — wSQn) =3Py — D1Q1 + Ty
n=1
A — (C = AwQ +2) " an(San + wSin) = £Pyp — D19y + T, (1)
n=1

N2(S1p — AnSan) + an = 0, N2(S, + AnSin) + anfls = 0,
Y1 =wy2 — D2, Jo = —wn +
CQ3 = +£P§ — D3(Q3 + w),
5 =0. (2)

Tyr ﬁ = (Q1,Q92,Q3); 5 = (71,72,7Y3) — OJMHUYHUI BEKTOP HAIPSIMKY CHJIU Tsi-
Kinus, y3 = +149; A i C — BiAMOBiHO TOOBHUN €KBATOPIATbHAN 1 OCLOBUN MOMEHTH
imepmil TBepyoro Tina i pigunu; I' = gmd, m — mMaca mexaHivHOI cucremu, d — BiJICTaHb
BiJ| IIEHTPY MAC CHCTEMHU J0 HEPYXOMOI TOUYKU; A\, = 2wW/Ky, Ky — BJIACHI YUCIA, sSKi
BCIOJIU II{JIBHO 3aIIOBHIOIOTH 06/1aCTh JIiiCHOI OCl K| > 1; BUSHAUEHHSI BEJININH Ay, 1 Ng
JaHo B poborax [5-7).

Cucrema piBusnb (1)—(2) poszinserses 1 gomyckae pirmenHs

M=72=013=1U%U=0=0,w=P/D3, S, =52, =0, (3)

71:72:07 73:_17 91:QQZO7WZ_P/D3) Sln:SQn:07 (4)

sIK1 BiJIOBIZAIOTH PIBHOMIDHHM OOEPTAHHSM TBEPIOrO Tija 3 KYTOBOIO MIBUIKICTIO W
HaBKOJIO Beprukasi. IIpu 1pomy pimenso (3) BiOBijae BUIAJIOK “CIUISTIOl J3UIH"
(meHTp Mac TBEPAOTro Tijla 3HAXOAUTHCS BUIIE HEPYXOMOI TOYKH, T06TO d > 0), Ha AKuHii

nie nepeknpaioanii Moment (I' > 0), moment M, a pimennio (4) — BUIIAJ0K CTATHIHO
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cTifikol “m3uru’ (IEeHTP Mac 3HAXOAUTHCS HIZKIe HEPyXOMoI toukn (d < 0), Ha sKuii
nie BinHosimoBaabamit MoMenT (I' < 0) 1 moment —M,,.

[lepre piBusinus B (2) mae giicauil Bix'emunii kKopinb 23 = —D3/C'. Xapakrepu-
cTUYHe PiBHsAHHS, MO Bianosigae cucremi (1)—(2), 3aBxkau Ma€e OJUH HYIbOBUIT KOPIHb,
06yMOBJIeHI{ HASTBHICTIO T€OMETPHYHOTO iHTerpaia 3 + 3 + 75 = 1.

3. Acumnrorn4yHa crifikicrs pimenss (3).

YV HOBHX KOMILIEKCHHX 3MIHHUX 2 = Q1 — 1§29, v = 1 — iY2, Sn = S1n — 152,
cucrema (1) 3anuierbcsi HACTYIIHUM YHHOM

AQ A+ [i(C — A)w + Di] Q4+ 23772 ) an(Sp — iwSy) = (il + P)n,

N2(S,, — iwApSn) + a2 =0, (5)
v =i(wy — Q).
Tyr A\, = Xn/w
XapakTepucTuuHe piBHsIHHS it 30ypeHoro pyxy (5) MaTuMe BUIJIsiI
iCw+Dy T'—iP — E,
A - D D 6
L (A —iw)? ;A—iw)\n ’ (6)

ne B, = 2a2 /N2 > 0.
3 ypaxyBaHHSIM OCHOBHOI'O 1 JIOJIATKOBOTO TOHY KOJIMBaHb piauau (n = 1,2) pie-
usnHs (6) HAOye BUIVIsILY

as\t + (a3 + ib3) A3 + (ag +ib) A2 + (ay + b))\ + ag + ibg = 0. (7)
Tyt
as=A—FE —Ey=A*>0,
a3 =Dy >0, bg =[C — A(A\1 + A\a) — 24" + E1 )\ + Eo)\]w,
ag = [C — A* +(C = 2A) (M1 + A2) — AN g + 2(E1 g + Eo)p)]w? — T,
by =P — (14 A1 + A2)Diw, (8)
a1 = [(M + \2)(P — Diw) — M\ Dyw]w,
b ={(M + )T+ [2A = C)Ade + (A= C) (M + X2) — (Br s + Bop)|w®w
ap = [T + (A — O)w?] MAaw?, by = (D1w — P)AiAaw?.

st icHyBaHHST AaCUMITOTHYHO CTIHKUX pillleHb cucreMu (5) HEOOXIJIHO 1 T0CTaTHBO,
11106 MaTPHIls CbOMOIO MOPSJIKY, CKJIaJleHa 3 Koedinienris muorousena (7)

a4 —bg —an —b1 a 0 0
0 a4 —b3 —ag —b1 ag 0
0 0 agy —bs —az —b1 ag
A7 = 0 0 0 as —bg —aq b()
0 0 as —b2 —ai bo 0
0 as —bQ —aq b() 0 0
as —b2 —aq bo 0 0 0
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6ysa iHHOpHO-nI03UTHBHOIO |9]. To6r0 Oy nosuTnsHO BU3HaveH Marpuii Aj, Az, Aj
1 Ag:
|A1‘ =a3 = D1 >0,

ag —bz —az —b1 ag

ayg —bg —a 0 aq —bg —an —bl
’A3| =10 ag —by| >0, ’A5| =10 0 as —by —aq| >0, |A7| > 0.
as —b2 —al 0 as _b2 —ai bo

a3 —by —ai1 by 0

(9)

[Tigcrasusimu (8) B (9), orpumaemo 3 ypaxysanusm A* > 0, [ = I'/D3, x = Dy/Ds:

—(A1 = A2)2(M1 = 1)%2(A\g — 1)2E1 Eod Aaw® (Dot T + Trg) > 0, (10)
—(F52f2 + F51f + F50)w2 > O, (11)
[5i0 + T30 > 0, (12)

e
Iy =[(M = Dz +1][(Ae — Dz + 1] 22,

Fro={[(Ae—1z+1](x—1)E1 +[(AM — Dz + 1] (x — 1)E2+
(A1 =Dz +1][(Ae =1z +1](A—Cx)} P,
Ts2 = A Aez?,
Ts51 = z(g12° + gax + A\ A A*) P?
g1 = (A1 — 1)PEp + Aa(Mg — 1)3Ey + (A* — C) A ),
g2 = MM — 1)2E; + Xa(Ma — 1)2Ey — C* ANy, C* = C — Ey — Ey,
Is0 = {MAafia® + fo2® P + fazP? + f4A*P3} P,
fi=(C— A [EtA (M — 1)+ Exda(Ma — )] — (A1 — D)(A2 — 1)(M\1 — X2)2E1 B,
fo=[(A=C)\A — C(A1 — 1) Exdi + [(A = C)Ade — C (A2 — 1)°] Bxdo+
+(A1 + X2 —2) (A1 — X2)* A\ By By,
f3=MM=D)?Ef+{ [0 — 1?4+ Q2 — D] Mda — MM — 1)° = Ao(A2 — 1)} By Eo+
+X2(Xe — 1)2E2, fi =M (01 — 1)2E; 4+ Aa(Mo — 1)%Es,
I3 = —22, T30 = M (A — DE; + da(\y — 1) By 2+
+(C — Ey\; — Ex)g)zP — A*P2.

TakuM 9UHOM, YMOBH aCHMITOTHYHOI CTIHKOCTI pirmreHHs (3) BU3HAYAIOTHCS TPHOMA
Hepisaoctsivu (10)—(12), a pimennst (4) 6yayTh TAKOXK BU3HAYATHCS TPHOMa HEPIiB-
Hoctsimu (10)—(12), sikmo B Hux 3aminntn P aa —P. OTXKe, yMOBH aCUMITOTHYIHOI
cTiiKOCTi piBHOMIpHOTO ObepTaHHsi 13uru JlarpaHxka 3 JIOBUIBHOIO OCECUMETPUIHOO
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MTOPOXKHUHOIO, O MICTHUTH 1JleaJbHy PIINHY, 3 YpaxXyBaHHIM OCHOBHOIO 1 J10/IATKOBOTO
TOHIB KOJIMBAHHS PiJMHNI, 3BOJSATLCA JI0 TPhoX HepisHocteit (10)-(12).

Hepisuicrs (10) ne BuKoHyeThcs B pa3i KpaTHUX BJIACHUX 9acToT (A] = A2) abo s
A1 = 1, abo A9 = 1. Bysemo BBaxkaru, mo w # 0 (P # 0). B poborax [7-8| mokaszaHo,
[0 HECTIfKICTh MOKe BUHUKHYTH TULIBKY IPU MO3UTUBHUX 3HAYEHHSIX \,. TOMY, SIKIIO
HPUILYCTUTH, O A\ # A2, Ay # L,A, > 01w # 0, To cucrema uepinocreii (10)—(12)
CIIPOIIYETHCS:

T + Ty < 0, (13)
F52f2 + F51f +I'59 <0, (14)
—$2f + I'sgp < O, (15)

VY BUIIAQJIKY BiJICYTHOCTI BIJIHOCHOIO PyXY PiJIMHY B IOPOXKHUHI TBepioro Tia (F =
Ey = 0) xapakrepucruute pisasiaHs (6) Oyjie KBaJpaTHUM DiBHSIHHSIM

a2 + (a1 + ib1)A + ag + ibg = 0. (16)

a2:A>0, a1:D1>O, bQZ(C—2A)w,
alz(C—A)wQ—F, blzP—Dlw.

YMoBu acuMnTOTHUHOI crifikocti piBHsiHHs (16), To6TO pimennst (3) (w = P/Ds),
BU3HAYAIOTHCS HEPIBHOCTSAMHE

az —by —ap
A1l =a1=D1/A>0, |As]=|0 a —by|>0

aq —b() —a

abo HepiBHIiCTIO

(CDy — AD3)P? — DIDsTI' > 0 (17)

YmoBa acumnrorudHol crifikocti pimennst (4) (w = —P/Ds3) mae BurIsL
(CDy + AD3)P? + D3D3T < 0. (18)
Hepisrocti (17)-(18) caigyiors Takoxk 3 Hepisnocti (15) Bigmosigno npu w = —P/Ds

iw = P/Ds, sxkmo B HbOMy T0KIacTH Fy = Eo = 01 A\ = A2 = 0 i cuiBnagaors
3 HepiBHOCTSIMU PobOoTH [1]. YV 6iABIIOCTI MPAKTUYHO BayKJIMBUX BHIIAKAX, OCHOBHHI
edeKT BIIUBY PiIMHU HA PyX TBEPJOrO Tija MOXKHA BPAXyBATHU, PO3IVISIAIOYUN TiIbKH
OCHOBHUI TOH KosmBaHHs pimuau (n = 1) [6]. Tak, Hanpuksiam, B pasi emincoinasb-
HOI TTOPOYKHUHU 3 HECKIHYEHHOI'O CIIEKTPAa BJIACHUX 3HAYEHBb A, HA PyX TBEPJIOrO TijIa
BILINBAE TiJILKW OCHOBHA rapMmoHika Ai. Tomy okpemo posriasHeMo Bumanok 1 = 1. B
[[bOMY BUIAJIKYy XapakTepucrudse piBHsiHHs (6) Oy/e KyOiuHUM DIBHSIHHSIIM

agA® + (ag + ib2) A* + (a1 + ib1)A + ag + iby = 0 (19)
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CL3=A—E1=A* >07 as = Dy >07 bQZ(C—A)\l—QA*)w,
ay =[C —A*+(C —2A)\]w? =T, by =P — (1 + \)Dw (20)
ag = (P — Diw)\w, by = [I' — (C — A)w?] \w

YMOBH acuMITOTHYHOI cTifikocti piBusans (19), Tobro pimenns (3) (w = P/Dsy),
BU3HAYAIOTHCS HEPIBHOCTSIMI

|A1| =ag = D1 >0,

a3 —by —ai1 by 0

as —b2 —ai 0 as —bQ —al bo
As| =10 as —bi|>0, |As|=|0 0 az —bi ao|>0. (21
as —bl —Qag 0 a9 —bl —a 0

as —by —ayp O 0

ITigcrasusimu (20) B (21), orpumaemo

(M — 1)T2® + [f O\ — 1)P2] 22— (C + A* — AN)P%x + A*P2 < 0.  (22)

[f M — 1)E1P2} 2% — (C — Eyh)zP? + A*P? < 0. (23)

Hepisrocti (22)—(23) He 3aekarhb BiJ| 3HaKa BeJIUIHHU P 1 TOMY TaKoXK € yMOBaMU
acUMITOTUYHOI cTifikocTi pimenns (4) (w = —P/Ds).

Coiz 3a3naunT, mo Koedinientu (19) MoxkHa orpuMaru 3 (8), SKIIO B HUX OKJIa-
ctu Fy = 0, Ay = 0 i BBazkaTu ag = ay4, as = agz, by = b3, a1 = asg, by = ba, ag = aq,
bo = by. Hepisrocti (22)—(23) Taxkox cainyors 3 (11)—(12), gxio B ocTaHHixX IOKIACTH
Ey =0, A2 =0.

TakuMm 9rHOM, IPU BPaxyBaHHI OCHOBHOIO TOHY KOJMBaHb piaunan (n = 1) Kybiuna
i kBajpaTHa HepiBHOCTI (22)—-(23) € yMOBaMU ACHMIITOTUYIHOI CTIHKOCTI.

Y pasi BinbHOro obepranus j3urn Jlarpamxka (I' = 0) mepiBrocri (22)—(23) upu
P # 0 npuitMyThb BUIIsL,

{ El)\l()\l — 1){[}2 + (C — El)\l)a: — A* > 0, (24)

C(A —1Da? + (A* — A\ + C)z — A* > 0.

I axmo mpu ' # 0 ymoBu acummrorudnoi crifikocti P # 0 He 3ajexkanin Bij 3Haka
Besimanan P, to npu I' = 0 1i ymoBu Bxke He 3asexkars B Besmumun P (P # 0) i
3BOJISITHCSL JI0 JIBOX KBaJPATHUX HEpiBHOCTEH (24) BiHOCHO 3MIHHOI .

Ha npukirai esrincoinaabHOT MOPOXKHUHA ITPOBEJIEMO JIOC/IIIPKEHHST CUCTEMHU HEPiB-
Hocreili (24). Beegemo 6e3posmiphi 3MiHHI

4 p? 2

1 2
A=A I> + (1 2 — B8 By = - Ay —
o+m +5( +p%), C Co+557 S R el
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m = 48/3, B = ¢/a, ¢ 1 a — HaniBBici eincoiaNIbHOI MOPOKHUHN (HAIIBBICH ¢ Ha-
npasJieHa 110 oci obeprantst). Posmiphi Besmanau MoMentis inepril A, C, Fy BigHeceni
1o mpa®, a Maca m — 110 Tpas.

Ha puc. 1-4 nasesieni rpadiku rpanuip obsacreil criiikocri (24) (3amexknocti x =
D1/D3 Bin B) mss L =0, a = 1, I = 1. O6sacti cTiiKOCTI JIezKaTh BUIIE JAHUX KPUBHUX.
Buauenusm Ag = 01 Cp = 0 (meBarome TBepse Tino) Ha puc. 1,3 Bijmosinae HUKHII
rpadik, a Ha puc. 2,4 — Bepxuiit. Ha puc. 113 Cyp = 0, a Ay BiamoBiiHO TOPIBHIOIOTH
0, 0.02, 0.04 1 0, 0.01, 0.01, a Ha puc. 214 Ag = 0, a Cy BignopigHO HOpPiBHIOIOTH 0,
0.02, 0.04 i 0, 0.01, 0.01.

Puc. 1. I'paruiis obacreit Puc. 2. I'paruisa obracreit
cririkocti st Ao = 0,0.02,0.04 crivikocti st Co = 0,0.02,0.04
mpu Cp =0 mpu Ao =0
06
0 02 04 6 06 08 1 0 02 04 6 06 08 1
Puc. 3. I'panuriss obaacreit Puc. 4. I'panuriss obaacreit
cririkocti g Ao = 0,0.01,0.01 criiikocti g1t Cop = 0,0.01,0.01
mpu Cop =0 apu Ao =0

3 HaBEJIEHNX PUCYHKIB BHUILIABAE, 110 aCUMIITOTHYHA CTIAKICTHL PIBHOMIpHOrO 06€ep-
TaHHs OyJe TIAbKMA B pasi mijKarol esiincolgaiabHol mopoxkHuHn $ < 1, a TaKoxXK Te,
o 3i 30LIBIIEHHSIM E€KBATOPIAJILHOIO MOMEHTY iHEpIii TBEpPAOro Tija 00JiacTb CTiii-
KOCTi 3MEHINYETHCH, & 31 301bITEHHIM OCHLOBOIO MOMEHTY iHEPIlil TBEPIOro Tijia BOHA
301/IBIITYEThCS.
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Ha mimcraBi mpoBeseHNX aHAJITUYHAX 1 YHCEJTBHUX TOCTIIXKEHb MOXKHA 3poduTn
HACTYIIHI BUCHOBKU:

1. 3 ypaxysanusm ocHoBHOTO (n = 1) i mogarkoBoro (n = 1,2) ToHIiB KoIMBaHb i/e-
AJIBHOI PIAUHU ACUMITOTUYIHA CTIHKICTh PIBHOMIDHOIO OOEpTAHHS i /€0 TOCTIHOIO
1 IMCUTIATHBHOI'O MOMEHTIB I3urn Jlarpan»ka 3 JOBIIBHOIO OCECHUMETPUIHOIO TOPOXKHI-
HOIO BU3HAYAETLCA TpbhoMa HepiBHOCTAME. [Ipu momasbimoMy 30iIbIIeHH] YUC/Ia TOHIB
KOJIUBaHDb PiIUHU YUCJIO HEPIBHOCTEH 301/IBIMTYETHCS HA OIMHUITIO.

2. Hns emincoigaJbHOI MOPOXKHUHA aCHUMIITOTUYHA CTIMKICTh piBHOMipHOrO 0bep-
TaHHSA Ma€ MICIle TIIBKH JIJIs IiIKATOI eTiICoITaaIbH0l TOPOXKHUHH.

3. B cepenoBuriii 3 ormopoM yMOBU aCUMIITOTUIHOI CTIIKOCTI piBHOMIpHOTO 0b6epTaH-
Hs1 HeBLIbHOT si3urn Jlarpam:ka 3 ieansroro pigunoro (I' # 0) npu n = 1 BU3HAYAIOTHCS
KyOluHUM 1 KBaQJPATHUM HepiBHOCTsAME BinHOCHO x (x = D1/D3 > 0 i He 3aiexarhb Bij
sHaka Besquaunu P, a st BuibHOI n3uru Jlarpamka (I' = 0) 1i yMOBHM BH3HAYAIOTHCS
BXKE JIBOMa KBaJ[PATHUMU HEPIBHOCTSIMHU 1 HE 3asiexkaTh Bij Beauaunun P (P # 0).

4. Illpu n = 1 mokaszamno, 10 3i 30iJbIIEHHSIM €KBATOPiaJbLHOIO MOMEHTY iHEepITil
TBEPJIOTO Tija 00/IaCTi CTIMKOCTI 3MEHIIYIOThCA, & 31 301IbIIEHHIM OCBOBOTO MOMEHTY
iHepIIil TBEPIOro Tijia BOHU 301IbIIYIOTHCS.
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Yu. M. Kononov, V. Yu. Vasylenko
On the Stability of the rotation under the action of constant momentum Lagrangian top

with perfect fluid in a resisting medium.

The rotation around a fixed point of a heavy dynamically symmetric solid body with an arbitrary
asymmetric cavity completely filled with an ideal in-compressible liquid is considered. The stability
of a uniform rotation of a Lagrang’ top with the ideal liquid in a resisting medium under condition
of a given constant moment is investigated. The equation of the perturbed motion of the Lagrang’
top with the ideal liquid is presented. It is proved the follow-ing: the asymptotic stability of uniform
rotation for an ellipsoidal cavity will be only for a compressed ellipsoidal cavity. It has been observed
that most practically important cases consider the main effect of the ideal liquid influence on the
motion of a solid can be researched by means of considering only the fundamental tone of the liquid
oscillation. Conditions of uniform rotation asymptotic stability in a resistive medium under the action
of the Lagrange top’ constant moment with an arbitrary axisymmetric cavity containing an ideal
liquid are obtained. Stability conditions are derived with provisions for the main and additional tones
of liquid oscillations. The heavy solid body with the fixed-point value is ex-posed to the action of a
constant moment in the inertial coordinate system. Analytic and numerical investigations of the main
and additional tones of liquid oscillations influence, over-turning, restoring, dissipative and constant
moments on the conditions of the asymptotic stability of the uniform rotation of the Lagrange top with

an ideal liquid are carried out. It is stated the following: cubic and square inequalities presented in the
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paper are conditions of asymptotic stability if the basic tone of liquid fluctuations will be mentioned.
Stability region numerical studies have been carried out on the example of an ellipsoidal cavity. It is
presented that increasing of the equatorial moment of inertia of the solid body de-creases its stability

region as well as the increasing of the solid body inertia axial moment in-creases the last one.

Keywords: asymptotic stability, constant moment, Lagrange top, ideal liquid, resistive medium.
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BIIJINB AVUCUIIATUBHOTI'O I IIOCTIMHOI'O MOMEHTIB HA
CTIMKICTH PIBHOMIPHOI'O OBEPTAHHS JIBOX
ITPY2KHO 3B’A3AHNX BIJIbHNX I'TPOCKOIIIB JIATPAH2KA

OTpuMaHO y BUIVISIZII CHCTEMHU TPHOX HEPIBHOCTEH YMOBU ACUMITOTUYHOI CTIHKOCTI PiIBHOMIpPHOTO 06€p-
TaHHS B CEPEJIOBUIII 3 OIIPOM JIBOX BULIBHUX ripockomiB Jlarpam:ka, moB’s3aHuX IPYKHUM CHEPHIHUM
mapHipoMm. O6GepTaHHsI KOXKHOI'O I'iDOCKOIA HiJTPUMYETHCS MOCTIHMMYM MOMEHTaMH B iHepliaJibHii
cucremi KoopauHaT. PO3IIAHYyTO BUNAIKU BHPOIKEHHS NIPYKHOIO C(hepPUTIHOro ImapHipa B cepuiHo
HeNnpy»KHui, IiHApuaHuii 1 yHiBepcanabanilt npy»kuuii mapuip (mapuip I'yka). ITokazano, mo npu
JIOCUTH BEJIMKUM KOPCTKOCTI IIapHipa yMOBU aCHMIITOTHYHOI CTiIKOCTI BU3HAYAIOTHCA TiJIBKU OJIHIEIO
HEPIBHICTIO, siKa 30ira€ThCs 3 HEPIBHICTIO, OTPUMAHOIO JJIs BUMAJKY WIHIPUIHOTO TmapHipa. [lpn
30iry KyTOBHX IIBHJIKOCTEH BJIACHUX OOepTaHb IPOCKOIIB Il HEPIBHICTH 30ira€TbCsi 3 BiJIOMOIO yMO-
BOIO JIJIsl OJTHOT'O I'ipOCKOIIa.

MSC: 70E55.

Kna10408t cao8a: JUHAMINHO CumMempuyhi meepdi mina, npyscruli chepusHusl WapHip, cepedosuuyi
3 ONIPOM, PIBHOMIPHE 06EPMAHHA, ACUMNMOMUNHA CMITKICMD.

1. Bcryn.

Cucrema npyzkuo 38’si3annx TBepaux Tin (CII3TT) zaiimae npomizKHe 110J107KEH-
Hsl Mi2K abCOJIIOTHO TBEPIUM i NPYKHUM TLIOM, IO A€ MOXKJ/IUBICTH MOIEIIOBATH PYX
IPY?KHUX TiJ B IOCUTh IMUPOKNX MeKax. Tak, Hanpukiam, B pobori 1] mpyxuuit Kop-
IIyC PAKeTU MOJEJIOEThCI CUCTEMOIO JIBOX TBEPIUX Tij, MOB’s3aHUX MPYXKHUM IIap-
HipoM, a poboTax [2—3] — IPYKHUM CTPUIKHEM i CHCTEMOIO JIBOX TBEP/MX TiJI, 3’ € THAHIX
NPYKHUM IapHipoM. ¥ X poboTax BiI3HAYAETLCS XOPOIInii 36ir pe3yIbTaTiB po3pa-
XYHKIB 3 €KCIePUMEHTaJbHUME mannMu. Hamgami momibni mocimkents: Oyau mpoaIoB-
’KeHi B poborax [4-5| ra inmux. 3asmanns npo pyx CII3TT wmae i camocriiine naykose i
NPUKJIaIHEe 3HAYeHHsI, TOMY IO 0araTo 06’€KTiB CyJacHO! paKeTHO-KOCMITHOI, aBialriii-
HOT, MOPCBHKOT, 3a/IiI3HUYHOI Ta iH. TexHika MoxKe OyTu 1ipejcrasieHa y surysai CIISTT.
Bukonannst 06’€KTiB KOCMITHOI, aBiamiitHol i Mopchkol TexHikn B Bursiai CIISTT na-
mitusocst B 60-1 poku munysioro cromitts. CII3TT omnucyrors ripockorivuni cucremu,
pobotu, manimysasropu i MH. iH. Pyx CII3TT ckinueHUM KiHIEBUM YHCJIOM HEJIIHIHHUX
OAP. V 38’a3ky 3 mum CII3TT nabysae Bce OiIbIIOTO MPUKIIATHOTO 3HAYEHHS SIK MO-
JieJTb KePOBAHOI MEXaHIYHOI CUCTEMHU i BCe OLJIBIIIOrN0 TEOPETUIHOTO 3HAYCHHSI, TOMY IO
B TaKiil cucreMi BUHHKAIOTH KOJIMBAHHSA JOCATDH CKJIAIHOrO BUrsy. Haitbinbmn 3araib-
Hi DIBHSIHHSI PYXy CHCTeMH 3B’si3aHUX TBepaux Tij Oyynu orpumani [1.B. Xapmamosum
[6] i mocaimzkeni B poborax iforo yunis [7-10] i 6ararbox inmmx. Brums aucnnarii xa

JlocnimKeHHsT BUKOHAHI B paMKax IporpaMu (pyHIaMEHTAJTBLHAX JTOCTiAKeHb MinicTepcTBa OCBITH
i mayku, mpoekt Ne 0119U100042.
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CTifiKicTh 00epTaHHS TBEPAOro Tija OyJI0 PO3IJIAHYTO B OaraTtbox crarTax. locuTs xo-
POIIHit OIVIsi)I IUX CTaTell 1 MeTo/IiB JIOCi/PKeHh MOXKHA 3HANTH, HAIIPUKJIAJI, B POOOTAX
[11-13]. ¥ crari [14] posrusinyTo 33/1a9y po PyX BasKKOIrO JIUHAMIYHO CUMETPHYHOTO
TBEPJIOTO TijIa HABKOJIO HEPYXOMOI TOUKH, IO 3HAXOAUTHCS I €0 JTUCUIATHBHOTO
MOMEHTY 1 IOCTIfHOIO MOMEHTY B iHepIliaJibHill cucTeMi Koopaunat. [lokazamo, 1o i
MOMEHTH MOKYTb HAIaBaTH iCTOTHO JIeCTabiIi3yI0unii BIUINB Ha CTIAKICTH piBHOMIPHO-
ro obepTaHHs TBEPIOro Tijia. ¥ Iiiif cTaTTi y3arajbHEHO Pe3y/IbTATH Ha BUIAIOK PIBHO-
MipHOT0 06epTaHHS JIBOX BLIBHUX IIPYZKHO 3B’ AI3aHUX JUHAMIYHO CUMETPUYHUX TBEPIHUX
Tig. Po3ryistHyTO BUIIAJIKM BUPOJXKEHHST IIPYZKHOIO CEPUIHOIO IMAapHipa B chHepuIHO
HeNpy KHUM, IUIHAPUYHE 1 yHiBepcanbHuil npykuuii mapuip (mapuip I'yka). IToka-
3aHO, IO IIPH JIOCUTh BEJIUKUI KOPCTKOCTI MIapHipa yMOBU aCHUMITOTHYHOI CTIfIKOCTI
BUBHAYAIOTHCS TITBKNA OHIEI0 HEPIBHICTIO, KA 30ira€ThCsl 3 HEPIBHICTIO, OTPUMAHOIO
ISl BUIQJIKY MUIIHAPUIHOTO TapHipa. [Ipu cniBnajiHHI KyTOBHX IIBHUJIKOCTEH Biac-
HUX 00epTaHb TiPOCKOIIB I HEPIBHICTH 30ira€ThCs 3 BiJOMOIO yMOBOIO JIjIsl OJIHOTO
ripockorma [14].

2. ITocTaHoBKa 3aja4i i MeTO | BUPIIII€HHSI.

Posrnanemo Bibhe obepTannsi B CEPEJOBUINI 3 OMOPOM JBOX IPYKHO 3B’A3aHUX
JITHAMIYHO cuMerpudHuX TBepaux i S; (i = 1,2). Teepai tina Sy 1 Sy 38’s3ani B TOU-
i O npy»HiM BisHOBMIOOUEM cepuannm mapaipom L = k¢; x ¢o/([é1]|[e2]), k > 0
[8-9]. TBepae Tiso S; 3HAXOAUTHCS T/ €0 JUCUIIATHBHOIO MOMEHTY ]\7 id = —Diﬁi
(D; = diag(Dj1,Dj1,D;3)), siKuil MOJIEJIIOE CepeJIOBUIIE 3 OHOPOM 1 HOCTIfiHOro Mo-
MeHTy B iHepuia/bHiit cucremi xkoopaunar M;, = Pv. Tyt ¢ = C10, ¢ = 0Cy; C;
i «f; BigmoBizHO IeHTP Mac i KyToBa mBuAKicTb Tina S;; D1, D1, Dis 1 P; — cram
(Din > 0,D;3 > 0), i = 1,2; U — OMUHAYHUI BEKTOD, CIPSIMOBaHUIi 10 CIIIBHIN oci
BJIACHUX 0bepTaHb ripockoris JlarpaHxka B He30ypeHOMY pyCi, JIJIsi BU3HAYEHOCTI Oy 1e-
MO BBazKaTH 10 BekTopy ¢1 = C10 (pumc. 1).

PiBusuus obepraHHs IBOX BUIBHUX, NMPYXKHO 3B’s3aHUX TipocKomiB Jlarpamxa, 3
ypaxyBaHHIM JUCHUIIATUBHOTO 1 MOCTIMHOTO MOMEHTIB, MAaTHUMYTb BUTJISAJ] AHAJIOTIY-

uuit [7-10]

(J1-@1)* +mgc1 X (@1 X €1 +Wa X C2)* = —L + 7 — Dy,
(J2 . wg). -+ mocCa X (wl X 51). = L+ Pov — Dowo,

(1.1)
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ne J; — Tensop i"epuil Tisa S; BigHOCHO iioro merTpa mac Cj, a m; — Maca IbOro Tija
(1 =1,2), Toukoro mo3HavdeHa abCcoOTHA MOXiHA.

3B’s7KeMo 3 KOXKHUM i3 Tin S; Hesminno Gasuc €4 esel 3 pepmmunoo B Toumi O, oci
SIKOT'O HAIIPABUMO 110 F'OJIOBHUX OCSAX TeH3opa inepitii J; (¢; = ¢;€3) i BBesieMo Hepyxomuit

basuc ejeyey, BEKTOD ) SIKOTO 30Ira€ThCsd 3 BEKTOPaMH e B HesbypeHoMy pyci.

Bennuunu O‘ij =€, e (i,j = 0,n; p, k = 1,2,3) BusHauaioTs OpienTanio 6asucy

Sisist o sisisd
3
=i v =]
Cu = Zaukek (1.2)
k=1

o iy 0
KoedinienTn affk MOXKHa BUPA3UTH Hepe3 ozf?g i oo 9]

/,Lk - Z a;w'akg (13)

Bexropni pisnsmug (1.1) B npoekmisx Ha oci pyxomoro 6azucy €.ehe, npuiiMyTh
BUTJISAT

Aipr+ (C1 — A qury + p [(B2 — @er2)agg — (G2 + pora)agt + (05 + ¢3)ags)

20 10 , .20 10
= —k(o3)0] + a3y0n) + a33a33) — Dipr + a§Py,

Ajdr — (CL — A)piry — p[(B2 — qera)adh — (G2 + para)adi + (03 + ¢d)all] =
= k(az)aq) + azgal) + a33a1l) — Diigi + ag3 Py,
C17'1 = —Digry + a33 Py

A2P2 +(C2 — AQ)Q27”2 +u [( P — qir1)ags — (@1 + pir)ags + (p] + qZ)a%,%] =

= —k(ajfas] + ajfais + ajfaiy) — Doipr + aig P, (1.4)
Agds — (Ca = Ap)para — p[(B1 — qrr)ost — (@1 + pir)adf + (F + af)ad] =
= k(azia3] + azpais + ajgaiy) — Dags + 33 Py,
Cary = —Dagry + a3 Ps.

Ho cucremu pisasinb (1.4) 1orpibHO 10GABUTH PIBHSIHHS JIJIsi HAIIPSIMHUX KOCH-

Hycis |9
L0 i0 0 <40 i0 i0
aq] = —qiqz] + Ty, Qo) = Py — 100,
.30 i0 0 <40 i0 i0
Q1 = —QiQzy + Titgy, Ggy = Pitizy — T30, (1.5)
10 + 20
Qi3 = qza33 7'104237 a23 Pza33 73013,
.50 i0 W0 +i0 i0 i0
Q31 = —Ppig) + qioq], Qg = —Pitigy + i),
.30 i0 i0
Q33 = —PiQiagg + i3,
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Tyt pi, q;, 7 — TPOEKIlil BeKTOpa KyTOBOI MIBUIKOCTI W; TBEPIOro Tisa S? Ha oci
pyxomoro Gasucy €il€§€é; Ji = diag(4;, A;, Cy), A; A; + ch, I = vecico, Vv =
m1m2/(m1 + 77’L2).

3. BuBia piBHsHBb 30ypeHOTr0 pyXy B CEPEIOBHIIll 3 OIIOPOM JIBOX BIJILHUX
OPY>KHO 3B’si3aHuX ripockoiiB Jlarpamxa.

[Ipunycrumo, 1o B HE30ypeHoMy pyci Tisio S; 0bepTraeTbcs 3 KyTOBOIO IIBUIKICTIO
Wp; HABKOJIO BeKTOpa ¢;. Hexait wy; = wol-eﬂé.

Cucrema pisusiab (1.4)—(1.5) momyckae yacTHuUii po3B’si30K

o U
pi=qi =0, ri =wo =
D3
i0 0 _ i0
aj] = coswypit, ajy = sinwpt, ajz =0, (2.1)
o) = —sinwpit, o) = coswo;t, aby = 0,
0431*0@ *0 @33—1,

KOTPi BiZIIOBiZIa10Th piBHOMIpHUM 0OepTaHHsIM Tijl S; HABKOJO OCEHl ;.

Hocaigumo crifikicrs pimenss (2.1) B gacTuHi 3MIHHUX, $IKi BUSHAYAIOTH [OJIOXKEH-
Hs Oceil §; B mpocTopi i KyToBi mBuaKocTi TBepanx Tija. s mporo B 30ypernomy pyci
HOKJIaIeMO W; = Wo; +$2;, Je ‘ﬁz‘ € BEJIMYUHOIO TIEPIIIOTO MOPSIKY MaJIOCTi B TOPIBHAHHL
c ‘wol".

36epiraroun KOJIUINHI [TO3HAYEHHSI, 3aIUIIEMO PiBHSAHHS 30yPEHOro pyXy

Aipi + (Ci = Awoigi + s1a2 [(B; — woja)ony — (45 + woips)aji] =

= (aig — k’)%:s Dilpi_aglipi

AiGi — (C; — Aj)woipi — s1a2 [(25] WOJQJ) — (g + wo]pj)a%l] = (2.2)
= (a19 — ]‘3)0413 Dy1g; — a32P1>
Citi = —Dj3ry, (2.3)
S0 0 Ci0 0 ,
Q3 = WoiQg3 — (i, Qg3 = —Woi03 + Pi- (2.4)
Tyrik=1,2,5 = 3—i, otk = cos ppi, ok = —sin pp;, adf = sin py;, ol = cos gy,

Pki = Pk — i, Pi = wWoit.
PiBusnus (2.3) BiIOKPEMITIOETHCS BiJl iHIMIX PIBHAHB 1 HOro XapaKTepHCTUIHE PiB-
HYHHSI Ma€ OJIUH JIMCHUI Bl éeMHUI KODIHb.
- . / / ’L ’L
ITepeitmemo 70 HOBUX 3MIHHUX P, ¢;, O3, Ohs 9]
/ . / .
D; = Pi S p; =+ gi cos @, q; = Pi COS Y — q; SN Y5,
i 0 i0 i 0 i0
0613 — a31 Sin ()02 + 0532 COS SOi, a23 — 0131 COS SDZ - a32 Sin @’L
. / . ; . 4 . . .
i moksazemo §; = q; —ip;, Vi = &5+iadhs, TOAl B HOBUX 3MIHHUX CHCTEMa PIBHAHD (2.2)
i (2.4) 3anummeTsbest Tak

A + (iCiwoi + Din)%i + vy = —(k +iP)yi, (i =1,2, j = 3 —1). (2.5)
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Tyr i maxi cuix BinpisuaTn HuKHIT iHgekc ¢ = 1,2 Bix ysaBHOI OquHMAI.

PiBasinnst (2.5) BU3HAYAIOTHCS YOTUPMa CTYTIEHSMU BIIBHOCTI 1 OMUCYIOTH PYX JiHiii-
HOI MEXaHIYHOI CUCTEMH, 1110 3HAXOAUTHCS i JII€I0 JUCUITATUBHUX, ITOTEHIIIHHUX, TipO-
CKOIIYHUX 1 MUPKYJIATIAHIX CHUJI.

4. AcuMmnroTuvyHa CTINKICTh PiBHOMIpHHX 00epTaHb B CEepPeIOBUIII 3 OII0-
POM ABOX BiJIbHMX NPY2KHO 3B’si3aHUX ripockoiiB Jlarpam>ka.

[IpepcraBuBmu mykani GyHKINT y BUTIIsIT ae/\t, 3alUIIeMO XapaKTePUCTUIHE PIB-
HAHHA 36ypeHoro pyxy (2.8) y Buruisii

Fl ](Z—,U,)\2 -

O, 0 (3.1)

abo
M 4 (a3 +ib3) N3 + (G + ib2) A% + (a1 + iby)A + ag + iby = 0, (3.2)
A€ " .
F; = Ai)\z + (ZCZ + Dil))\ + k+iP;, C; = Ciwo;.
_ ADon+ 45D 0, by A1Ch + A'2017
a4 a4
DDy — C1Cy + (A} + Ay + 2u)k

as )
a4
_ 61D21 + 6’2D11 + A;PQ + A;Pl 5 (Dll + Dgl)k — 6’1P2 — égpl

= 3.3
L i — . (33)

as

by

(Ci+C)k+ PDn+ Dy PP, k(P + Py
ay » ©0 as » Y0 as )

ag = AL Ay — 12 = A1 Ay + (A1 + Aycd) > 0, C; = Ciwgi.

HocuizkeHHst XapakKTepUCTUYHOTO piBHsIHHS (3.2) Gy1eMo HPOBOJUTHU 3a JIOIIOMO-
roro iHHOpHOrO mizxomay. 3rijuo 3 kpurepiem JIbemapa—Ilinapa [15|, mist icnyBamHs
ACUMITOTUYIHO CTIKMX pillleHb HEOOXiTHO i JOCTATHBO, 00 MATPHUIIST CHOMOTO MTOPSIII-
Ky, CKJIaJIeHa 3 KoedinienTis Muorowirena (3.2) 6ysia iIHHOPHO-TIO3UTHBHOIO, TOOTO OyJsin

by =

mo3uTUBHO Bu3Hadeni marpuii Ay, Asg, As i Ar:

A\ Dy + AyDyy S
aq

Il = ’A1| = as = 0, (34)
1 —b3 —CNLQ

I3 = |A3‘ =10 as —by| > 0, (3.5)
as —bg —&1

1 —bs —as b1 0
0 1 —b3 —ax b

Is = ’A5| =10 0 as —by —ay| >0, (36)
0 as —bg —dl bo

as —b2 —&1 bo 0
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(=il olNall

as

—bs
1
0
0
0

as

—by

—ds
—bs
1
0
az
—by

_dl

b1
—bs

a3
—by
_al

bo

_d2

_bZ

&
bo
0

by
_dl
bo
0
0

ap
bo
0
0
0

> 0,

Tak sik ag > 0 (I3 > 0), To acuMITOTHYHA CTIHKICTH PIBHOMIpHUX OGepTaHb B
CEPEJIOBHUIII 3 OMOPOM JIBOX TipOCKOIIB Jlarpam»ka, 3B’d3aHUX MPYKHUM CHEPUIHUM
MIApHIPOM, BU3HAYAETHCsI TPhoMa HepiBHOCTsAME (3.5)—(3.7).

3 mepiBHocTi (3.4) BuIUIMBaE, 10 IpU BiJACyTHOCTI yacTkoBol mucunarii (Di; =
Dy = 0) koedinient a3 = 0 1 acumnroTHYHA CTifiKicTh PIBHOMIpHUX 00epTaHb HEMOXK-

JINBA.

Buxinna mexanidna cucreMa € bararonapaMeTpUIHOIO. Y 3B’s3KY 3 UM PO3TJITHEMO
PsJT OKpEMUX BUIIAJIKIB, sIKi MAIOTh 1 caMOCTIfiHUI HAyKOBUil iHTEpEC.

Boaus 2kopctkocti miapuipa Ha ymoBu crifikocti. Hexait kK =

1k < 1.

3 TOYHICTIO JI0 BEJIUYUH MEPINOTrO MOPSIAKY MaJjoCTi BiHOCHO K BHUIIUIIEMO HEPiBHO-

cri (3.5)—(3.7):

Is16+ 130 > 0, Itk + Isg > 0, I715 + I7g > 0.

Tyt

(3.8)

I31 = —(A/1A/2 —u? [(611)21 + AIQP]_)2 + (521711 + A/1P2)2+

+2(5'152D11D21 + AllA/QP1P2) + (61P2 — 6’2P1)(A/1D21 - A;Du)} +

+(A Doy + AyDyy) {(512 + D?))Ay Doy + (C3 + D§1)A/1D11} ;

I3y = (A/1D21 + AIQDll) [(A/Q + 1)2Dgy + (All + M)2D11} > 0,

/ / 2
Iso = Dy [(AQ + )2 Doy + (A} + M)QDH] >0,

(3.9)

’ / 2 =~ ~
Io = {(AQ + 1)’ Doy + (A} + u)an} (D1C — Pag1) P,

ELleA,1+A/2+2/L>0, D1=D11+D21,5261+52,P:P1+P2.

Benuunnm I51 i I77 y 3B'3Ky 3 IXHBOIO TPOMI3IKICTIO HE HABEJIEHI.

I3 (3.8)—(3.9) BumMBaE, IO IPHU JOCATH BEJHKIiH KOPCTKOCTI (JIOCHTH MAJIOMy K)

YMOBa CTIMKOCTI BU3HAYAETHCA OJTHIEI0 HEPIBHICTIO

(Dlé — Pa,gl)P >0,

(3.10)

AKe PO3MMaJa€ThbCd Ha ,ILBI HepiBHOCTi i3 YpaxXyBaHH{AM BB€ACHUX ITIO3HAYCHDb Ma€ BUTJIAL:

C1P1Dy3 + CoPy D13 > a1 PD13Da3 /Dy (P > 0),
C1P1Dgys + CoPyDq3 < C~L21PD13D23/D1 (P < 0).

(3.11)
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Bunanok He npyxxkHoro cdepuysoro mapsipa (k = 0). B upomy Bunajgky B
KoedirieHTax XapaKTepuCcTUIHOro piBHstHHSA (3.2) Tpeba mokaacru k = 0. HepiBricTb
(3.4) He 3miHIOETDHCsI, & HepiBHOCTI (3.5)—(3.7) He3HAUHO crpoIy0ThCs (KoedirienT by =
0). Brizgmo (3.8) mi mepiBHOCTI IPUIIMYTH BUIVISIT

I31 >0, Is1 > 0, I71 > 0. (3.12)

Bunagok nuitinapuasoro mapHipa (k= 00). Y 1poMy Bunia Ky piBHsHHs (3.2)
BAIUIIETLCT TaK

M2 4 (@y 4 b))\ + iby = 0, (3.13)
ne
P
dlzfl, by = —, bp = =—, a2 = a2 >0,
as a9 ag

1 jy1st icHyBaHHSI aCHMITOTHYHO CTIHKuX pimensb piBusmust (3.13) Takoxk HeoOXigHO i
JIOCTaTHBO, 00 Oym mo3nTuBHO Bu3HadeHi Marpuni A i As:

11:d1>0,

1 —b3 —ao
I3=1|0 as —by| = ag(agdg — dl) + bg(agbg — bz) > 0. (3.14)
as _b2 C~L1

Tax sk a3 > 0 (1 > 0), TO acHUMOTOTHYHA CTIHKICTH BU3HAYAETHCS HEPIBHICTIO
(3.14), sika 36iraeTbes 3 HepiBaicTiO (3.10).

Takum 9uHOM, B pa3i NUIIHJIPUIHOTO MIapHipa, ACUMITOTUYHA CTIMKICTH PiIBHOMIp-
HUX 0DepTaHb B CEPEIOBUIINI 3 OMOPOM JBOX TipockomiB Jlarpamxka, 3 ypaxyBaHHsIM
HOCTIIHIX MOMEHTIB, BU3HaYa€ThCs HepiBuicTio (3.10).

Ciij1 3a3HaYUTH, IO [IPU Wo1 = W2 (P1D23 = P2D13), C=C1+Cy, A=A+ Ay,
¢ = ¢1 + ¢2 uepisuicts (3.10) 36iraeTbest 3 nepiBaicTio poborn [14].

Bunanok yHiBepcanbHoOro npy>kHoro mapsipa (mapuipa I'yka) (k # 0,wp1 =
wo2 = w). B npoMy Bumaiky, mok/asmm B Koedirienrax (3.3) (wp1 = w2 = w) (P Dag =
P,Dq3), orpumaemo:

ACy+ ACy L
b3 = b31w, b3 = %, a1 = G11 — 19w, g = Gg1 — dgaw?,
_ C1P, + CoPy D11+ Doy
all = ———————, @21 = 77@,
ayq ayg
Dy D A+ A, +2u)k C,C
gy — 11Do1 + (A + Ay + 2p1) ,C~L22:¥,52:b21w+b22,
a4
C1Da1 + CoD APy + A,P C,+C
by = 21 & L by = w? b1 = biiw + bi2, b1 = gk
a4 a4 a4

138



Brmus gucunaTuBHOrO I HOCTIHHOIO MOMEHTIB Ha CTIHKICTh PIBHOMIDHOI'O OOEPTAHHSL. ..

Koedirmientn ag, ag He 3MIHIOIOTHCS, a Iepina HepiBHICTE [3 > 0 MaTuMe BULIIAL,

KBa/JIpaTHOI HEPIBHOCTI BiJITHOCHO W

(a3bsy — ba1)borw? — (a3dsn — azayy — asbaabsy 4 2bo1bao)w — G12a3 + aids; — biy > 0

HEBUKOHAHHS KOl BeJe JI0 aCUMIITOTHYHOI HECTIMKOCTI.

5. BucHoBkwu.
YMOBH aCUMITOTUYHOI CTIHKOCTI PiBHOMIpHOrO 0obepTaHHS B CEPEIOBHUIII 3 OIO-

POM JIBOX BUIBHHUX TipocKoIiB Jlarpanxka, 3B’d3aHuX HPYKHUM CHEPUIHUM MIAPHIPOM,
BU3HAYAKOTHCS TPhoMa HepiBHOCTsSMEU. OOepTaHHsI KOXKHOI'O TPOCKOTA i ITPUMYETHCS
MMOCTIHHUM MOMEHTOM B iHepIiaJbHIll cucTeMi KOOpAWHAT. PO3TVISHYTO BHUIAJKUA BU-
POKEHHS MIPYKHOT0 cOePUIHOrO IMapHipa B chepuyunuil HenpyKHUN, TUTiHIPUIHANL
i yuiBepcasbpuuii npyxuuii mapuip (mapuip I'yka). [lokasano, 1o mpu 10CHTH BEJHKOT
2KOPCTKOCTI ITapHipa YMOBU CTiHKOCTI BU3HAYAIOTHCS TLIbKU OJTHIEI0 HEPIBHICTIO, sIKA
30iraeThCd 3 HEPIBHICTIO, OTPUMAHOIO JJIsi BUMIAIKY MIIHAPUIHOrO mapHipa. [lpu cris-
MaJiHHI KyTOBUX IIBUJKOCTEH BJIACHUX 0OEPTaHb TiPOCKOIIB I HEPIBHICTH 30ira€ThCst
3 BIJIOMOIO YMOBOIO JIJIST OJTHOT'O TipPOCKOIIa.

10.

11.

12.
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Yu.M. Kononov, Ya.l. Sviatenko

On the subject of influence of dissipative and permanent momentums on stability of

uniform rotations of two elastically connected free gyroscopes of Lagrange.

In many works, there are studies of the asymptotic stability of rotation of a free Lagrange gyroscope

in a resisting medium. This article generalizes this problem to the case of uniform rotations of two free

Lagrange gyroscopes connected by an elastic restoring spherical hinge. The rotation of each gyroscope

is maintained by a constant moment in an inertial coordinate system. The characteristic equation of the

perturbed motion is presented in the form of an algebraic equation of the fourth degree with complex
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coefficients. Based on the innor approach, conditions of asymptotic stability are obtained in the form
of a system of three inequalities. The left-hand side of these inequalities is represented, respectively, in
the form of determinants of the third, fifth, and seventh orders. Up to first-order values of smallness,
relative to the reciprocal of the stiffness coefficient, a study is made of the effect of the joint stiffness on
stability conditions. From the conditions of positivity of the highest coefficients in three inequalities,
it is shown that for a sufficiently large rigidity, the stability conditions are determined by only one
inequality. Cases of degeneration of an elastic spherical joint into a spherical inelastic, cylindrical, and
universal elastic joint (Hooke’s joint) are considered. In the case of an inelastic spherical joint, the
system of three inequalities is slightly simplified. The greatest simplification arises in the case of a
cylindrical hinge. In this case, the characteristic equation is represented as a quadratic equation with
complex coefficients. According to the innoric approach, the conditions of asymptotic stability are
written in the form of a single inequality, the left side of which is presented in the form of third-order
determinants. It is shown that this inequality coincides with the inequality obtained earlier for the
case of a sufficiently large rigidity of the hinge. If the angular velocities of the proper rotations of the
gyroscopes coincide, the inequality obtained for the cylindrical hinge coincides with the well-known
inequality for one gyroscope. In the case of a universal elastic hinge (Hooke’s hinge), the first inequality

is represented as a square inequality with respect to the angular velocity of proper rotation.

Keywords: dynamically symmetric rigid bodies, ball-and-socket elastic and cylindrical hinge, resisting

environment, uniform rotations, asymptotic stability.
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S3AJAYA OIITUMAJIBHOTI'O KEPYBAHHA IJI4 PIBHAHHA
®LJILTPALIL 3 TAM’ATTIO

M. Kamyro 6yno 3anpononoBano mojudikoBanuii 3akoH /lapci, B SKOMy MIBUJKICTH PyXy PiavHN B
IIOPUCTOMY CEPEIOBUIII 3aJIE2KUTH He TUIBKH BiJ IPaJIil€HTy THUCKY, ajie TAKOXK Bij itoro jgpoboBoOi 1mo-
xiguol. /laHe siBuIle MOB’si3aHe 3 TUM, 1110 B IIEBHUX CEPEIOBUINAX IIPOHUKHICTD 3aJI€2KUTh BiJl ITOIIEpeI-
HiX 3HaYeHb TUCKY B piamui. Y maniit pobori po3risHyTO Binmosigay 3amady diabrpariil 3 maMsTTIO.
[Toxni6Hi 3a/1a4i BUHUKAIOTH TAKOXK IIPY MOJIEJIIOBAHHI PyXy y3araJbHEHHOI PIAWHM JAPYroro IOPsJIKY.
3a momomorow meromy laepkina T0BeI€HO iICHYBAHHS 1 €UHICTh y3araJbHEHHOTO PO3B’sI3Ky MEPIIOL
OYATKOBO-KpaioBol 3aja4i. TakoXK BHBYEHO 3aJa9y ONTHUMAJIBLHOIO KePyBaHHs, B siKiil (DyHKITIOHAJ
BapTOCTi Ma€ KJIACUYHMI BUIVIAM 1 CKJIAJAETHCS 13 CyMHU KBaJPATUYHOI HOPDMH Pi3HMIL MiXK CTaHOM
KEPOBAHOI CHCTEMU 1 33J[AaHUM €JIEMEHTOM Ta PeryaspuldyiounM inTerpasom Tuxonoa. Merta poboru
OJIATa€ B TOMY, IIOOU

(i) orpuMaTy ymMOBH icHyBaHHS [JI0GAJIBHOrO MiHIMYyMy (DYyHKIIOHAJIA BAPTOCTI,

(ii) orpuMarn HeoOXizHi 1 HOCTATHI yMOBM iCHYBaHHsI €MHOrO MiHiMaiizepa,

(iii) ckacTH KOHCTPYKTUBHUI QJIFOPUTM 3HAXOJKEHHS allPOKCUMAIH ONTHMAJILHOIO KEPYBAHHS.

MSC: 49K20.

Karowoei caosa: onmumansvhe kepysanns, noxriona Kanymo, npocmopu Coboaesa.

Beryn. ®@isuyna Moaesb.
Knacuanuii 3akon Jlapci mae BuUrIIsia

7 = —/’jw, (1)

ne U — WBUAKICTH dinprparii, k — KoedilieHT NIPOHUKHOCTI, ( — JUHAMIYHUNE Koedi-
nieHT B’g3KoCTi piaunu, p — TuckK. B poborax M. Kamyro [7-9] 3anpornonosano mojedi, B
AKUX MPOHUKHICTD 3aJIE2KUTH BiJl IOEPEeIHIX 38 YacOM 3HAUYEeHb I'PAJIEHTY THUCKY 1 MMO-
ToKy. lle siBuIre, ske MaTeMaTUIHO IIPEICTABIECHO 32 IOMOMOTOI0 (hopMaTIi3My MaM’ dTi,
CIIOCTEPIraeThCsd IPHU BUIOOYTKY Ha(TH B Tre0TEPMAJIBHUX PAlOHAX, & TAKOXK B Jiabo-
PaTOPHUX YMOBAX.

[Tepeiizemo 1o onucy koukpernoi mogzedni [9]. Hanasd, st ckopodenns 3amnucy, Bci
Gi3uvHi KOHCTAHTHU JOPIBHIOIOTH OAWHUIN. PiquHy BBasKaeMoO OIHOPIIHOIO, TOMY pPiB-
HsHHA cTaHy i MojaundikoBanuii 3akon Jlapci 3amuiemMo y BHUIJISI

p(az,t) = p(:c,t), 7(56775) = —Vp(l‘,t) - Dng($,t)7

e p -TyCTUHA PIUHUA 1

o B 1 Epr(x,7)
(et = sy |, b )
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noxizna Kamyro nopsiaky o € (0,1). ITosnaunmo vepes g(x,t) MacoBy IBHJIKICTD I1€-
peTiKaHHs PiAUHU B OJuHUIN 00’eMy 1Iopoju. 3 ypaxyBaHHsSIM PIBHSAHHS HEPO3PUBHOCTI

pe+div(p™) = g (3)
JicTaeMo JiiHeapi30BaHy MOJE/b
pt(xu t) - le(vp(l‘, t)) - le(_ngp(Jj‘, t)) = Q(xu t) (4)

3 1poro npuBoAy, JuUB. Takok podory [11] i monorpadito |2, posmin 1, §4].

I3 3araspbHUME TOJTOXKEHHSIMU Teopil AudepeHIlia bHnX 1 iHTerpajbHuX PiBHAHD
JIPOBOBOTO HOPSIJIKY MOXKHa O3HafiomuTucs 3a MoHorpadisivu [10,13]. [Turanust po3s’ss-
HOCTI KPaOBUX 3aJ1a4 JJIs JJIs PIBHAHD JPOOOBOTO MOPSJIKY 3 YACTHHHIMU MOX1THUMU
BUBYAJIOCS pi3HUME MeTojaMu B poborax [1,3-5,17,25]. Bagaui onruMaibHOro Kepy-
BaHHsl JIJIsl TAKUX PIBHSIHL OYyJIM IIPEIMETOM JIOCJIIZKeHDb y mybuikarisax [12, 14,18, 26].
3arajibHy TEOpiio ONTUMAJLHOIO KEPYBaHHS CUCTEMAMU BUKJIAIEHO, HAPUKJIIA, B MO-
Horpadisx [6,22].

CrpykTrypa crarTi Taka. Y MOEpIIOMY pO3ii chOpPMYJIbOBAHO 3aJa1y ONTUMAJIb-
Horo kepyBaHHs. Jpyriit po3misi MiCTHTDL BUXiTHI TOJIOKEHHS TeOpil PiBHAHBL 3 IO-
XiIHUME JIPODOBOrO TOPSIAKY 1 OCHOBHWIT pe3ysbrar janol poboru — Teopemy 1. V
TPETHOMY PO3/ILJI JIOBEJIEHO ICHYBaHHS y3arajJbHeHHOIo po3’si3ky 3ajadi (P,). Yersep-
TUil 1 ATl PO3ALIN MpUCBAYEHO noBemeHHIO Teopemn 1 — icHyBaHHS pPO3B’sI3KY Ta
OOTPYHTYBaHHSI YMOBHU ONTHUMAaJIBHOCTI BiAMOBIAHO. ¥ IIIOCTOMY PO3Jiji MOKa3aHO, IO
JI0 3aJ1a4l, 0 JIOCHIZKYEThCs, MOYXKe OYTH 3aCTOCOBAHO pe3ysbraTu pobir [23,24], ne
JIIsT PO3B’sI3aHHST 3aJ1a9] OITUMAJIBHOTO KEPYBaHHS OYJI0 3aIPOIIOHOBAHO BUKOPUCTATH
METO/I, CIIPSI?KEHUX TPAJIIEHTIB i OTPUMAHO [IesiKi Pe3yJIbTaTH CTOCOBHO HOTO 30i2KHOCTI.

1. ®opmynaoBaHHs 3aaadi.

Hexait Q C RN, (N > 1) - o6mexkena o61acThb 3 peryJispHoio mezkero S. ITozmaummo
Qr=Q x (0,T7), ST =8 x (0,T).

OcHoBHIUM 06’€KTOM JTaHOT pOOOTH BUCTYIIAE 331898 ONTUMAJIBHOTO KePYyBaHHS JJIst
piBustHHs (1uB. (3), (4))

ye(x,t) — div(Vy(z,t)) — div(D{ Vy(z,t)) = u(z,t), (5)

3a yYMOB
y(:L’,O) = ¢($)a T e Qa (6)
y(x,t) =0, (z,t)€ Sr. (7)

Y nogasbmomy Oynemo Hasusaru 3agady (5)-(7) samauero (P).
Beenemo dyukitionast

J(u) :;/Q\yu(m,t)—zd(m)ﬁda:Jr;‘// lu(x,t)|? dt dz, (8)

Je zg € Lo(Q) 1 o > 0 € 3aaaumu, a y,— ysaraiabHeHuil po3s’sa3ok 3agaqan (P,) (1us.
nyHkT 2, O3nauenns 1).
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Posrisinemo 3asiady: 3Haiitu kepyBanusi v € Lo(Qr) Take, 1mo

Jw)= inf J(u).
(v) et (u)

2. OcHoBHIi mmo3HaYeHHd Ta HaKTH.
[Tosraummo gepes

(u-v) = /Qu(x)v(x) de, (u-v)p= //Tu(x,t)v(:n,t) dtdz,

cKaJsApHi 100yTKy y mpoctopax Lo(Q) i Lo(Qr) BiamosimHo, a 3ropTKy 3a 9acoBOIO

3MIHHOIO Yepe3
t
(u*v)(t) = / u(t — s)v(s) ds.
0
s 6yap-skoro ¢ > 0 mo3HavyuMo

i1
wp(t) = T(a)’ B >0,

Tozi o3nadenus noxinuol Kamyro (2) nabysae BUIIALY
Dyp(t) = (wi—o * pe)(2).

Jlema 1. /laa dosinvroi abcortommo nenepepenoi dyrxuyii p(t) maemo

t T t
[ [ wstr =i = [ antr = ts) ds = pl0ns (1)

p()D7 plt) > L D7 (1),

(wo * DY p)(t) = p(t) — p(0).

osedenns. Jliticao

/Ot dT/OTwﬂ(T—S)ps(S)dSZ/Otps(s)ds/:wﬁ(r_s)dT:

— [ Pt = s ds = ~p(Or(®) + [ walt — s)ols) ds.
0 0

Taxkum umHOM, Mae Mmicue Toroxkuicts (12). Hepisuicts (13) moBegeno B poGori [1].

Baacrusicrs (14) € pesynbrarom Teopemu 3.8 monorpadii [10]. O
Taxok HaM 3HaI00UTHCS HEPIBHICTD

/0 (wi—g *u)(T)u(t)dr >0, B€(0,1),
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crpaBe uBa Jiis J1oBiabHOT dyHKIil u € Lo(0,T) 1 6yap-sikoro ¢ > 0 (aus. [13, TBEp-
JoKenns 16.3.1]).

Beesemo By i mpaBy noxigai Pimana—Jliysiwis nopsinky o € (0,1) (mums. [15,
dbopmym (2.1.8), (2.1.9)])

o B 1 o [ w(x,T)
th(w’t)_r(l—o')at/o md’f,
T w\r, T

BazHaunMoO, 110 3aMiHa 3MiHHOI t — 1" — s ImepeBoAuTb IpaBy mnoxigny Pimana—JIiy-
Bijuist B J1iBY, TOOTO JUIst JOBUIBHUX W, W Takux, mo w(z,s) = w(z, T —s), s € (0,7T)
MaeMo

o _ 1 a =t U)(ZL‘,T—p)
Tth(SE,t)—_F(l_O_)at/o m
_ Lo @) e
‘r<1—a>as/o (s~ po P = Dol s). (17)

st ocrarapo peryssipuux GyHkuii w(x,t), w(x,t) 3a J0mM0MOrow iHTerpyBaHHs Ya-
CTHHAMH OTPHMAEMO

r R B 1 T T %(z,t)
/0 Dy w(zx,t)w(z,t)dt = T(l—a)/o ws(x, 5)/8 (t—s) dtds
0

~ T ~
e [ ey dt}‘o g = =

T T
/ Dy w(z, t)w(z,t)dt = / w(z,t) rDf w(z,t)dt, axmo w(xz,0)=0.  (18)
0 0

o= (/Q V@) dx) 1/2, lollr = (//TUQ(x,t) dtdx>1/2

nosHadnMo HopMmu B Lo(Q) 1 Lo(Qr) Bimnosimmo. TakoK, st CKOPOUEHHS 3aIluCy,

BUKOPHUCTOBYEMO HaCTyHHi IIO3HAYEHHA
n 1/2
= (3] i)
1=1"77Qr

n 1/2
[l = (Z/ |Uxi(93)|2dl‘> ;v
=1 7@

Beegemo rinmsbeprosu mpocropu Cobonesa HF(Q), (k = 1,2) dynkuiit, axi MaoTh

OTZKe

Yepes

ciabki noxigni mopsaky k 3 Lo(Q) (mus. [20, posain I]). Bamukanns muoxunun C5°(Q)
3a HopMoto Tpoctopy H(Q)

1/2
Il = (ol + lIpl3) "
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nosnatumo vepes Hi (Q). Baznaunmo, 1o, BHaciok nepisnocti Ilyankape, sk HOpMY
y poctopi Hi (Q) moxma B3sttu || - ||1. Kpim Toro, nam 3uao6uThest mpoctip

W(0,T) = {p € Loo(0, T; HY(Q)) : pr € La(Qr), Dfp € La(0, T; H3(Q))},

3 HOPMOIO

Ipllwe.r) = sup |lp(,t)lli + llpellr + | DY p
te(0,7)

1,T-

BAVBAXKEHHA 1. 3asnaunmo, mo W2(0,7) C C([0,T]; L2(Q)) (aus., Hanpuka,
[20, mema 7.3|) i

Iyllcqorza0) < Clyllir (19)

O3HAYEHHS 1. Bygemo wasusaru dyskiio y € W7(0,T) y3arajibHeHHUM PO3B’si3-
koM zaadi (P,), akimo ais gosinbHoi dyrkmil § € Lo (0, T; HE(Q)) BukonyeThes Bapia-
iitne pPiBHAHHS

(Y- 97+ NVy-Vo)r +(DfVy) - Vy)r = (u-y)r

i Biamosizna movarkosa ymosa y(x,0) = ¢(z).
st Toro, o6 cdopmy/oBaTH HEOOXiIHY YMOBY ONTUMAJILHOCTI OCHOBHOI 3a/1ati
(9) posrusieMo “cupsizkeny 3agady’ go (P,)

pe(x,t) + div(V p(z,t)) + div(r D¢V p(x,t) =0, (z,t)Qr,
p(l‘,T) = y(IE,T) - Zd(x)7 T € Q, p(x,t) =0, (l’,t) € Sr. (20)
Bsenemo mpocropu
V(0,7) = C(0,T); L2(Q)) N C([0,T); H*(Q) N Hy(Q) N La(0, T3 H'(Q)),
WU(OvT) = {p € L2(07T7 H&(Q)) YIRS LQ(QT)? Dgﬁ € L2(07T7 H&(Q))? ]3(]3,0) = O}
O3HAYEHHS 2. Bynemo nasusartu dyukmio p(x,t) € V(0,T") y3araabHeHHIM PO3B 13-

koM 3agadi (20), sikmo p € V(0,T), i just Beix p € W7(0,T) BukonyeThcst Bapialiiina
PIBHICTH

(W, T) = za) - (- T)) = (p - P)r — (V- VD)1 + (Vp - DY Vp)r = 0. (21)

Bpaxosytoui (17), mo 3azadi (20) MoxkHa 3acTOCYBAaTH pE3y/abraTu pobirt [4,5], ge
PO3IJIsiIaIacs 3a/a49a

pt(x7t) - diV(Vp(x,t)) - diV(ngP<$vt)> = f(x7t)7 (x7t>QT7
p(z,0) =¢(x), €@, plx,t)=0, (x,t)€ Sp. (22)

Bokpema, TeopeMy iCHyBaHHs Ta €AnHOCTI po3B’a3Ky 3aaadi (20), B cenci O3nadenns 2
quB. [5, Teopema 2.1]. 3aznauumo, mo upu ¢ = 0, f € Lo(Qr) po3s’s30k 3amaui (22)
€ Gl rIaJKuM y TopiBHsiHHI 3 Bunagakom ¢ # 0, f =0, a came (nus. [4, §5])

Izl + [ Apllr + D7 Apllr < Cllfl7-
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OcHoBHUIT pe3ysibTaT JaHOol POOOTH MICTHTHCSI B HACTYIHIN TeopeMmi.

Teopema 1. 3adaua (9) mae cdunuidl po3s’a3ok — onmMuUMaILHE KEPYSAHNA U, AKE
TAPAKMEPUYEMBCA HACTVYTHUM YUHOM

v(x,t) = —ép(m,t), (z,t) € Qr,

de p — yaazanvhenul po3e’asok cnpastcenoi 3adaui (20).
3. Pow’aznicTs 3ama4i (F,).

Teopema 2. Hezati u € La(Qr), ¢ € HY(Q). Todi sadana (P,) mae edunuii ysa-
eanvrenull pose’szox. Jlo mozo sic cnpasedausa ouinKa

1yllwe o) < C el + llullr)- (23)

Hosedennn. Hexait { Ay, wy}3, cucreMa BiIacHHX 3HadYeHb 1 dyHKI omepaTopa
Jlanmaca

—Awy, = Mwy, T € Q,
wr(x) =0, z€8, (24)

HPUYOMY
) 0< A <A< < A\ — 00, KITNO k — 00;
i) w, € HX(Q) N HY(Q) noa Beix k € N;
iii) mocsmimosmicTs {wy}2, yrBOpIOE OpTOHOpPMOBaHMit 6asic B La(Q).
3a3HaunMo TaKOXK, IO

(Vwy, - Vwy) = —(wy, - Awy) = N(wy, - wy) = N,
(Awy, - Awy) = Mg (wg - wp) = A \ig, (25)

ze 0 — cuMBoJl Kporekepa, i, sIK HaC/IiIOK,
)\k/w,%(x)dx:/ Va2 dz = [Jwe, Az/wg(az)dm:/ AwPdz.  (26)
Q Q Q Q

[Ilykaemo po3s’sizok 3amaqi (P,) y Burisi

M8

y(l‘,t) = (y('7t)7wk)wk(w)'

e
Il
—

[Mosuaunmo yg(t) = (y(-,t), wg), uk(t) = (u(-,t), wg), op = (¢, wr). I3 (25), (26) Gauu-
MO, 30KpeMma, 110

lyC Ol =Y My (t)- (27)
k=1
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st meBimomux {yg(t)}72, omepxkumo cucremy

Yie(t) + Ay (t) + M D7 yi(y) = ur(t), Yk (0) = . (28)

I3 3arasbnol Teopil (quB, nanpukiaz, [20, reopema 1.44|) BuimBae iciyBanHs abCOIIOT-

HO HEIIEPEPBHOIO PO3B’sA3KY 3a/1a4i (28) B MajioMy 3a 9acoM. PiBHSAHHS TAKOIO BULJISILY

JIOCJIJIZKYBAJIOCs, HAIPUKJIa L, B poborax [3,17]. B [3], 3a monomororo nepersopenns Jla-

wiaca B [3| 6yso mobymoBano Bixnosiaui dyukiii ['pina Ta 10C/1izKeHO X BJIACTUBOCTI.

Bokpema OYJI0 HOBEIEHO, [0 BOHU € aDCOJIOTHO MOHOTOHHUME (DYHKITISIMHU.
[TomuokUMO KOKHe piBHsHHS (28) BimmosigHo Ha Y (1):

1d

5@%@) + Mk () + M DF yr () - yr(t) = un(t)yn(t), (29)
nami Bukopucraemo (13) i mpoinTerpyemo 3a 3MiHHOIO ¢, TO/I
2 T T by T 2 T
WD o [Cwar+ E [Toreiears Ee [Tuoun . @0
0 0 0

Bpaxosytoui (11), y Tperpomy 1ofanKy B JiBiit qactuni (30) MOXKHA BUKOPHUCTATH DPiB-
micThb (12). OTxe

2 T T
ykg) + Ak/ YR(t) dt + A;’/ w1-o(T — YR (1) dt
0 0

< Fot+ [ womoa G

Hani mu nomuoxkumo (30) na wi(x). InTerpysais 3a 3MIHHOIO T Ta J0JaBaHHS 3a
iHZeKcOM k TIPUBOASTE 10 HEPIBHOCTI

lyC, P + exllyllE - + c2(wio * [yl (7) < I + esllgll +callullZ. (32)
fAxmo (28) nomuoxkuru Ha Y (t), Toai, i3 ypaxysanusam (15), (11), oxepKumo

Ap d

— [y (O] < (1) lyw (D)]-

/ 2 R
P + 5

3HOBY IIOMHOXKUMO Ha w,%(:p), MIPOIHTErPYyeEMO 3a 3MIiHHUMH ¢, . Y TiJICYMKY MaeMO

lyell + eslly -, ) < esllgllf + erllull?. (33)

Ha nmacrynnomy xpomni ozgepkumo omiuky ||DfVy||-. I3 1iero mMeTon moMHOXKHMO
(28) ma Dy, i, 3a gomomororo (13), ogepkumMo

D7 (yi) () + Ae D7 (4) () + 21| DY (i) ()2 < 2[ug (8)][DF () (1)].
[MTomHOXKUMO 06M/1BI YacTUHHU Ii€] HEPIBHOCTI HA W, (T — t). 3a3HaunMO, 1110

o—1

(o)

wo(T—1) >ne = mpu 0 <t <7 <T. (34)
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Ha nigcrasi (34) i mepiBocri Komi-ByHnsikosebkoro, 6a1umo, 1m1o
wo (T = )DY () (t) + Ao (T — ) DY (yi) (1) + 2Mx7: DF () (1)]

< ;kmw — Dur(D)? + x| DE () (1)

Hexait € = n,. llicng interpyBanns omepkanol HEPiBHOCTI 3a 3MIHHOIO i3 3acTOCYBaH-
HsIM criBBinHOMmenHst (14) 1m0 JiBoi YacTuHu i Teopemu flHra J10 mEPHIOro JOJAHKY B
IpaBiif YacTUHI, MAEMO

Y2(r) + M2 (r) + M /0 1D () (1)|2 dt

T T
<O + MO +as [t [ Tuelof ar
0 0
[ToBTOpIoIOYN HaBeeH] BUIle MipKYBAHHSI, MAEMO
lyC P+ Ny DI + 0 DT VYR < (012 + [l¢l1T + collul7- (35)
3 orminok (32), (33), (35) Bumuinsae

sup |ly( )|+ sup |ly( )l + l[yelle + 1DF Vyllr < C (|8l + o[l + [lullz) . (36)
te(0,T) te(0,T)

€uHicTh po3s’sa3Ky 3asadi (P,) MOXKHA BCTAHOBUTHU 3a JIONOMOIOK HEPIBHOCTI
(13). O

4. IcHyBaHHsI PO3BSI3KY 3a/I1a4i ONTUMAaJbLHOTO KEPYyBaHHS.

3 reopemu 1.2 pozuiny 3 Ta jemu 2.2 posuiny 4 monorpadil [6] BurmBae, 1o st
JioBejieHHs Teopemu HEOOXiTHO TIEPEKOHATUCS Y ITPABUJILHOCTI TAKUX TBEP/2KEHD

1) skmo ||ul|lr — oo, Toxui J(u) — 4o00;
2) dyuxrionan J(u) € cTPOro OMyKIImM;
3) dyukmionan J(u) € cnabko HamiBIEpEPBHUM 3HUZY.

Buiacrusicrs 1) Bunsmmsae 6e3mnocepe/iabo 3 Burisity dbyskiionary J(u).

st Toro, mob mepeKoHATHCsT Y MPABUJIBHOCTI 2), JOCTATHBHO MOMITUTH, IO JIJIs
JoBinbHEX ¥ € (0,1), uy, ug € La(Qr), Juist Bimosianx po3s’s3kis 3a1a4 (P)y,,(P)u,,
(P)yus+(1=7)us > MAEMO Yryy 1+ (1—yyuy = YYuy +(1—=7)Yuy, @ HOTIM cKOpHCTATHCSA CTPOTOIO
ONYKJIICTIO KBaIPATUIHOI (PYHKIIIT.

Ocranus BIACTHBICTH 3) € HACIIIKOM HEIEePEPBHOCTI 1 omykiocTi dyHkijonana J
(muB. Teopemy 2.12 monorpadii [22]).

5. YMoBa OoOTUMAJILHOCTI MEPIIOro IMOPSAKY.

Crnovarky BUKOHAEMO jesiki dopmasbhi obuncienns. Hexaii u, 4 € Lo(Qr). Tlo-
3HATIMO

wal) (2,1) = 3 (ueral®: 1) — (e, 1), A#0.
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DynKIis wy, (W) €, 09eBUHO, PO3B’I3KOM 3a/1a4l

we(z,t) — div(Vw(z, t)) — div(Df Vw(z,t)) = a(z,t),
w(z,0) =0, z€Q, w(z,t) =0, (z,t)€ Sr. (37)

st BignoBinuux 3uadens pyukiionaay J Maemo

1 _ _ A Yurra(@,T) + yu(z, T)
LIt Aa) = JT(u) = /Qwu<u> ( * 5 - Zd(@) dx

ta / / ) (u(:):,t) + ;a(:):,t)) o, t) dide. (38

[Mosuauumo uepes §J,(u) noxigay aro dynkmionany J B Todll © B HAIPIMKY .
Bracinok oninoxk (19), (36) dinanbue 3uatenus y,,(x, T) po3s’ssky 3anadi (P,) nere-
pepBHO B Lo(Q) 3amexurs Bijg u € Lo(Qr), TOMY

dJy(uy = /Qwu(ﬁ>(:c,T)(yu(x,T) — zq(x)) dz + a// u(z, t)u(z,t) dtde.  (39)

Ao v € Lo(Qr) € Toukoro Minimymy dbyHKIioHay J, TOAL Jyisi MOBLILHUX (DYHKITIH
u € Lo(Qr) 1 A > 0 BUKOHY€ETHCsT HEPIBHICTD

1

X(J(U + Aa) — J(v)) > 0.
IIpu A — 0 Gaunmo, mo 0J,(w) > 0, i, Tak camo, 0.J,(—u) > 0, TO6TO SKINO U €
minimaitzepom J, Tomai miist Beix @ € Lo(Qr) maemo 6J,(u) = 0. 3 ypaxysanusm (39),
OCTaHHSI YMOBa HAaOyBa€ BUTJISIITY

dJp(u) = /Qwvm)(:v,T)(yv(m,T) — zq(z)) dx + a// v(x,t)u(z,t)dtde = 0. (40)

BAVBAXKEHHS 2. 3a3HaYMMO, 110 HeobxigHa ymoBa ontumasbhocTi (40) € 1 qocrar-
HBOIO, BHACJIJIOK onykiocTi dyukuionany J. iiicHo, mis noBiibaux v, 0 € La(Qr),
A € (0,1) maemo

J((1 = Ao+ A8) < (1 — A)J(v) + A (D),

1

X(J(v + A0 —v)—J(v))) < J(©) = J(v). (41)
Otxe, sximo 0,J(a) = 0 mus Beix @ € La(Qr), Toai, oueBunHo, 6, J (0 — v) = 0 st
BCix U € Lo(Qr). Ilpu A — 0 B mepiBuocti (41) maemo J(v) — J(v) > 0 = 0,J (v —
v). Takum unHOM, PYHKINA v, KA 3aJ0BOJIbHSIE HEOOXIJHY yMOBY ONTHMAJIBHOCTI, €
TOYKOIO MiHIMyMy (yHKIOHATY J.
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Jnst nosissroro p € Lo(0,T; HE (Q)) omepsmmo

u(z, t)p(x,t) dtde = O, (1) (x,t)p(z,t) dedt
. . Ot

+ //T (Vwy(u)(x,t) - Vp(z,t) + (DfV wy(u)(z,t)) - Vp(x,t)) dtdz.

ko p € poss’sizkom 3azadi (20), Tomi
/ / (e, p(x, 1) didz = / wo (8 (2, T) (g, T) — 2a(x)) da. (42)
T Q

Otrxe 3 (39), (42) Butuusae, mo st Beix 4 € La(Qr)

// (p(x,t) + av(x, t))u(z, t) dtde = 0. (43)

ITe ozHauae, 110
1
v(z,t) = ——p(z,t) maiixe Bcrogu B Q. (44)
«
IlincymoBytoun HaBemeHi Bule MipKyBaHHs, pOOMMO BHCHOBOK, IO IJIsI TOTO, 1100

dyukiis v € Lo(Qr) Gyna po3B’sa3KOM 3a/iaui ONTUMAIBHOINO KEePyBaHHs HEOOXITHO i
JIOCTATHBO BUKOHAHHsI (44) Ta HACTYIIHUX yMOB

_ _ - _ 1 _
We -9+ Vy-Vor + (DIVyY) - Vy)r = ——(p-g)r, y(z,0)=9¢(z),  (45)
((y(,T) = 24) - p(-,T)) = (p-Pt)r — (VP - VD) + (Vp- D{Vp)r =0,  (46)
ne g € Le(0,T; Hy(Q)), p € W2(0,T).
6. MeTo/ cripsi>keHuX r'paJdi€HTiB.
Hanasni Bukopucrosyemo merozu poborn [23].
[Mo-nepime, pist poBiabHOro h € Lo((Q)) po3riisiHeMO JOMOMIXKHY CHCTEMY

7+ (Vp-DIVp)r =0, (48)

Qlm

@9+ (Vy-Vy)r + (D{VY) - Vy)r =
(h-5(,T)) — B D) — (VP Vp

ne § € La(0,T; HY(Q)), p € W?(0,T).

3 Teopewm 1, 2 Bunubae, 1o (47) mae exunnii poss’sizok y € W2(0,7), p € V(0,T).
Takum gwmnOM, BusHadeHo omeparop R : h — y(-,T), mo Henepepsuo jie 3 La(Q) B
L2(Q). Tpeba nosecru, mo § € C([0,T); H (Q)).

Jlema 2. Hezati q € L2(0,T; HY(Q)) i v — y3aecarvrenuti pose’asox sadami

~—

ri(x,t) — div(Vr(z,t)) — div(D°Vr(z,t)) = q(z,t), (z,t) € Qr,
r(x,0) =0, z € Q, r(x,t) =0, (z,t) € St, (49)
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modi r € C((0,T]; HY(Q)).
Josedera. 3HOBY 1IyKaeMo PO3B’si30K 'y BULIsal (2, ) = > ooy mi(t)wi (). dist
3HAXO/ZKEHHS T, OTPUMAEMO CHCTEMY

() + Neri(t) + M DY ri(t) = qi(t),  7(0) = 0.

3a jonomMoror meperBopenHst Jlamacy

Tr(s) = /000 exp(—st)rg(t)dt

CIIOYATKY BUBOJIMMO, IO

1

k(s) = Up(s)qu(s), Uk(s) = e

ri(t) = (Ug * q)(t). (50)

Bracrusocri dyukuiit Uy, gociipkysanucs B pobori [5] (nus. Teopemy 2.2 Brazanoi
poboTH), Je JOBEJICHO, IO CIPABEJINBI HACTYIHI OIIHKH

0<Uy(t) <1, t>0, (51)

i Tomy

t t t
Ml (8)] < A / U2 (r)dr / B(r)dr <T / Mgl (r)dr. (52)

0
Ouesnmo, mo i (t)wy(z) € C([0,T]; HH(Q)) nust Beix narypambunx k. 3 oninku (52)
GaunmMo, 1o psat Y pe; Tk (t)wy(z) 36iraerbes B HY(Q) piBHomipuo no ¢ Ha Bixpisky
[0, T, axmio g € Lo(0,T; HY(Q)). 3 Teopemn TIpo HemepepBHICTH PsTy, MO PiBHOMIPHO

sbiraernes, suimsae, mo r € C([0,T]; Hi(Q)). Jlemy noseneno. O
Binpre Toro, oneparop R € MOBUTUBHUM i CAMOCIIPSI>KEHUM, TOOTO

(RiAL -h') = (RK /ﬁ) Jurs nosinbiux b, h € Ly (Q), (53)
(Rh-h) > 0 s Beix b € Lo(Q). (54)
Hacripap i, mexait A/, h BiITIOBLIAIOTE PO3E A3KH CHCTEMIT (47)noznaveni vepes (u', p')
a (,p), Toni
~ ~ o~ 1,
G- )+ (VG- VP )r + ((D7VY) - V)1 = —(B-p)rs
(W9 1) = (0" Go)r — (VP - V§)r — (VP - D] V)1 = 0. (55)
SIKIIO 110 mepIoro piBHSIHHSL JIOJATH JAPYyTe, OTPUMAEMO
1 ~
(W -y(-,T)) = —(p-p)r, ne 3a osnagenusm (-, T) = Rh. (56)
a
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1,
= —(p-p)r, ne 3a oznauennsm y' (-, T) = RH. (57)
«

(h-y'(-T))

Bracrusocri (53), (54) Bumumsators 6e3nocepeiaso 3 (56), (57).

Ha npyromy xpori mu mepedopmysnoemo criBsiguomensst (45) B TepMiHax onepa-
Topa R.

Hexait napa ¢yukuiii (y, p) € poss’sskom cucremu. [loznaunnmo h* = p(-,T'). Ilpe-
craBumo y y Buriisiai y(x, t) = n(z,t) — y*(z,t), ge OyHKIIS 1) 3HAXOIUTHCS i3 PO3B’si-
3aHHS HACTYIIHOI 3aJla9l HACTYITHUX 33184

-1+ (Vn-Vy)r +(DfVy)-Vy)r =0, n(x,0)=¢(z),

a JJIsl 3HAXO/ZKEeHHsI Y PO3IUISJIAEThCs cucTeMa Tuly (47)

(v )1+ (Vo Vo + (DFV ) - Vo = (" )r, 9" (@00 =0, (59

(h*-p(-,T)) = (p* - Do) — (V" - VD)r + (V" - D{VD)r =0,  (59)

ne j € La(0,T; HY(Q)), p € W?(0,T). 3 orpumanux CHiBBiHOMEHb 6aqmMO, 110 3
OJTHOTO DOKY
w(z,T) — zq(x) = p(z,T) = h*(x)

1 3 1HIIIOTrO

u(z,T) =n(z,T) —u*(x,T) =n(x,T) — Rh*(x).

Takum auHOM

h*(x) + zq4(x) = n(z,T) — Rh*(x). (60)

Axmo x nosuaunrn f(z) = n(z,T) — z¢(x), Tomi (60) (a 3Hauwurs i cucremy (47))
MOKHA 3allACaTH y BUTJISJ OIIEPATOPHOIO PIBHAHHS

(I+R)h* = f. (61)

Hacuimytoun pobory (23|, BUKOpHCTaAEMO METOJ[ CIPSZKEHUX I'PAJI€HTIB 110 PIBHSIHHS
(61). Ioznaunmo

en=h*—hy, mn=U+R)e, =f— I+ R)hy,
Prni1 = hn 4+ ansn, = ||hnl|*/(hn, (I + R)s,,), (62)

Sn+l = Tpel + /anna S0 = To, /Bn = HTn-i-1H2/HTnH2'

Besnocepennno 3 Teopemu 4.1 poGoru [23] Butumsae (cynepiiniiina) oninka 30ix-
HocTi irepariiiHoro npomuecy (62):

llenl] < (cn)"[leoll, (63)

Jie MOCI0BHICTD {¢p, 02 | Taka, mo lim ¢, = 0.
n—oo
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M.V. Krasnoshchok
Optimal control problem for an equation of filtration with memory.

Fractional diffusion models are generalization to the diffusion models with integer derivatives. There
has been great interest in the study of this models because of their appearance in modeling various
applications in the physical sciences, medicine and biology. We consider a filtration model with
nonclassical Darcy’s constitutive equation. Resulting equation states that the flux of fluid is proportional
to not only gradient pressure but it’s Riemann-Liouville fractional derivative also. This model was
proposed by M. Caputo and allows the permeability varies with time depending on the previous
pressure gradient. These phenomena, which we will represent mathematically with memory formalisms,
have often been observed qualitatively in oil extraction, in geothermal areas and in the laboratory
Similar problems arises in the study of flow of generalized second grade fluid. Existence results of
initial and boundary value problems for partial fractional differential equations have been studied
by E. Bazhlekova, K. Diethelm, J. Janno, A.N. Kochubei, G.P. Lopushans’ka, R. Zacher and others.
Fractional optimal control problems have attracted for example R.Dorville, G.M. Mophou, V.S. Valmo-
rin, Y. Zhou, L. Peng and many techniques have been developed for solving such problems. We
consider the problem of minimization of the standard cost functional J(u) which is determined in the
terms of generalized solution of initial-boundary problem of time-fractional differential equation under
considerations. We consider a control via right hand term u and an observation on the whole domain
in Ly norm with a Tikhonov regularizer term. First we introduce functional spaces and establish some
auxiliary properties of fractional integrals and fractional derivatives. Second we prove an existence and
uniqueness result for the state problem. We remind that we deals with an equation of filtration with
memory. Our objectives are: a) to prove that there exists a minimizer u of the cost functional J; b) to
obtain necessary and sufficient conditions for u to be an extremum; c¢) to obtain constructive algorithm
amenable to computations for approximations of the optimal control. An unique solvability of state and
conjugate problem is established by the help of Galerkin method and corresponding a priori estimates.
Then we prove that the cost functional is coercive, convex and weakly lower semicontinuous. We show
the existence of the optimal solution by proving the existence of the weakly convergent minimization

sequence satisfying the state equation. The uniqueness follows directly from the strong convexity of
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the cost functional. This gives us the item a). The item b) is obtained from the first order optimality
condition. We justify also the conjugated gradient method to search the optimal control function. On
this way we use some results of R. Winther, which allows us to use the conjugate gradient method in

our situation and prove its superlinear convergence.

Keywords: optimal control, Caputo derivative, Sobolev spaces.
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quaternionic algebra.

MSC: 16H05.

Keywords: quaternions; Segre algebra; Pierce decomposition; polynomials.

Introduction

The algebra of Segre quaternions or bicomplex numbers was introduced and studied by
Italian mathematician C. Segre in 1892 [1]. The advantage of this real four-dimensional
algebra, or two-dimensional algebra over complex numbers, is its commutativity, which
makes it more applicable to a variety of important problems. For example, in contrast
to quaternions, it is not necessary to consider the right and left derivatives of a
function separately or to study polynomials with coefficients on special positions. Basic
properties of bicomplex numbers and their applications were studied in [2].

In the early of 80-th of the 20-th century, it was understood the possible applications
of bicomplex numbers to problems of inertial navigation [3]. A detailed analysis of
the algebraic and geometric properties of bicomplex numbers is presented in [4]. In
papers |6, 7] the authors developed the theory of monogenic functions in the algebra
of Segre quaternions. In [5] a method for solving polynomial equations over bicomplex
numbers was developed. At present time the algebra of bicomplex numbers is still the
subject of interest of mathematicians.

The main object of the study of this paper is the algebra of Segre complex quaternions,
which is a generalization of bicomplex numbers to the algebra of Segre quaternions
over the field of complex numbers, similar to the complex generalization of quaternions,
which is well studied and has a number of applications in mathematical physics [10]. We
study the main algebraic properties of this algebra such as idempotents, ideals, Peirce
decomposition and matrix representation. We also develop a method for solution of
polynomial equations in Segre complex quaternions and study the Cauchy—D’Alamber

This work was supported, in part, by the state budget project “The geometrical and topological
problems of the modern theory of mappings”.

158



Some algebraic properties of complex Segre quaternoins

type conditions for differential functions in this algebra. This algebra has already arisen
in our research in the study of solutions of partial differential equations and we believe
that it will find its application in study of differential equations of mathematical physics.
1. The basic properties of the algebra of Segre quaternions.
The algebra of Segre quaternions over real numbers is defined as follows

B (R) = {CLO + a1t + agj + agf},

where a; are real numbers and ¢, j, f are imaginary units of the algebra such that
il=j32=—f*=-1,i4=ji=Ff, if =fi=—j, jif = fj = —i. From these conditions
it follows that algebra B (R) is commutative. In addition, algebra B (R) has exactly

two nontrivial idempotents f, = % and f_ = %, which satisfies the following

properties f, +f_=1land f . f_ =0.
Algebra B (R) can be decomposed in the direct sum of principal ideals I ( f +) and
1 (f 7), which are generated by f, and f_ respectively (the Peirce decomposition)

B(R)=1(f.)@l(f ).

Elements of the ideals are zero-divisors of the algebra B (R). The algebra of Segre
quaternions B (R) has the exact regular representation by 4 x 4 matrices over the field
of real numbers as follows

To I1 x2 €3
r1T —To T3 —I2

84: 7x07x17x2ax3€R )
T2 I3 —Tp —1

r3 —r2 —T1  Tg
that is, we have the following isomorphism of B (R) onto B4

o X1 Z2 z3
ry —To X3 —X2
T2 X3 —Xp —I1
r3 —T2 —T1 X

B(R) >z =u1x9+x1%+ x2J +x3f < € B,.

2. The algebra of Segre quaternions over complex numbers.
Let us consider the algebra of bicomplex numbers with complex coefficients, that
is, the four-dimensional Segre algebra over the field of complex numbers

B(C) ={co+ c17 + 2k + csf},

where ¢, ¢1, co, c3 are complex numbers and j, k, f are imaginary units of the algebra
which are defined by their properties j2 = k2 = —f? = —1,jk = kj = f, jf = fj = —k,
kf = fk = —3. In addition, 7, k, f commute with the complex imaginary unit ¢z € C.
It is easily verified that B (C) is a commutative algebra, which is said to be Segre
quaternions over complex numbers.
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Similarly to the case of bicomplex numbers, the algebra B (C) is conveniently
considered as the algebra Bg (R) over real numbers, that is

Bg (R) = {ap + a1% + azj + azk + asf + asp + asq + arr},

where a;, l = 0,1,...7 are real numbers and products of the imaginary units are defined
by the following Cayley table

Il v | gk |f]p]|a
1\\1]1 441k flpl|laqgq]|Tr
te -1 p g | r|g|-k]|-f
J\i | |1 f|-k|-t] T |-q
kEl\k| q | f|-1]-]|r]|-i]-p
Frf kg |1 |-q|-p]|
pllp g |-t |r|-qg|1|-f|Fk
qllg|-k|r|-t|-p|-f]|1
ri{yr|-f|l-q|-p| i | k| j|-1

ProPosITION 1. The Bg (R) is 8-dimensional commutative algebra over R.

Proof. The commutativity of the multiplication follows directly from the Cayley
table for imaginary units. Associativity and distributivity are verified by direct cal-
culations. [

Idempotents of algebra Bg (R). Let us consider the following elements of Bg (R)

. 1-f+p+q . 1+f-p+gq
Zl*f7 7'2*#7 (1)
. _1+f+p—q . 1-f-p—gq
3= =7 "

Lemma 1. The elements 11, 12, 13, 4 satisfy the following conditions

1.
B =4, = iy, B3 = 13, 13 = is. (2)
That is, 11, 12, 13, 44 are idempotents of Bg (R).
2. Fork #1
hoh=1%-4=0 k1=12234. (3)

2+t 13+ 1 = 1. (4)
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Proof.

1. By using the Cayley table, we obtain

-2_(1—f+p+q>2_
b=\——7F ) =

1
E(1+f2+p?+q2—2f+2p+2q—2fp—2fq+2pq):

1
16

I-f+p+q .

(4—4f +4p +4q) = 1 1.

Much in the same way we can consider the rest of cases of Egs. (2).

2.
. 1-f+p+qg 1+f-p+gq
1112 = : =
4 4
1
15 WHf—pra—f-f+fp—fa+p+pf-p°+pa+a+af —ap+a’)=
1 .
1—6(1+f—p+q—f—1—q+p+p—q—l—f+q—p+f+1):12-21:0.
Similarly we can prove the rest of Egs. (3).
3.

11+ 22+ 23+ 94 =

l-f+p+q 1+f-p+q 1+f+p—q 1-f—p—
f4p 9. f4p q. f4p q f4p q_

1.

Principal ideals of algebra Bg (R). Consider an element © = z¢ + x1% + x2j +

x3k + x4f + x5p + v6q + x77 Of algebra Bg (R). Let us recall that a linear subspace

I(x)={yx:yeBsg(R)} =Bs(R)z C Bsg(R)

is called the principal ideal of algebra Bg (R) generated by .

Denote by I(i1), I(22), I(%3), I(4) the principal ideals of algebra Bg (R) generating

by respective idempotents (1) as follows

I(zk) = BB (R) 1’/€ = {yzka Yy e ]B8 (R>} s k= 11 2a 37 4.
ProrosiTiON 2. If € I(4;), y € I(4,,), where [ # m, then

-y =0.
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Proof. Since x € I(i;),y € I(iy,) there exist g, y, € Bs (R) such that ¢ = xgi;, y =
Yoim. Taking into account that algebra Bg (R) is commutative and Lemma 1, we have
TY = ToYolitm = 0. O

Theorem 1. Algebra

Bs (R)

can be written as the following direct sum (The Peirce decomposition)

Bs (R) = I(41) & I(%2) & I(43) & I (44).

Proof. Since as linear subspaces of space Bg (R) ideals I(¢1), I(22), I(23), I(i4) are
orthogonal and I(%;) N I(¢;) = 0,k # [ considering Eq. (4) we conclude the proof of
the theorem. [J

Taking into account properties of idempotents it is easily seen that elements of
ideals are zero-divisors of Bg (R).

Theorem 2. I(4) = Cq,1=1,2,3,4.
Proof. Let y € I(41). Then there exist y;, € R,i =0,1,...7 such that

y=(yo+ 1t +y2J +ysk+vyaf +ysp+vyeq +yrr)i =

1 . .
—(yo + 11t + yoi + ysk + vaf +ysp + yeq + yr7) —

4
(of +y17 — Y2k —y3J +ya — ysq — yep + yri) +

(Yop — y1J — Y2t + Y3 —yaq +ys — yef + yrk) +

(Yoq — y1k + yor — y3t — yap — ysf + Y6 + y7j) =

e B N BN

. 1 ..
(yo—y4+y5+y6)11+Z(y1—y2—ys—y7)(i—3—k—r):

((yo —ya+ys +ye) + (y1 — y2 — y3 — y7)8)t1 = ciy,

where ¢ = yo —ya + ys + y6 + (Y1 — y2 — y3 — yr)¢ is complex. O

Similarly we can prove the cases [ = 2,3, 4.

Theorem 1 makes it possible to reduce polynomial equations in Bg (R) to systems
of polynomial equations in the field of complex numbers as follows.

Let us consider a polynomial p,, (w) = aypw™ +am_1w™ 4. . +ag, where w, ai, €
Bs (R), k =0,1,...,m. Our purpose is to study zeros of

pm(w) = 0. (5)
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In accordance with Theorem 1, we consider the following decomposition

() 4

Ay = Ay .+a£4),r:0,1,...m,

W= Wi+ ...+ wy,

where a,(np),wp € I(4p). It should be noted that w;w; = 0 and ag)aﬁj) =0 for i # j.

Substituting (6) into (5), we obtain the following system of polynomial equations

a%)wl + afn) W+ a(()l) 0,

aS?wQ”%—a()lwg” 1—|—...—|—a(()2):0,

7
a(?’)w3 +a7(n) Jws' 1—{—...-|—a(()3) =0, @)

a,(ﬁ)wzl +a7(n) qwit +...+a(()4) =0.

(s) _ .(9) (s)

Considering Theorem 2, we have a,’ = ¢, 15, Wi = 2515, Where ¢, 25 € C.
Thus, taking is; out of the s-th equation s = 1,2, 3,4 of the system, we obtain the
system of four equations in C as follows

cg)z{” + c(l)_ B c(()l) =0,
() +c(2) m=l g ..—1—082):0,
09)23 + 0(3) T+ 083) =0, (®)
+

4) m (4 -1

em 20 ey 2 ..+c(()4):().

Hence, we proved the following theorem

Theorem 3. Let {Tl ,7"2[), ey 7‘,(7[1)} be the set of complex zeros of cm 2] —|—c(l) 2 1y

ot =0,1=1,234

Then the set S = S1 @ So & S3 & Sy, where S = {rgk)zk,rék)zk, ...,r,g’i)ik}, k=
1,2,3,4 is the set of solutions of Eq. (5).

It is easily verified that Eq. (5) has m* zeros.
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Ty

Y

.,T7 be 8 x 8 matrices as follows

100 00O0O0O
01 00O0O0O0OQO
001 000O0O0O0
0001 00O0O0OQO0

000 01O0O0O0

3. The isomorphic matrix algebra.

Let T(), Tl, ..

To

0

0
-1 0

0
-1 0 0

0
0

-1 0 0 O
-1

0
-1 0 0
0 0
-1 0 0
0 0 O
0 0 -1
0
-1
0
0
0
0
0

0

0 00
0 00
0 00
0 00
0 01
010

0
0
0
0
0
0
-1 0 0 0

0
0

7

0
0

0
0 0 -1
-1
0 -1 0 0

-1 0 0
0
-1 0 0
0

0 0

0
0

0
0
-1
0

0
0 0

000 0O0O0O01
0

000 0O0T1TO0TPO0
000 0O0O0T1PO0

It is easily verified that

Ty =
Ty =
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To | Th T | T3 | Ty | T5 | T | Tx
To||To | Ty | T | T3 | Ty | 15 | Ts | T7
| Ty | -To | T5 | Ts | T7 | =To | =13 | =T}
T | Ta | 15 | “To | Ty | T3 | =Tv | T7 | —Tg
T3 |15 | T | Ty | —To | -T2 | T7 | -T1 | —T5
Ty || Ty | T7 | T35 | -T2 | To | T | 15 | T1
Ts |15 | =12 | =Ty | Tr | =Ts | To | Ty | T3
T || T6 | =15 | 17 | Ty | —T5 | =Ty | To | T
T |17 | =Ty | T | T | Th | T3 | To | —Tp

The result of multiplication is the same as for basis elements (identity and imaginary
units) of algebra Bg (R).

Let us introduce 8-dimensional matrix algebra over R
7
Bs = Z .I‘jTj, T € R
Jj=0

Theorem 4. Algebra By is the exact reqular representation of Bg (R).
Proof. Define the mapping 7(+) of Bg (R) onto Bg by the formula

T(iB) = xodo + 2111 4+ 22T + 23153 + 4Ty + 2515 + 615 + x71% (9)

for ® = oy + 21t + 227 + x3k + z4f + x5 + 69 + T7T.
Let us show that the mapping 7(-) defines an isomorphism of algebras Bg (R) and
Bs. For z,y € Bg (R) we have

T(x +y) = (o +y0)To + (z1 +y1)T1 + (x2 + y2)To + (3 + y3)T3 + (x4 + ya) T4+

(x5 +y5)T5 + (x6 + y6)T6 + (7 + y7)Tr =

7 7
S T+ Yyl =1(x) +7(y).
j=0 j=0

7 7
(@) (y)= | Do T |- | Dowili | =
j=0 j=0

(Toyo — T1y1 — T2y2 — T3Y3 + TaYs + T5Ys + Teye — 7y7)To+

(oY1 + 1Yo — T2Y5 — T3Y6 + TaYr — T5Y2 — Teys + v7ya) 1+

(Toy2 — T1Y5 + TaYo — T3Y4 — TaY3 — TsY1 + Teyr + 7ye) To+
(Vs + (L )Tu+ (T + ()T + ()T = (z - y).

It is easily seen that matrices T}, j = 0,1,...,7 are linear independent. This implies
that 7(z) = 0 if = 0 and the kernel of homomorphism 7(-) is trivial, that is 7(-) is
the isomorphism. [J

165



A. Pogorui, T. Kolomiiets

Denote by A (z) = det (7(x)) . It is easily seen that x is a zero divisor if and only
if det (7(z)) = 0.

4. Differentiation in Bg (R). Cauchy—D’Alamber conditions.
Let f : Bg (R) — Bg (R) is as follows

f(@) = uo(@) + wi(@)i +ua(2)j + us(2)k + us(z)f + us(@)p + us(@)q +ur(z)r,
where up(z) = uy (zo,21,...,27) are some real functions of eight variables x;,j =
0,1,...,7.

DerFINITION 1. The function f(z) is called differential at = € Bg (R) if there exists

the limit b

lim
A(R)#£0,|h|—0

and f’(z) does not depend on h.

DEFINITION 2. A function f : Bg (R) — Bg (R) is called differential if it is differential
at every point z € Bg (R).

Note that the differentiability of a function under consideration differs from the
concept of a monogenic function, which is studied in [6-9].

Theorem 5. A function

f(@) = uo(@) + w1 (@) i+ uz(@)j + us(@)k + ua(@)f + us(2)p + us (@) g + ur ()7
is differential if and only if functions ug(x) have continuous partial derivatives aqé’“ix(jm)
forall 5,k =0,1,...,7 and the following Cauchy-D’Alamber type conditions hold

8UO 6U1 61@ 8U3 _ 8U4 GU5 . 6u6 . a’LW'

drg  Oxy  Oxy Ows Ory Oxs Oxg  Oxp’

8U1 3UQ 8U5 8u6 8’U,7 61,1/2 8U3 8U4
0o Om  Ozy  Oxs  Oua  Ors  Oug  Oxr
8U2 8U5 8U0 8U4 aU3 8u1 aU7 811,6
9o Om1  Omy 0wy 0w Oz;  Ong  Owr
Gug Guﬁ aU4 8’&0 (9UQ 6U7 0u1 8’&5
drg  Om  Ozy 0wy Oz Or5  Oug  Oxr
Ouy Our  Ouz  Oup  Oug  Oug Ous  Ouyp

Gwo ~ Owi 0wy Oms 0w 0w 0w Our

Ou _ Ou_ On_0u_ w_dw_ du_ou o
Oxo 0xy Oxy  Ox3 Oxy  Oxs Oxg Ox7’
8u6 8U3 8U7 8u1 87,15 8U4 8u0 8u2
dvg 0wy Ows  Owy Oy Ovs  Omg  Owp
Oouy Ouy  Oug  Ous  Oup  Ouz  Oux  Oug

drg  Owy  Owy  Org  Oxg  Ors  Owg  Onr
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Proof. Let a function f be differentiable in the above sense.
Denote by eg = 1,e; = 1,...,e; = r. To obtain Conditions (10) we consider the
following limits

limf( +tel aule -
t—0 8951 € l

(11)

Since the right-hand side of Eq. (11) does not depend on the index [ we have

7
8u@ ou; ou;
‘ Z_Z eZ 1 :”'2281767;67 . (12)
=0 =0
Taking into account that efl =i l= —i,...,e;l =fl=F,. ,e;l =rl =
—7 it follows from Egs. (12) conditions (10).
On the contrary, let the functions u;, ¢ = 0,1,...,7 have continuous firsts partial

derivatives and satisfy Cauchy-D’Alamber type conditions (10). Then for every j =
0,1,...,7, we have

7
Uj(i13+h)—Uj($) = 8g‘£_w)hl+0(’h‘), (13)
i=0 ¢

where 2D _y 0 a5 |h| — 0.

k]
Let us put ¢, = 8%’“7(076) Considering Cauchy-D’Alamber type conditions (10) it

follows from Eq. (13) that

§=0 i=0
Thus,
7
. flx+h)—f(x) Ouj(x
l pu—
A(h);ﬁ%ﬂm% h ];0 8:c0 Z €=
O
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A.O. Iloropyii, T.FO. Kosomiennb
Hesiki asire6paiyHi BJacTUBOCTI KOMIJIeKCHUX KBarepHioHiB Cerpe.

Aurebpa xBarepuionis Cerpe un 6ikomiiekcaux ances1 Cerpe Oysia BBeeHa Ta BIEPIIE BUBYAJIACD
iranificekum maremarukoM K. Cerpe B 1892 pori. ITepesara 1iel 9orupuBuMipHOl aJiredpu Ha MO-
JieM gificaux guces, abo aeosuMipHoi anrebpu Kiridbdopa Ha  KOMIUIEKCHUME IUCTIAMU, TTOJISITaE
Y KOMYTATHUBHOCTI MHO>KEHHs 11 €JIEMEHTIB, IO CHpHUE 11 3aCTOCYBAHHIO JI0 JOC/LJPKEHHS Pi3HO-
MaHITHUX BarkKJIMBUX IpobJieM MaTeMaTuku, dizuku, HaBiraiil Tomo. Hampukiiaa, Ha BiaMiny Bif
KBaTePHIOHIB, He MOTPIGHO PO3IVIsS AT OKPEMO IIpaBi Ta JiBi moxijgHi GyHKIH] Y1 OKPEMO BUBYATH
oJIiiHOMU 3 KoedillieHTaMu Ha, CHeIiaJbHUX MiCIIsSX.

OcHoBHEM 006’€KTOM JOCIIPKEHHsI 11i€l poboTu € anrebpa KomiieKcHuX kBarepHioHiB Cerpe, 1o €
y3araJbHEHHAM OIKOMILIEKCHUX 4YHCcesl 0 airedbpu kBarepHionis Cerpe Haj mMojeM KOMILIEKCHUX
qrcesT 33 aHAJIOTIEI0 y3araJbHEHHsT KBATEPHIOHIB 0 KOMILIEKCHUX KBATEPHIOHIB, sike J0Ope BUB-
qeHe 1 Ma€ psJi 3aCTOCYBaHb y MaTeMaTHIHIN (pisuii. ¥ cTaTTi pO3IJIsTHYTO OCHOBHI ajrebpaidHi
Ta aHAJITHYHI BJIacTUBOCTI anrebpu ksBarepuionis Cerpe mas mosiem kommyekcaux uucesn B (C).
Ilokasyerbcs, mo 15 aarebpa mMae 300parkKeHHsST y BUIVISI BOCBMUBUMIPHOI KOMYTATHBHOI aarebpu
Bs (R) mazg mostem aiiicaux umces. Jdns anrebpu Bg (R) cknagesa Tabuaums MHOXKEHHsI 6a3MCHUX
eneMenTiB (Tabsuis Keni). Suaiieni izemMmnorenTn agrebpu Ta HaBeIEHI IX OCHOBHI BJIACTHUBOCTI.
3a JI0IIOMOroI0 roJIOBHUX ij1eaiiB, moOyI0BaHUX HA 1JIEMIIOTEHTAX, PO3MJIAHYyTO po3kiaz Ilipca Ta
BU3HAYEHO JIJIbHUKU HYJIS aJIreOpH sIK eJIEMEeHTH iseasiis.

Jlocnmi;KeHo CTPYKTYPY HYJ/IiB MHOTOUJIEHa B KOMILJIEKCHUX KBaTepHioHax Cerpe MuIsixOM 3BeIeHHS
HOro /10 CHCTEMHU YOTUPHOX MOJIHOMIAJTBPHAX PIBHSHB HAJ MOJIEM KOMILIEKCHUX duces. s mporo
JIOBEJIEHO T€OpeMY IIPO 300pasKeHHs I'OJIOBHUX i/1easiiB y BUIVISL JOOYTKY JOBIJIBHOIO KOMILIEKC-
HOT'O YMCJIa Ha BiAMOBiMHUH igemmoTeHT anarebpu. ¥ CTaTTi HABOAUTHCS 130MOp(dHE MATPUUYHE ITO-
nanus Bs anre6pu Bg (R). s nporo KoxkeH 6a3uCHUN €JIeMeHT anarebpu 3alMcanuii BiAmosi oo
BOCBMUBHUMIpPHOIO MaTpuIeio ta tabumisa Keal MHOXKEHHS X eJIEMEHTIB.
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Takoxx 000Ti JOCTIIKYIOTHCST YMOBU Ju(pepeHIiiioBaHoCTi HKIIT Ha anareopi Bs (R), a came, or-
b b
pumani ymoBu tuny Komri—Pimana, siki € qocraTHiMu Jiy1s1 TOro, 006 OyHKIA Ha aJredpi KOMIIJIEKCHAX

kBaTepHioHiB Cerpe Oyna audepeHIitoBaAHO0.

Karouwoei caosa: xeameprionu, aszebpa Ceepe, poskaad Ilipca, noainomu.
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COLLECTIVES OF AUTOMATA ON INFINITE GRID GRAPH WITH
DETERMINISTIC VERTEX LABELING

Automata walking on graphs are a mathematical formalization of autonomous mobile agents with
limited memory operating in discrete environments. Under this model broad area of studies of the
behaviour of automata in finite and infinite labyrinths (a labyrinth is an embedded directed graph
of special form) arose and intensively developing. Research in this regard received a wide range of
applications, for example, in the problems of image analysis and navigation of mobile robots. Automata
operating in labyrinths can distinguish directions, that is, they have a compass. This paper examines
vertex labellings of infinite square grid graph thanks to these labellings a finite automaton without a
compass can walk along graph in any arbitrary direction. The automaton looking over neighbourhood
of the current vertex and may move to some neighbouring vertex selected by its label. We propose a
minimal deterministic traversable vertex labelling that satisfies the required property. A labelling is
said to be deterministic if all vertices in closed neighbourhood of every vertex have different labels.
It is shown that minimal deterministic traversable vertex labelling of square grid graph uses labels
of five different types. Minimal deterministic traversable labelling of subgraphs of infinite square grid
graph whose degrees are less than four are developed. The key problem for automata and labyrinths
is the problem of constructing a finite automaton that traverse a given class of labyrinths. We say
that automaton traverse infinite graph if it visits any randomly selected vertex of this graph in a finite
time. It is proved that a collective of one automaton and three pebbles can traverse infinite square grid
graph with deterministic labelling and any collective with fewer pebbles cannot. We consider pebbles as
automata of the simplest form, whose positions are completely determined by the remaining automata
of the collective. The results regarding to exploration of an infinite deterministic square grid graph
coincide with the results of A.V. Andzhan (Andzans) regarding to traversal of an infinite mosaic
labyrinth without holes. It follows from above that infinite grid graph after constructing a minimal
traversable deterministic labelling on it and fixing two pairs of opposite directions on it becomes an
analogue of an infinite mosaic labyrinth without holes.

MSC: 68R10, 05C85, 68Q45, 68T40.

Keywords: square grid graph, graph-walking automaton, vertex labelling, collective of automata.

Introduction

Automata walking on graphs are a mathematical formalization of autonomous mobile
agents with limited memory operating in discrete environments. Under this model broad
area of studies of the behaviour of automata in finite and infinite labyrinths (a labyrinth
is an embedded directed graph of special form) arose and intensively developing [1,
2]. Research in this regard received a wide range of applications, for example, in the
problems of image analysis and navigation of mobile robots [3]. The results for automata
and labyrinths are based on the important assumption that automata operating in
labyrinths can distinguish directions, that is, they have a compass [4,5]. This paper
discusses automata without compass, that is, they do not distinguish between the
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directions and relative positions of the vertices. Such restriction of capabilities makes
the behaviour of automata on the graph much more complicated. For example, the
problem of preserving the movement direction on the graph is trivial for an automaton
with a compass, but for an automaton without a compass it requires using additional
equipments and development of methods for their usage [6]. This poses the problem
of enrichment of the graph model (by adding some preferably minimal properties) to
ensure that the automaton could move along graph in any arbitrarily chosen direction.
The most natural enhancement of a graph is to label its structural elements: vertices,
edges, incidentors, etc. The automaton gets an opportunity to read labels in a local
neighbourhood of the current vertex and use them for movement. This article deals
with the vertex-labelled graphs.

1. Problem formulation.

This paper sets out to consider two related problems.

1) Let some labels (colours) be assigned to the vertices of the square grid graph,
and let an automaton be able to receive at the input the label of the current vertex and
the labels of all vertices from its neighbourhood. The automaton can move between
adjacent vertices by selecting a target vertex by its label. Does there exists a vertex
labelling such that using it an automaton can move along a graph in any arbitrarily
chosen direction?

2) If the first is possible, then does there exists an automaton that traverse such
labelled graph, having the only ability to read the vertex labels from a closed neigh-
bourhood of the current vertex?

In addition to the question of labelling existence, there is the question of minimizing
the amount of label types that is also worth studying.

2. Basic definitions.

Let Z denote the set of integers, and let N denote the set of natural numbers. We
will use the symbol Z,, to denote the set {0,1,...,n — 1} for any n € N.

We will use standard terminology for graphs (we refer the reader to [7]).

The path graph P, is a tree with two nodes of vertex degree 1, and the other
n — 2 nodes of vertex degree 2. A l-way infinite path graph (or a ray) Pt is a
graph which isomorphic to the graph with vertex set {v; : ¢ =1,2,...} and edge set
{(vi,viy1) 11 =1,2,...}. A 2-way infinite path graph (or a double ray) P is a graph
which isomorphic to the graph with vertex set {v; : 4 =...,-2,—1,0,1,2,...} and edge
set {(vi,viy1) i =...,—2,-1,0,1,2,...}. An infinite two-dimensional grid graph G*°
is the graph cartesian square of 2-way infinite path graph. A 2-way infinite ladder graph
G(:2) ig the graph cartesian product of P and P. A rectangle graph G(»™) is the
graph cartesian product of P, and F,,.

We will use the embedded square grid graph, which vertices corresponds to the
distinct points of the integer lattice Z? and two vertices are connected by an edge if
and only if the corresponding points are at distance 1. Suppose that the name of the
vertex of the embedded graph is the coordinates of the corresponding point on the
plane. A half-grid graph is the subgraph of the embedded graph G*° induced by the set
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of vertices lying on one side from an infinite straight line including vertices that are on
the line. The line is called the half-grid boundary. An angle graph is the subgraph of
the embedded graph G*° induced by the set of vertices that are between two different
half-lines sharing a common starting vertex including vertices that are on half lines.
Half-lines are called the sides of the angle, and their common vertex is called the vertex
of the angle. The value of the angle is the value of the geometric angle between its
sides. A stripe graph is the subgraph of the embedded graph G*° induced by the set
of vertices that are between two parallel lines including vertices that are on lines. The
lines are called the borders of the stripe, their direction is called the direction of the
stripe, and the distance between them is called the width of the stripe. A half-stripe
graph is the subgraph of a stripe graph induced by the part of the stripe vertices that
are on one side from a straight line crossing the stripe borders. A segment of this line,
enclosed between the borders of the stripe, is called the end of the half-stripe.

A labelled graph is a simple connected vertex-labelled graph G = (V, E, M, u),
where V' is a set of vertices, F is a set of edges, M is a set of labels, u : V — M is
a surjective labelling function. The open neighbourhood O, of a vertex v € V is the
set of all vertices adjacent to v. A neighbourhood in which v itself is included, called
the closed neighbourhood and denoted by O,). A multiset of labels of all vertex from
O(y) is called the labelling of vertex v neighbourhood and denote by p (O,). A walk in
graph G is a series of vertices p = v; ... vy such that (v;,vi41) € E, i =1,...,k — 1.
The positive integer k (the number of vertices) is the length of p. The label u(p) of the
walk p is a word w = p (v1) ... u(vg) in label alphabet M. We say that the word w is
defined by the vertex ;.

A graph-walking automaton on labelled graph G is a sextuple A = (S, X, Y, so, ¢, ),
where S is a finite set of internal states, X = {(ao, {a1,...,ax})|a; € M,0 <i <k} is
a finite input alphabet (ag is a current vertex label, {aj,...,a;} is a set (or multiset)
of labels of all vertices on the current neighbourhood, & is a degree of the current
vertex), Y = M is a finite output alphabet (y = a means that the automaton moves
from the current vertex to an adjacent vertex with the label a), sg € S is the initial
state, ¢ : S x X — S is a transition function, ¢ : § x X — Y is an output function.
Automaton operates as follows: observes the labelling of current vertex neighbourhood,
chooses some label, and moves to the vertex with this label. The automaton does not
have a compass, that is, it does not distinguish directions and relative position of
vertices. Therefore, it does not distinguish vertices with the same labels. It is shown
in [6] that automaton without additional resources cannot maintain movement direction
on the graph all whose vertices are unlabelled or, equivalently, are labelled with the
same label. Let an automaton A at a moment of time ¢ be at a vertex v(t) of the
embedded graph G*°. The automaton movement is called uniform and directional if
there exists natural period 7" such that v(t +7) — v(t) = v(t +27T) —v(t +T') holds for
any moment of time t.

We will consider a collective of interacting automata A = (A, ..., A;,). In addition
to information about labelling each automaton A; also receives information about
presence of other automata from collective in the closed neighbourhood of current
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vertex. We call A the collective of automata without a compass if any component of .4
is an automaton without a compass. Further we will consider only such collectives.

Let J C {1,...,m}. A subsystem (4;),_; of the collective A of interacting automata
is called the pebbles in collective A if for all j € J the following conditions hold: (1)
Aj; has a single inner state; (2) A; can only move if there is an automaton A; (i € J)
on the same vertex, and A; can only move to the same vertex as A;. For non-pebble
automata pebbles play the role of external memory.

We will provide more precise definitions. Here P(S) denotes the set of all subsets
of an arbitrary set S. Let I be a set of indices, and let {S;|i € I} be a family of sets.
We will denote by 7T ({S;|i € I}) the set of all partial transversal of this family and
by definition partial transversal contains no more than one element from each S;. Note
that the empty set is also a partial transversal.

The collective A = (A, A1, ..., Ap,) consisting of one automaton Ag and m pebbles
A1, ..., Ay is called the collective of interacting automata of type (1,m).
Let I = {0,1,...,m}. Each automaton A; from collective A is a sextuple

A = (SZ-, X, Y5, 88, i, ¢i), where S; is a finite set of internal states, X; = {(«ap, {a, ...,
ai}) ag,ar, ..., ap € M x T ({S;]j € I'\ {i})} is a finite input alphabet (here ay
denotes the label of the current vertex (pri (agp)) and automata placed on it (pre (avp)),
and multiset {aq,...ax} denotes the labels of vertices from neighbourhood of current
vertex and automata placed on them); Y; = M x P (I \ {i¢}) U{h} is a finite output
alphabet (here y = h means "stay at the current vertex”, y € Y; \ {h} means "move
to the vertex with label pri (y), on which there are automata from the list pry (y) and
only they”, pro(y) = @ means that there are no other automata in the target vertex);
36 € 5; is an initial state; ¢; : S; X X; — S; is a transition function; ¢; : S; X X; = Y;
is an output function. For any pebble A;, 1 < j < m the following conditions are true:

(1) S; = {sé}; (2) for any = (o, {a1,...,0x}) € X either 1 (s%,ac) = h, or if
) (sé,w) =y # h, then there exists s € Sy such that s € pro (o) and vy (s,2') = v,

where 2/ = ((pr1 (c0) , (72 (a0) \ {s) U {4 }) . {en, - o).
The behaviour of collective A = (Ao, A1,..., Amy1) of type (1,m) on graph G

is the sequence 7 (A, G): (Zo,80,0)s - (Zt, 84, Ut), (Zes+1, St+1, Yet1), ..., where Ty =
1 m+1 J J J J s — (ol m+1 J =
(l’t,...,l‘t ),a? = (o, 101, }) € Xj, st—(st,...,st ),stESj U =

(ytl,...,ythrl), y; € Y; (0<j <m)such that s}, = p; (sg,xi), Yri1 = U; (Si,mg)
Suppose that all automata from the collective A are placed on the same vertex of
the graph G at the initial moment of time.

3. Vertex labelling sufficient for directional movement.

Consider an embedding of graph G™ on the plane Z2. Let’s choose two pairs of
opposite directions on graph G corresponding to the abscissas and ordinates axes
of the plane Z2. We call these directions basic. It easy to check that the movement
of the automaton in any fixed direction different from the basic can be represented
as a combination of moves in the basic ones by increasing the number of states of
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the automaton. Hence we can restrict ourselves to considering automata moving only
in the basic directions. A labelling is said to be periodic in direction (q,r) € Z? if
p(i+q,7+r)=p(i,j) for all i,j € Z. We call a labelling traversable if by using it an
automaton can move along graph in any directions. A vertex labelling that minimize
the number of labels needed for a given graph G is called a minimum vertex labelling
of G.

We call a labelling function p deterministic (or D-labelling) if all vertices in closed
neighbourhood of any vertex have different labels. A labelling graph with deterministic
labelling function is said to be deterministic (or D-graph). In [8] it is proved that
following properties follow from the D-graph definition: (1) for any graph vertex any
word in alphabet M defines no more than one path from this vertex; (2) the distance
between two vertices with the same labels greater than or equal to 4. These properties
enable targeted movement of a graph-walking automaton along D-graph. For example,
if we know labels of the paths connecting the vertices of the graph with each other,
then we can construct an automaton which can move along these paths.

Theorem 1. For a minimal traversable deterministic labelling of G*™ it is necessary
and sufficient to have five types of labels.

Proof. Consider an embedding of graph G on the plane Z2. For any vertex v
of graph G*° the equality ‘O(v)‘ = 5 holds. Therefore five types of labels needed for
D-labelling of closed neighbourhood of this vertex. Let M = {a,b,c,d,e}. We will
choose an arbitrary vertex (i,j) of embedded graph G*° and define the labelling of
neighbourhood of this vertex as follows: p ((4,5)) = a, p((i +1,5)) =b, p((i,5+ 1)) =
e, p((i—1,7)) =d, p((i,5 —1)) = e (consult Fig. 1(a) for illustration). By definition
of the D-labelling it follows that vertex (i + 1,7 4+ 1) must be labelled with either label
d or label e. Let pu((i4+ 1,5+ 1)) = e. Then, by definition of D-labelling, it follows
that ((i —1,j+1))=b, u((t —1,j—1)) =c,and p((¢ +1,j — 1)) = d. We continue
labelling in this fashion obtaining p ((i +2,j)) = ¢, p((4,5+2)) =d, p((1 — 2,j)) = ¢,
p((i,7 —2)) = b (consult Fig. 1(b) for illustration).

Note that after performing these steps for each label from M there exists a vertex
labelled by this label such that all vertices from its neighbourhood are already labelled.
For the label a it is the vertex (i, j), for the label b, the vertex (i + 1, 7), for the label
¢ , the vertex (i,7 + 1), for the label d, the vertex (i — 1,j), and for the label e, the
vertex (i, 7 — 1). Using labelling of the neighbourhoods of these vertices as the patterns
for further labelling, we obtain a deterministic subgraph of the graph G*°, shown in
Fig. 1(c).

For labelling of neighbourhood of vertex (i + 2,7 + 2), p((i +2,5+2)) = b, we
will use corresponding pattern i.e. the labelling of the neighbourhood of the vertex
(t+1,7), p((i+1,5) =p((i+2,j+2)). Vertex (i + 3,7 + 2) will labelled by label ¢
as a result. Note that u ((i + 3,7 +2)) = p((i — 2,5 + 2)). We will continue labelling by
using corresponding patterns and obtain that p((i +3,7+1)) = p((i —2,7+1)) =
a, p((i+3,7) = p((@—=2,7) = e p((i+3,j-1)) = p((i—2,j-1)) = b, and
p((i+3,7—2))=p((i —2,7 —2)) =d. Itis easy to check that p ((i,7)) = u ((¢ + 5k, 7))
holds for all 7, j, k € Z provided that corresponding labelling patterns are used. Similarly
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J*2
Jr1

Jj—1
J=2

Fig. 1. A minimal D-labelling of graph G*°.

we obtain that p((¢,7)) = p((¢,7 + 50)) holds for all 4, 7,1 € Z provided that corres-
ponding labelling patterns are used. It follows from above that we can construct D-
labelling of graph G*° provided that corresponding labelling patterns are used. Thus,
it is necessary and sufficient to have labels of five different types to construct a minimal
D-labelling of the graph G*°.

Fig. 2. A minimal traversable D-labelling of graph G*°.

We next prove that the minimal D-labelling described above is traversable. Without
loss of generality we can assume that a =0,b=1, c=2,d =4, ¢ = 3. We will define
labelling of neighbourhood of any vertex (i, j) of embedded graph G* by the following
condition: if 4 ((i,7)) =x,x € M, then p((i +1,7)) = 2®s51, u((i — 1,5)) = x5 (—1),
w((@,j+1)x @52, p((i,j—1)) = = &5 (—2), where @5 denote modulo 5 addition
(consult Fig. 2 for illustration). Let graph G*° labelled in accordance with the above
rule. Since the automaton “sees” only vertex labels and not their names, it follows that
we must set the directions on the D-graph G*° in the language "understandable” to the
automaton. Let the automaton is on the vertex (i,j) with label a € M. We will say
that the vertex with label a @5 1 (i.e. the vertex (i + 1,7)) is in the "east”, the vertex
with label a @5 (—1) (i.e. the vertex (i — 1, 7)) is in the "west”, the vertex with label
a®s52 (i.e. the vertex (i, j+1)) is in the "north”, and the vertex with label a®s (—2) (i.e.
the vertex (i,j — 1)) is in the "south”. Then "east” denotes the direction (1,0), "west”,
the direction (—1,0), "north”, the direction (0,1), and "south”, the direction (0,—1).
Moving eastward the automaton every times moves to a vertex whose label is equal
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to the sum modulo 5 label of the current vertex and 1. The movements to the "west”,
“north” and ”“south” are determine similarly.

If the automaton only moves in one of four basic directions (“east”, "west”, "north”
or "south”) then the equality v(t +T) —v(t) = v(t +27T) —v(t + T) holds for T' =1
for any time moment ¢. This means that directional movement of the automaton is
uniform.

This finished the proof. [J

Corollary 1.1. For a minimal traversable deterministic labelling of any subgraph
of G°° with maximum degree 4 it is necessary and sufficient to have five types of labels.

Consider minimal traversable D-labellings of subgraphs of the graph G*°, whose
degrees are less than 4.

Theorem 2. For a minimal traversable deterministic labelling of G2 it is ne-
cessary and sufficient to have five types of labels.

Proof. Consider an embedding of graph G2 on the grid Z x Zs. For any vertex v
of graph G°? the equality ’O(U)} = 4 holds. Therefore four types of labels needed for
D-labelling of closed neighbourhood of this vertex.

299392 1233223

o~

N
+

i+2

1+1@
i+2 O
1+3.

(a) (b)

Fig. 3. A minimal D-labelling of graph G(*?.

Let M = {a,b,c,d}. We will choose an arbitrary vertex (i,0) of embedded graph
G2 and define labelling of neighbourhood of this vertex as follows: u((7,0)) = a,
p((i4+1,0)) =0b, n((i,1)) = ¢, p((: —1,0)) = d (consult Fig. 3(a) for illustration). By
definition of D-labelling, the vertex (i 4+ 1,1) should be labelled by label d, the vertex
(1—1,1), by label b. After that, the vertices (i —2,0) and (i+2,0) should be labelled by
label ¢, the vertices (i—2,1) and (i+2, 1), by label a (consult Fig. 3(b) for illustration).
We continue labelling in this fashion and obtain D-labelling of graph G2 with four
type of labels.

Let us check if this labelling is traversable. For the subgraph shown in Fig. 3(b),
the equality 1 ((¢,0)) = u((i +2,1)) = a holds. Regardless of which vertex (¢,0) or
(1+2,1) the automaton is on, its movement to a vertex with label b is the movement in
the direction (1,0), and its movement to a vertex with label d is the movement in the
direction (—1,0). But in the case of the vertex (¢,0), the automaton movement to the
vertex with label ¢ is a movement in the direction (0,1), and in the case of the vertex
(1 +2,1), the movement in the direction (0, —1). Therefore, four different labels is not
enough for a minimal traversable D-labelling of the graph G2,

A traversable D-labelling of the graph G with five types of labels exists due to the
fact that G(°2) is a subgraph of the graph G°°. This finished the proof. [J
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Theorem 3. For a minimal traversable deterministic labelling of P*° it is necessary
and sufficient to have three types of labels.

Proof. Consider an embedding of graph P°° on the one-dimensional grid Z x Z;.
For any vertex v of graph P*° the equality ‘O(U)| = 3 holds. Therefore three types of
labels needed for D-labelling of closed neighbourhood of this vertex. We will choose an
arbitrary vertex v of the graph P*>°. Let O(,) = {v,r,t}, u(r) = a, p(v) = b, pu(t) = c,
{a,b,c} € M. Next let h € O,y and q € O, then vertex h is at a distance of 4 from
vertex t and can be labelled by label c. Similarly vertex ¢ is at a distance of 4 from
vertex r and can be labelled by label a. We continue labelling in this fashion and obtain
D-labelling of graph P*° with three type of labels. Therefore, such labelling is minimal.

Let (i,0) € Z x Z1 be an arbitrary vertex of embedded graph P*° with minimal D-
labelling. By definition of D-graph it follows that p ((¢,0)) # p ((¢ +1,0)), p ((4,0)) #
w((i4+2,0)) and p ((2 +1,0)) # p ((i 4+ 2,0)). Asshown above 1 ((7,0)) =  ((i + 3,0)).
Since the vertex (7,0) is chosen arbitrarily, it follows from the last equality that the
minimal D-labelling of the graph P* is periodic in the direction 3.

Next we prove that the minimal D-labelling of graph P*° is traversable. Without loss
od generality we can assume M = {0, 1,2}. In this case if u(v) = a, a € M, then vertices
adjacent to v have labels b = a @3 1 and ¢ = a @3 (—1), where @3 denotes addition
modulo 3. Using this labelling, an automaton can move in two opposite directions,
which we will nominally call "east” and "west”. Let the automaton is on a vertex with
label a. Moving eastward the automaton every time moves to a vertex with label b, and
moving westward, to a vertex with label c.

Let the automaton only moves eastward (or only westward), then the equality v(t+
T)—v(t) =v(t+2T) —v(t + T) holds for T' =1 for any time moment ¢. This means
that directional movement of the automaton is uniform. This finished the proof. [

4. Capabilities of a single automaton upon traversing G°.

The infinite grid graph after constructing a minimal traversable deterministic la-
belling on it and fixing two pairs of opposite directions on it becomes an analogue of
an infinite mosaic labyrinth without holes [1,2]. The key problem for automata and
labyrinths is the problem of constructing a finite automaton that traverse a given class
of labyrinths, that is, an automaton in the initial state is placed at any vertex of any
labyrinth from this class, and must visit all vertices of this labyrinth up to some moment
of time [9]. We say that automaton traverse infinite graph G*° if it visits any randomly
selected vertex of the graph in a finite time. In his paper [10], Andzhan prove that
a collective of one automaton and three pebbles can traverse infinite mosaic labyrinth
without holes and any collective with fewer pebbles cannot. We will show that methods
and algorithms proposed in this work can be used to traverse infinite grid D-graph after
modification associated with a changed concept of direction.

Theorem 4. Any single automaton cannot explore D-graph G*.

Proof. Let automaton A infinitely moves along D-graph G*°. We first prove that
there are at least two labels such that the automaton visits the vertices labelled with
these labels infinitely many times whatever its trajectory. Without loss of generality we
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can assume M = {a,b, c,d, e} and graph G* is marked as shown in Fig.4(a). Assume to
the contrary that there is an infinite trajectory of automaton such that the number of
entries in corresponding word is finite for any label. Let the automaton no longer visits
vertices with label e from moment of time ¢; but visits vertices with labels a, b, ¢, and
d (consult Fig. 4(b) for illustration). Next, let the automaton no longer visit vertices
with label d from moment of time ¢y but visits vertices with labels a, b, and ¢ (consult
Fig. 4(c) for illustration). Finally, let the automaton no longer visit vertices with label
¢ from moment of time ¢3 but visits vertices with labels a and b (consult Fig. 4(d) for
illustration). Since the automaton moves infinitely, we have that it will endlessly move
between two adjacent vertices with labels a and b from moment of time ¢3. No further
number of labels reduction possible. We have arrived at a contradiction. Hence the
automaton visits the vertices with the same label infinitely many times when moving
along the graph. Among them there exists vertices v; and v; on which the automaton
A are in the same internal state. Since the behaviour of A depends only on internal
state it follows that A will move from vertex v(j) in the same direction as from vertex
v(i) ie. p(v(i+1)) = p(v(@+1)). Then v(j+1) —v(i+ 1) = v(j) — v(i). From the
obvious equality v (i + (j — 1)) = v(i) + (v(j) — v(7)) it follows that v (t+ (j — 1)) =
v(t) + (v(j) — v(4)) holds for all ¢ > i.

Y

©
%
D

28

Fig. 4. Reduction of the number of labels using in automaton movement. (A) no reduction, (b) after

the ban on use 7¢”, (c) after the ban on use "d” and 7¢”, (d) after the ban on use "c”, ’d”, and "¢”.

We next prove that periodic trajectory of the automaton is inside some half-stripe.
Let us draw a line [ passing through the vertices v; and v; mentioned above. It follows
from above that this line will passing through infinite amount of vertices belonging
to the trajectory of the automaton A. Line [ divides graph D into two half-grid
subgraphs. Let us choose any of these subgraphs and find on it a vertex that belongs to
the trajectory of the automaton and is the most distant from line . We will draw a line
passing through this vertex and parallel to the line [. This line is the first bound of the
desired half-stripe. Since the trajectory of automaton is periodic, it follows that there
are infinitely many vertices belong to both first bound and trajectory of automaton.
The bound of the second half-stripe is drawn on the other subgraph in a similar way.
Finally let us draw a line perpendicular to the bounds and passing through initial
vertex of the trajectory of automaton. The set of vertices bounded by these lines forms
desired half-stripe. From the obvious fact that any half-stripe don’t cover graph 1, it
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follows that the statement of the theorem is true. This finished the proof. [J

Corollary 4.1. Any single automaton cannot explore D-graphs G192 qnd G(on)

5. Capabilities of automaton with one pebble upon traversing G*°.

The impossibility to explore D-graph G* by a single automaton poses the problem
of possible enrichment of the automaton model which is able to solve exploration
problem. Several enrichments are suggested. One of the most natural approaches is
to give the automaton an ability to place additional labels on the vertices of the graph
(or paint the vertices in some colours) [9]. In essence, the ability to colour vertices means
that the automaton possesses an unbounded external memory, which greatly increases
its possibilities. Another enhancement of a single automaton is a system of interacting
automata referred to as a collective. In contrast to a single automaton a collective
analyses a graph with regard for positions of its members there. If some members
of the collective are automata of the simplest form whose positions are completely
determined by the remaining automata of the collective then these simplest automata
are called pebbles.

Theorem 5. Any collective of one automaton and one pebble cannot explore D-
graph G°.

Proof. Consider a collective of one automaton Ay and one pebble A;. The proof is
by case analysis. There are two cases:

1. Ap and A; move together all the time.

2. Ag can move away from Aj.

Case 1: Suppose that automaton Ay and pebble Ay move together all the time.
Then collective (Ag, A1) operates like single automaton and cannot explore D-graph
G* by Theorem 4.

Case 2: Suppose that automaton Ay can move away from pebble A;. This case splits
into two subcases:

Case 2.1: Ay and A; are together at the same vertex infinitely many times.

Case 2.2: Ag and A; are together at the same vertex only a finite number of times.

Case 2.1: Suppose that automaton Ay and pebble A; are together at the same vertex
infinitely many times. Consider the infinite sequence of vertices on which Ay and A
meet each other. In this sequence there is an infinite subsequence consisting of vertices
with the same label. Among these vertices there are vertices v(i) and v(j), ¢ < j, on
which the automaton was in the same internal state. Since the behaviour of collective
(Ao, A1) depends only on the state of automaton Ay it follows that collective (Ag, A1)
will move from vertex v(j) in the same direction as from vertex v(7). As in the proof of
Theorem 4 we obtain that trajectory of collective (Ao, A1) is periodic. Therefore this
collective cannot explore D-graph G*°.

Case 2.2: Suppose that automaton Ag and pebble A; are together at the same
vertex only a finite number of times. Let v(k) be the last vertex on which Ag and A;
were together. Then there exists two moments of time ¢’ and ¢’, k < ¢’ < ¢”, such that
automaton Ay is in the same internal state on the vertices v (t') and v (t"), p (v (t')) =
w(v(t")). As in the proof of Theorem 4 we obtain that trajectory of automaton Ag is
periodic. Therefore collective (Ag, A1) cannot explore D-graph G*°.
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This finished the proof. [J

Corollary 5.1. Any collective of one automaton and one pebble cannot explore any
deterministic stripe graph.

6. Capabilities of automaton with two pebbles upon traversing G*°.

Theorem 6. Any collective of one automaton and two pebble cannot explore D-
graph G°.

Proof. The idea of the proof is similar to that of Theorem 3 in [10]. Let automaton
Ap and pebbles Aj, Ay are placed on the vertex v(0) at the initial moment of time
t = 0. Let predicate Ry 1(t) denote that Ap and A; are on the same vertex at the
moment of time ¢, and predicate Ry 2(t) denote the similar statement for Ay and As.
We will denote by s(t) the inner state of automaton Ay at the moment of time ¢. By
D1 5(t) denote the distance between A; and Ay at the moment of time ¢.

If Ro,1(t) holds only for a finite amount of natural ¢ then after last rendezvous with
Ag the automaton Ay and the pebble As operate like a collective of one automaton and
one pebble. Therefore this collective cannot explore D-graph G*° by Theorem 5 and
the statement of the theorem is satisfied. The same reasoning applies to the case where
Ry 2(t) holds only for a finite amount of natural ¢. Further, we assume that Ry 1(t) and
Ry 2(t) hold for an infinite amount of natural ¢.

Suppose the distance between A; and As does not exceed a certain constant C
while the collective (Ap, A1, Aa) operates on the graph G, i.e. there exists an infinite
amount of moments of time ¢;, ¢ = 1,2,..., such that D;5(t;) < C. Let v; (¢;) and
vy (t;) denote the vertices where the pebbles A; and As are placed at the moment of
time ¢;. Consider the pairs (va (t;) — v1 (ti), s (£;)). Since va (t;) —v1 (¢;) is an integer pair
and |vg (t;) — v1 (t;)| = D12 (t;), it follows that amount of different pairs vy (¢;) — vy (%)
is finite. Hence the amount of different pairs (vq (t;) — vy (¢;), s (¢;)) is finite too and
there exists two equal pairs in the infinite sequence of such pairs. This means that the
trajectory of the collective (Ag, A1, A2) is periodic (the proof is similar to the proofs of
Theorem 4 and 5). Therefore this collective cannot explore D-graph G in this case.

Suppose the distance between pebbles increases unlimitedly with increasing ¢. Con-
sider the behaviour of automaton Ag in very moment ¢ > T when D (t) is greater
than the number of internal states of Ag. From the above it follows that automaton Ag
moves from the pebble A; to the pebble Az and returns back. Let Ro 1(¢1) and R 2(t2)
holds, t; < t9, automaton Ay moves from A; to Ay and does not meet the pebbles in
the time interval between ¢1 and t5. Hence in the time interval from ¢; to ¢9 automaton
operates without pebbles. By Theorem 4 in this time interval trajectory of Ag is inside
some half-stripe. This half-stripe is said to be the transition half-stripe. The direction
of transition half-stripe depends only on s (¢;). Since the amount of inner states of Ay is
finite, we have the amount of transition half-stripes different in directions is finite too.
The width of the half-stripes can be bounded by some constant C. The same conclusion
can be drawn for the transition half-stripes from As to Aj.

Let Ro1 (t3) holds and Ay does not meet A; in time interval between ty and t3 i.e.
Ry 1 (t3) is the first rendezvous Ag and Ay after Ry (t1). We shall show that during
the time interval from ¢; to t3 the pebble A, will move a distance no more than the
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amount n of inner states of Ag. In fact, As can only move with Ag. If Ao has moved
a distance greater than n, then Ay has moved with A, more than n times. Then at
least twice Ag has transited to the same inner state during the movements with As.
Therefore, by Theorem 5, the trajectory of the collective (Ao, A2) is periodic and A
does not depart from As further than the distance n. Hence at the moment of time 3
(for which Ry 1 (t3) holds) the pebbles A; and Ay are at a distance less or equal to n
from each other, which is impossible by assumption.

Let us prove that there exists 77 >
Tp such that the directions of all arising
transition half-stripes coincide with an ac-
curacy of 180° for all ¢ > T7. Suppose the
contrary, the directions of two consecutive
transition half-stripes are not opposite. Let
B denote the half-stripe arising from mo-
vement of Ag from A; to As. Assume A;
stays on the vertex v (t;) and Ay meets
with Ay on the vertex v (t2) for the first time after ¢1, t; < t3. From the above it
follows that automaton Ay can move the pebble As at a distance of no more than n
from its current vertex v (t2). Consider all vertices at a distance of no more than n
from v (t2). One of these vertices belongs to the second of the considered transition
half-stripes. Since the width of all transition half-stripes is bounded by constant C, we
have that trajectory of Ay back to Aj is entirely inside a half-stripe with a width at
most 2C' + 2n and a direction not opposite to that of the half-strip B. It is clear that
this half-stripe include the vertex v (t1) iff Dj o (t1) does not exceed an upper bound
which depends only on a rational angle a between directions of half-stripes (consult
Fig. 5 for illustration). Since automaton Ay is finite, we have that amount of half-stripes
different in direction is finite too. Hence the amount of different angles « is also finite.
It follows that automaton Ay will not return to A; with a sufficiently large D 2 (¢;).
The resulting contradiction proves that directions of all transition half-stripes coincide
with an accuracy of 180° from some moment of time.

Further, we will consider the behaviour of the collective (A, A1, A2) only for ¢ > T7.
The only direction of the transition half-stripes at this time is called the main direction.

Let ROJ (tl), R072 (tg), R[)J (tg), R()’g (t4) hOld, 1 < tg < tg < 14, and during time
intervals (t1,t2), (t2,t3) and (t3,t4) the automaton Ay does not meet the pebbles A;
and Ag. Assume that s(¢1) = s(t3). The automaton Aj leaves the pebble A; on its
current vertex and moves along periodic trajectory to the pebble As. A rendezvous of
Ap and Ay can occur generally anywhere in the period of trajectory. Hence the states
of the automaton can differ at time moments ¢9 and t4. It follows that interaction of Ag
and Ay and return to A; can differ too. The same departure leads to the same arrival
iff the automaton trajectory differs only by an integer number of periods in both cases.
Here we say that period is the automaton A displacement vector and denote by f
This vector is parallel to the main direction. Let F be a vector which connects current
vertices of the pebbles A1 and As. We will subtract f from F until we get a vector

Fig. 5. A rational angle o between directions of

half-stripes.
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with minimal projection on the main direction. This vector we will call the remainder
of vector F from dividing by vector fand denote by rest(t). Since the beginning and
the end of vector f have integer coordinates, we have that the amount of remainders is
finite. From the foregoing it follows that state s (t2) is completely determined by state
s (t1) and the remainder of vector F from dividing by vector f.

We will build a normal h to the main direction. Let us fix on A positive direction,
starting point and scale coinciding with the scale on the coordinate axes. By r(t) denote
the difference between the numerical values of the projections of the vertices v (t) and
v2(t) on the axis h. Since for ¢ > T the direction of the half-stripe transition is constant,
their width is bounded, the main direction forms with the coordinate axes an angle with
a rational tangent, automaton Ay moves the pebble at a distance of less than n for one
approach, we have that r(t) can take only a finite amount of different values.

Consider the moments of time ¢; <t < t3... at which Rg1 (¢1), Ro,1 (t2),... hold.
Let P(i) = (s (ti),r (t;) ,rest (t;)), ¢ = 1,2,.... From the above it follows that P(i + 1)
is completely determined by P(i). Since every component of triple P(i) takes only a
finite amount of values, we have that there are a finite amount of such triples. Hence
there exists two equal triples among them.

Let P(k) = P(l), k <, and vo(t) denote the vertex where the automaton Ay is at
moment of time ¢. The following two cases are possible.

Case 1: the projections of the vertices vg (t5) and
vo (t) on the axis h are coincide with each other. Let
us project the trajectory of automaton Ag in the time
interval from t; to ¢; on the axis h. It is clear that the
trajectory will fit inside some finite segment. Let us
draw lines through the ends of this segment parallel to
the main direction. Since the automaton A; at moment
of time t; + 1 will move in the same direction as at
moment of time ¢; + 1, at moment of time ¢; + 2 — in
the same direction as at moment of time t; + 2 etc.,
we have that afterwards automaton Ay will not move
outside the stripe bounded by these lines.

Case 2: the projections of the vertices vy (tx) and
v1 (t;) on the axis h are differ from each other. It is
clear that P (I +m(k — 1)) = P(k) holds for all natural n. Hence there exists ¢ and u,
q < u, such that P(q) = P(u) and projections of vg (t4) and v (t,,) are at a distance
greater than 2n. Let projection of v (¢,) on the axis h be to the right of projection
of vy (ty). Therefore projection of v; (t,) be to the right of projection of v; (¢,) and
projection of vy (t,) be to the right of projection of vy (t;). This follows from the fact
that automaton Ag moves a pebble at a distance of less than n for one approach (consult
Fig. 6 for illustration). Let us draw a line [ parallel to the line passing through the
vertices vy (t,) and vy (t,,) and another line Iy parallel to the line passing through the
vertices vg (t4) and vy (t,) so that all vertices visited by Ao until ¢, are inside angle
formed by lines {; and l5. Automaton Ay will never exit from this angle.

1,

O ==
O BETD O
ASBOBOEED
S OHE O

Fig. 6. An angle that automaton
with two pebbles never exit.
Circles indicate the vertices v1 (tq)
and v1 (ty). Squares indicate the

vertices v2 (tq) and v (t.)
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This finished the proof. [J

Corollary 6.1. For every deterministic stripe graph, there exists a collective of one
automaton and one pebble, which explores this graph.

Corollary 6.2. For every deterministic angle graph provided that its value less
than 180°, there exists a collective of one automaton and one pebble, which explores
this graph.

7. Capabilities of automaton with three pebbles upon traversing G*°.

Theorem 7. There exists a collective of one automaton and three pebbles which
explore D-graph G*°.

Proof. As the proof, we present algorithm for D-graph G*° exploration by automaton
with three pebbles. The algorithm works as follows. In lines 1-5 automaton places
pebbles to initial locations (consult Fig. 1(a) for illustration). During infinite loop of
lines 6-27 automaton moves from pebble to pebble and places pebbles to new locations.

Algorithm 1. D-graph G* exploration by automaton with three pebbles.

Require: Ag, A1, Aa, As are placed on arbitrary vertex of D-graph G*°
Ensure: the trail of Ay visiting every vertex of G at least once

1. Ag, Ay, Ay, A3 move to the 'northern’ vertex
2: Ap, Az, A3 move to the ’southern’ vertex
3: Ap, As, A3 move to the 'western’ vertex
4: Ap, A3 move to the ’eastern’ vertex
5: Ap, Az move to the ’eastern’ vertex
6: loop
7 while A; isn’t found on the current vertex do
8: Ay moves to the 'northern’ vertex
9: Ap moves to the 'western’ vertex
10: end while
11: Ag, A1 move to the 'northern’ vertex
12: Ag moves to the ’southern’ vertex
13: while A isn’t found on the current vertex do
14: Ay moves to the 'western’ vertex
15: Ap moves to the 'southern’ vertex
16: end while
17: Ag, As move to the 'western’ vertex
18: Ag, As move to the ’southern’ vertex
19: Ap, Ay move to the 'western’ vertex
20: while Az isn’t found on the 'northern’ vertex do
21: Ay moves to the 'eastern’ vertex
22: end while
23: Ay moves to the northern’ vertex
24: Ap, A3 move to the ’eastern’ vertex
25: Ag, A3 move to the ’southern’ vertex
26: Ag, A3z move to the ’eastern’ vertex
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27: end loop

north north north
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Fig. 7. The operation of Algorithm 1 on D-graph G*°. (A) after lines 1-5, (b) after first iteration, (c)
after second iteration. Star indicates the initial vertex. Circle, square and pentagon indicate the

current locations of Ay, Aa, As, respectively.

To analyse the algorithm we need some notation. We will denote by vy (7), v2(7) and
v3(1) the vertices on which the pebbles Ay, Ay and As are placed after the algorithm’s
i iteration. Also we will denote by [v1(7),v2(7)] the segment of the line passing through
the vertices vy (i) and vo(i). The line segments [v1 (i), v3(i)] and [v2(7), v2(7)] are defined
similarly.

The main idea of the algorithm is to maintain an explored subgraph to which the
newly explored parts of the graph are merged. After some iteration of algorithm let
the automaton has already explored a connected subgraph of G* such that its inner
faces do not contain unvisited vertices. The set of all not-visited neighbours of visited
vertices is called the fringe. In the next iteration the automaton should visit all vertices
in the fringe and add them to explored subgraph. Not-visited neighbours of visited
vertices form a new fringe etc. It is clear that an arbitrary fixed vertex of the graph will
be visited over time proportional to the distance from this vertex to the initial vertex.

We proceed by induction on the number of algorithm’s iterations. As a base case
observe that after the first iteration all vertices inside and on the sides of the triangle
bounded by [vy (), v2(7)], [v1(4), v3(7)] and [ve(i), v3(i)] are already visited by automaton
Ap (consult Fig. 7(b) for illustration). For the inductive step, let k& > 1 be an integer,
and assume that after the k iteration all vertices inside and on the sides of the triangle
bounded by [v1(k), va(k)], [v1(k),v3(k)] and [va(k),v3(k)] are already visited by auto-
maton Ag. We want to show that the similar statement holds for k& + 1 iteration. All
vertices on the line segment [v;(k + 1), v3(k + 1)] are 'northern’ neighbours of vertices
on the line segment [v1(k), vs3(k)] except the vertex vs(k + 1) and ’eastern’ neighbour
of the vertex wv3(k). Ao visits all these vertices due to the lines 7-11 and 24-26. All
vertices on the line segment [v;(k + 1), v2(k 4 1)] are 'northern’ neighbours of vertices
on the line segment [v1(k), v2(k)] except the vertex vy(k+1) and 'western’ neighbour of
the vertex va(k). The vertex vi(k + 1) has been visited earlier. Ag visits all remaining
vertices due to the lines 13-19. All vertices on the line segment [va(k + 1), v3(k + 1)] are
’southern’ neighbours of vertices on the line segment [va(k), v3(k)]. The vertex vy(k+1)
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has been visited earlier. Ag visits all remaining vertices due to the lines 20-26. This
completes the proof. [J

8. Conclusion.

This work proposes the vertex labelling of the infinite square grid graph, due
to which the graph-walking automaton can move along it in any arbitrarily chosen
direction. It is shown that a collective of one automaton and three pebbles can explore
infinite square grid graph with such labelling and any collective with fewer pebbles
cannot. The results regarding to exploration of the infinite square grid graph coincide
with the results of A.V. Andzhan (Andzans) regarding to traversal of the infinite mosaic
labyrinth without holes. It is shown that infinite grid graph after constructing this
labelling and fixing two pairs of opposite directions on it becomes an analogue of an
infinite mosaic labyrinth without holes. For further investigation, the question of the
minimum amount of different label types needed for the labeled square grid graph to
be traversable by graph-walking automaton is of interest.
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C.B. CamnyuoB

KonekTuBu aBromariB Ha nerepMmiHOBaHOMY HecKiHuyeHOMy rpadi permiTku.

ABToMaTH, sIKi HepecyBaloThCsl 10 rpadax, € MareMaTudHOI (opMai3alji€lo aBTOHOMHAX MOOiIb-
HUX areHTiB 3 0OMEXKEHOIO IaM STTIO, 10 DYHKIOHYIOTh ¥ JUCKPETHUX CepeOBHUINax. B pamkax miel
MO/IeJIi BUHUKJIA Ta IHTEHCHBHO DO3BUBAETHCS BeJIMKA O0JIACTD JIOC/IJZKEHb IOBEIIHKH aBTOMATiB B
snabipunrax (abipunTy € opienToBaHMMHU rpadaMu CIEIiaJbHOrO BUMLY, AKi YKIaJAeHO Ha JBOBUMIDHIN
niouncsoBiit pemirii). JJocaizKeHHsT 3 1bONO HANPSIMKY OTPHMAJIM BEJIUKUN CIIEKTD 3aCTOCYBaHb,
HAIpUKJIaJ, B 3ajadax aHajidy 300parkeHb Ta Hapiramil MobiibHHX poboTiB. ABTOoMarH, mo dyHK-
IIOHYIOTh y JIabipWHTaX, MOXKYTb PO3PI3HSATH HAIPSAMKH, TOOTO BOHH MAIOTh KOMIAc. Y Iiiif poboTi
PO3IJIsIAETHCsT BEPIIMHHA PO3MiTKa I'pada KBaJpaTHOI PEINiTKH, 3aBIAIKN sKiil CKiHYeHu# aBTOMAT
6e3 KOMITaca MOKe IepecyBaTucs Mo rpadi y A0BiIbHOMY HAIpPsIMKY. ABTOMAT OTpUMYy€ Ha CBiil BXis
IIO3HAYKHU YCiX BEPIIUH i3 3aMKHEHOI'O OKOJIy IIOTOYHO! BEPIIMHHU Ta IEPECYBAETHCSI IOMiXK CyMiXKHU-
MH BEpIIUHAMU, OOMPAIOYH ILJILOBY BEPIMUHY 3a i1 MO3HAYKOI. ¥ POOOTI 3aIIPOIIOHOBAHO TaK 3BAHY
MiHIMaJIBHY JleTepMiHOBaHY IIPOXiJHY PO3MITKY, fKa 3aJ0BOJIbHSE IIyKaHiil BiacTuBocTi. Po3MiTka
HA3UBAETHCHA JETEPMIHOBAHOIO, SKINO YCi BEPIIUHU i3 3aMKHEHOTO OKOJIy OyIb-siKOl BepImuHU rpada
MaloTh pi3Hi nosHauku. JloBesieHo, 1o MiHiMaJIbHA JIeTepMiHOBaHA MIPOXi/IHA BEPIIMHHA PO3MITKA Ipa-
¢y KBaJpaTHOI PENNTKH MMOTPEOYE II'STh PI3HUX THUINB MO3HAYOK. TakoyK MiHIMaJIbHI JeTepMiHOBaHi
npoxifHi po3miTky minrpadis rpady KBaapaTHOI PEIITKH, CTYHiHb SKUX MeHIe YJ0TUPboX. OCHOBHOIO
3a7a9€eio PO aBTOMATH Ta JIAOIPHHTH € 3a7ada PO MOOYIO0BY CKiHYEHOTO aBTOMAaTa, KUl 0OXONUTH
3asannii Kiac Jgabipunris. Kazarumemo, 1o aBroMar OOXOAUTH HECKIHYEHWI rpad, SIKIIO BiH BiiBi-
Jye Oylib-sIKy JIOBIJIbHO 0OpaHy BepmnHy rpada 3a ckindenuit dac. JloBejieHO, 110 KOJEKTUB, STKUM
CKJTAJIAE€THCS 3 OJHOTO aBTOMAaTa Ta TPbOX KaMEHIB, OOXOIUTH HECKIHUYEeHWI rpad KBaIpaTHOI PEIiT-
KM 3 33J[aHOI0 H& HHOMY MiHIMAJILHOIO JIETEPMIHOBAHOIO ITPOXi/IHOIO PO3MITKOIO, a HisIKMil KOJIEKTUB
3 MEHIIINM YHCIOM KaMEHIB IbOT0 3pobuTu He MOxKe. KaMiHHS pO3IIIsiiacThbcs SK aBTOMATH HANIPO-
CTIIIOro BU/LY, TEPECYBaHHsI SIKMX I[IJIKOM BH3HAYAETHCS IHIIMMH aBTOMAaTaMK KOJEKTUBY. Pe3ynbraTn

CTOCOBHO OOXO/y HECKIHUYEHOTO MO3HAYEHOro rpada KBaJpaTHOI PEIIiTKHU 30iraoThCs 3 pe3yIbTaTaMu
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A.B. AHmKaHa CTOCOBHO O0OXOJTy HECKIHYEHOIO MO3aIIHOro JiabipuaTy 6e3 mipok. Takum wmHOM rpad
KBaJIpaTHOI PEIIiTKA Mic/Isd mo0y 0B HAa HbOMY MiHIMAJIBHOI JeTepMiHOBAHOI MPOXiIHOI PO3MITKHU Ta
dikcarii JBOX map MPOTUIEKHUX HAMPSIMKIB CTA€ aHAJIOTOM HECKIHYEHOTO MO3alJHOrO JabipuHTy 6e3
JIpOK.

Karovwosi crosa: zpag keadpammoi pewimku, 2pa@orionut a8momam, po3mimKa 6epuwut, KOAEKMUG

asmomamis.
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1. Bcryn.

Y memozaBHix poborax [1-2] orpumani pesysbraTy, 10 CTOCYIOTHCS MEKOBOI IO~
Beninku KiaciB Opiiua—CobosieBa i romeoMopdi3MiB, BUSHAYEHUX MIJISIXOM CIIOTBOPEH-
Hsl MOJIyJIsl ciMeit KpuBux (1oBepxoHb). TyT posruisiianacst curyariisi, Ko Bijo6pakeH-
Hsl BU3HAUYEHI B objacTsx 31 ckiauHoio Mmexero. Cepen IHIIOroO, y BKa3aHUX poboTax
OyJ10 BCTAHOBJIEHO MOKJIMBICTH HEIIEPEPBHOTO MPOIOBXKEHHS BilIOBIIHUX 0OepHEHUX
Bi0OparkeHb B MEKOBI TOYKH, SIKIIO MarkKOpaHTa, IO BIIITOBI/IA€ 38 OIIHKH MOJLYJIS,
inrerposua (muB. [1, Teopema 6.1], [2, Teopema 1|). Ilix «mexkoBEUMEU TOUKaME» CJILT
PO3YMITH TPOCTI KiHIT, OCKIJIbKE B 00JACTAX CKJIAIHOI CTPYKTYpH HaBiTH KOHMOPMHI
BiIoOparkeHHsT MOXKYThb BUSIBUTACH PO3PUBHUMHU Ha MeXKi B 3BUYAHHOMY CeHCi. Y Iiiii
CTaTTI MU TOKAaskKeMo, IO BKa3aHWI KJac o0epHeHmX roMeoMOpdi3MiB € OTHOCTaHO
HEIIePEePBHUM B 3aMUKAHHI 38/IaHOT 00JIACTI, SIK€ BU3HAYAETHCS JOJABAHHAM JI0 Hel ycix
i1 npocrux KiHnis. 3ayBaxkumo, 1o B [3] Gyiu omy6uikoBaHi Jiesiki YaCTUHHI BUIIAIKK
HaBEJCHUX HI2KYE TBEPJKEHB, IPOTe, B JaHiil pobOTI MU PO3IVISAIAEMO 3HAYHO OLIbII
sarajpHuil Buma oK. O3HaUeHHsT 1 O3HAYEHHsI, [0 IPUCYTHI JlaJjli, ajie He HaBeJIEeH] B
TEKCTi, MOXKHA 3HaiiTH, HAIOP., B MOHOrpadil [4].

Harasaemo gesiki osnauennst (nuB., Haup., [2]). Hexait w — Biakpura MHOXKHHA B
RF, k=1,...,n— 1. Henepepsre Binobpazkenus o : w — R” Ha3uBaeThCs k-6UMIPHOI0
nosepxnero B R™. Ilosepxrnero byemo Ha3uBaTu JI0BUIbHY (n— 1)-BUMIpHY HOBEPXHIO 0 B
R™. [ToBepxHsi 0 HABUBAECTHCS 24COPAAN06010 NoGepTHero, Ko o(x) # o(y) upn x # y.
Haui mu iHOzI Oy/1IeMO BUKOPUCTOBYBATHU O Jjisl IO3HAYEHHsS BCboro 0bpaldy o(w) C R™
npu Bijgobpaxkenui o, & 3amicth o(w) B R™ 1 o 3amicrs o(w) \ o(w). ZKopuanosa
noBepxHs 0: w — D B objacti D Ha3uBaeThCst po3pidom obiacti D, KO 0 PO3JLIsie
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I'(C,On, D)

D

Maut. 1. Ilpocruit Kinernpb B 06jacTi

D, 106710 D \ 0 Mae 6inbiie oguiel Kommnonent, do N D = & i do NID # @.
TlocnimosHicTh 01,09,...,0m, ... Po3pi3iB obyacti D HAZHMBAETHCS AGHUIO20M, STK-
II1O:
(i) MHOXKUHA 0y, +1 MICTUTBCSI B TOYHOCTI B OJHIN KOMIOHEHTI d,;, MHOXKUHU D \ 07y,

HpH 1pOMY, Oy C D\ (0 Udn); (i) () o = 2.

JBa namnmoru pospisis {oy, } 1 {0} } HasuBaloTLCs ek6i6ANCHMNUMU, SKIIO JITIS KOXK-
Horo m = 1,2,... obmactb dy, MicTuTh BCl 061acTi d), 3a BUKJTIOYEHHSM CKiHYEHHO!
KijbKoCTi, 1 Jyist Koxkuoro k = 1,2,... obnactb dj, Takok Micrurh BCi obnacti dy, 3a
BUKJTIOYEHHSIM CKIHYEHHOI KiJTBKOCTI.

Kineuw obstacti D — 11e Kj1ac eKBiBaJeHTHUX JIAHIIOTIB po3pisiB obacti D. Hexait K

oo
— Kinenp obmacti D B R™, Toxi muoxmuna [(K) = () d,, nasusaeTbca misom xinus K.

m=1
Ckpisb naui, stk 3a3suyait, I'(E, F, D) nosnadae ciM’10 BCIX TaKUX KpUBUX 7 : [a, b] — D,

o y(a) € E i vy(b) € F, kpim Toro, M(I") nosnauae mozmyas cim’i kpusux I' 8 R", a
zamuc p € adm I’ oznauae, mo ¢yukIiisgs p bopeseBa, HEBiJ'eMHA 1 Mae JOBXKUHY, HE
MEHIIy HiK ojuHuIlo, B Merpuri p (aus. [5-7]). Caimyroun [5], 6ymemo ropopur, 1o
kinernb K € npocmum kinyem, skmo K MicTuTh JaHmor pospisis {o,,}, Takwuii, 1o
M (om,0m+1,D)) < oo mpu Bcix m € N i n}gnoo M(T(C,om,D)) = 0 aus jnesikoro
kouturyymy C' B D (auB. masoHoK 1). JTaji BUKOPHCTOBYIOTHCS HACTYIIHI O3HAYECHHSI:
MHOKWHA IPOCTUX KIiHIIB, IO BiANOBiIa0TL 0bacTi D, mo3HadaeThea cuMBoOIoM Ep,
a 1onoBHeHHs obsacti D i mpocTuME KiHISIME HO3HAYAETHCS D p.

Bynemo ropopurn, 1o mexka obstacti D B R™ € 10KaA5HO K6a31K0HBOPMHOI0, SIKITO
KOXKHa TouKa xg € 0D wmae okin U B R™, axwuit Moxke 6yTH BijobparkeHmil KBa3iKoH-
dopMHEM BiobpazkeHHsIM ¢ Ha ofuHUYHY KyJo B"™ C R™ rtak, mo ¢(0D NU) € uepe-
TuHOM B 3 KOOpIMHATHOIO IMIepIIOMIHOI0. PO3rIssHeMO TaK0XK HACTYITHE O3HAYEHHS
(mus. [2]). duast muoxkun B C R" i A, B C R" nokmiagemo

d(E) := - d(A,B) := inf —yl.
(B):= sup le—yl, d(AB):=_inf le—y
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Byzemo HazuBaTu JIaHIIOT PO3PI3iB {0y, } peyaaprum, IKINO Tp, NOpmt1 = & IPH KOK-
womy m € N i, kpim Toro, d(o,) — 0 npu m — oo. Ak kinernp K MicTurh npuHaiiMHI
ONIVH peryJsipunit jganiior, To K OynemMo Ha3uBaTU peeyaapHum. I OBOPUMO, IO 0OMe-
xkena obsacts D B R™ peeyaapna, sikmo D mMoxke OyTr KBas3siKOH(MOPMHO BijjobOpazkeHna
Ha 00JIaCTh 3 JIOKAJBHO KBa3iKOH(MOPMHOIO MEXKEI, 3aMUKAHHSI sIKOI € KOMIIAKTOM B
R"™. 3ayBaxkmmo, 1o y mpoctopi R™ KoxkHMIT pocTrii KiHeIb pery/sipaoi obyacti Mi-
CTUTBH JIAHILIOT PO3Pi3iB 3 Biactusicrio d(oy,) — 0 upu m — 00, 1 HaBIAKHU, SKIIO Y
KIHI[sl € BKa3aHa BJACTUBICTH, TO BiH — mpocruii (mus. [5, Teopema 5.1]). Kpim roro,
samuKauns D p peryaspuoi obracti D € mempu3osnum, TIPH MBOMY, 9KIIo g : Do — D
— KBa3ikoHpopMHE Bigobpaxkenus obsacti Dy 3 JOKAJIbHO KBa3iKOH(MPOPMHOIO MEXKEIO
na ob1acTn D, To n1a o,y € D p TOKIa1eMo:

pz,y) =19 " (x) —g ()l (1)

ne nus x € Ep enement g ~!(x) posymierbes sk jeska (euna) Touka Mexi Dp, Ko-
PEKTHO BH3HAYEHA 3 OIJIALY Ha |5, Teopema 4.1]. 30kpema, 6yeM0 TOBOPUTH, IO MOCJTi-
JIOBHICTDb T, € D, m = 1,2,..., 36teacmvbcea 10 npoctoro Kinnsg P € Ep npu m — 0o,
SIKIIO JJIsT OYIb-sIKOTO HAaTypabHoro k € N Bci ejJleMeHTH ITOCTi IOBHOCTI Xy, KPIM CKiH-
YeHHOT KIJIbKOCTI, HastexkaTh obstacti di, (jie dg, k = 1,2, ... — IOC/III0OBHICTH BKJIQJIEHUX
obracreii 3 o3HadeHHst 1pocToro Kinnst P). dkmo f — romeomopdism obracti D va D',
TO He BAXKKO IEPEKOHATHUCH, M0 MiXK Kinmgmu obsacreit D i D' = f(D) e B3aemuo
OJIHO3HAYHA, BIOBIHICTD (JUB. MAJIOHOK 2).

Maur. 2. BianoBigHicTh IPOCTHX KIiHIIB IIPU BIJOOpa>KeHHI

Bimobpaxenusa f : D — R™ b6ymemo masuatu (Q-6idobpasicennam, ko f 3amo-
BOJIbHSIE CIIiBBIJIHOIIIEHHST

M(F(I)) < / Q(x) - " () dm(z) (2)
D
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Jurs 6yab-sKol ciM’T kpuBux I' B obutacti D 1 koxkHol jroryctumol dyHkIl p € adm I

Hexaii (X, d)1(X’,d") — merpnuni npocropu 3 merpukamu d i d’, Bignosigno. Civ'st
§ Bimobpaxkens f : X — X' masubaerncsa odnocmatino nenepepenorn 6 mowuyi xg € X,
SIKIIO JiIst Oyab-sikoro € > 0 3maiigerses 6 > 0, take, mo d’ (f(z), f(zo)) < & ns
BCix f € § 1 gus Beix ¢ € X rakux, mo d(z,xg) < . Kaxyrs, mo § odnocmaiino
HENEPepeHa, SIKIO § € OTHOCTAHO HelepepBHOIO0 B KOXKHIM Toumi 3 xg € X. CKpisb
naJt, AKIIo He CKa3aHo HPOTHJIEXKHE, d — ofHa 3 MeTpUK B D p, 3rajaHux Buiie, a d’ —
oyHa 3 MeTpuK B D/p.

Hna aucna § > 0, obnacreit D, D' C R™, n > 2, kontunyymy A C D i 1oBiabHOT
BuMipHoi 3a Jleberom dyukuii @ : R” — [1,00], Q(x) = 0 upu = ¢ D, nosaadumMo
uepes &5 4,0(D,D’) civ'io Beix Bigobpazkens h : D' — D rakux, mo f = h~! —
romeomopdism obsacri D va D' 3 ymosoro (2), npu npomy, d(f(A)) > 6. Bukonyerbces
HACTYIIHE TBEP/IKCHHS.

Teopema 1.1. Hexati obnacmi D i D' C R™, n > 2, peeyaapni i 6ydv-axa xomno-
nenma s6’asnocmi D' e nesupodocerum xonmunyymom. STkwo Q € LY (D), mo xooic-
ne eidobpasicenna h € S5 4.o(D, D) npodosocyemoca 3a nenepepernicmio do eidobpa-
oicenma b D'p — Dp, h|p: = h, npu ywomy, h(D'p) = Dp i cim’a S5.40(Dp,D'p),
wo ckaadaemocs i3 ecix npodoescenur 6idobpascens h - D'p — Dp, e odnocmatino
nenepeperoro 6 D' p.

2. JdomoMi>kHi TBepa>KeHHsI.

Hexait I — BigkpuTnii, 3aMKHeHMit, abo HamiBBinKpuTuii intepsan B R. fk 3a3Buyait,

ayst kpusol vy @ I — R” mokjagemo:
|7 = {x € R": 3t € [a,b] : v(t) =z},

upu 1pOMY, |7y| HazuBaeTbest nociem (obpazom) y. Bynemo rosoputh, 1Mo Kpusa 7y Jie-
KUTH B obustacti D, sikmmio |y| C D, kpim Toro, 6y/ieMo ToBOpuTH, 10 KpUBi 1 1 Y2 He
IIEPETUHAIOTHCS, SKINO He MePETUHAIOTHCS 1X HOCII.

3a o3HavYEHHSIM, IPOCTOMY KiHIf0 P € Fp BiANOBiIae MOC/IIIOBHICTh BKJIAIEHUX
onHa B ofHy obnacreil d,,, m = 1, upu mpomy, sikmo P € D, To 6ymeMo BBazKaTH, IO
P sinnosinae nocaigosricts Kyib B(P,ry,) 3 pagiycamu 1, — 0, m — 00, ry > 0,
1o JiexkaTh B obsiacti D pasom i3 cBoiM 3amukanHsiM. (Bsarasi kaxkydm, Taka 1mocii-
JOBHICTh KyJIb HE BIJIIIOBiJIa€ JedKOMY MPOCTOMY KIHITIO B TOMY CEHCl CJIOBa, IO MU
BUKOPUCTOBYEMO).

Hacrynse TBepjzkeHHsi 6yJI0 BCTaHOBJIEHE B cTarTi |6, mponosuris 1].

IMpono3uuisa 2.1. Hexait D — obmacts B R”, n > 2, joKajabHO 3B’sI3HA Ha, CBOIH
mexxi. Tomi 6yap-aKki 181 mapn Touok a € Db € D, ic € D,d € D moxna 3’eanaTn
nenepeciuanvu kKpusumu ;¢ [0,1] — D i : [0,1] — D, taxumu, mo 7;(t) € D npu
Beix t € (0,1),i=1,2, 71(0) = a, 11(1) = b, 72(0) = ¢, 12(1) =d.

Mezka obacti D HasUBAETLCSA CAGOKO NAOCKON0 B TOUI Lo € 0D, KO JJIsI KOXK-
moro P > 0 i mgnus Oyap-sikoro okosy U Toukm xg 3uaiizerbea okin V. C U el x
rouku takuil, mo M (I'(E,F,D)) > P mua nosiabuux koutunyymis E, F C D, o
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neperunaiorb OU 1 V. Mexka obsacti D Ha3MBaeThcs CIaOKO ILJIOCKOIO, SKINO Bij-
IIOBi/THa BJIACTUBICTb BUKOHYETHCS B KOXKHIN Touri mexki D. /loBeJleHHs HaCTYITHOT'O
TBEpJIZKEHHsI JIOCJIIBHO IIOBTOPIOE JIoBeIeHHs |7, Teopema 17.10], 1 ToMy HE HABOIUTHCS.

ITronosuiiis 2.2. Hexait D C R™ — 061acTh 3 JIOKAJBHO KBa31KOH(MOPMHOIO MEXKEIO,
TOII MexKa I1i€l obJracTi € cirabko 1mockoo. KpiM Toro, okin U B o3HadeHH] JIOKAJIBHO
KBa3iKOH(POPMHOI MexKi MoxKe OyTH B3ATHI K 3aBrOIHO MaJjuM, IPU IILOMY, B O3Ha-
JeHHl MOXKHa BBazKaTn (o) = 0.

Hacrymnme TBepKeHHsI BKa3ye Ha MOXKJIHUBICTH <«3pPyYHOIO» 3’€IHAHHSI KPUBUMUI
TOYOK PEryJIsipHOI 00JIaCTi.

Jlema 2.1. Hexat obaacms D C R™, n > 2, peeyaapua, i nexall nocaidoerocmi
TmsYm € D, m = 1,2,..., 3biearomvces npu m — o0 do pisnux esemenmis Py, Py €
Dp. IIpunycmumo, wo dpy,gm, m = 1,2,..., — nocaidosnocmi cnadnux obracmeri,
wo eidnosidatomv Py i Po, di N g1 = & i x9,y0 € D\ (d1 U g1). Todi icnyromo kg i
My € N, maxi wo npu scix m = My 6uKOHYEMbCA HACMYNHA YMOSAG: 3HATIYMBCA
Henepeciunt Kpust Yim : [0,1] = D, i=1,2, ’yl’m(())j 20, Y1,m(1) = Zm, Y2,m(0) = yo,
Yo.m (1) = Ym, maxi wo [y1,m| N Gry = @ = [Y2,m| Ndy, (Jus. mamoror 3).

Maur. 3. o tBepaxkenns jsevu 2.1

Losedenns. Ockinbku 3a yMOBOIO [ — peryisipHa 00J1acTh, BOHA MOXKe OyTH Bijo-
Opazkena Ha JiessKy 061acTb Do 3 JIOKAJIbHO KBa3iKOH(MOPMHOIO MEXKEIO 38 JIOTIOMOTOI0
(nmesikoro) kBasikoHbopMHOro Bigobpazkentst h : D — Dy. SayBaxkumo, 1o obracts Dy
JIOKAJIbHO 3B’sI3HA Ha CBOIN MexKi, 1110 BUILINBAE GE3MI0CEPEIHBO 3 O3HAYEHHSI JIOKAJIBHOT
kBasikondopmuocTi. Kpim Toro, sikimmo P; i Py — pisui npocri kiani B D, To h(Py) i
h(P,) — mpocti kinmi B Dy, npu npomy, Timamu nux inmis I(h(Py)) 1 I(h(P2)) € nesiki
pisni Touku a i b mexi Dy (mus. |5, Teopema 4.1|). ko xx Py (abo Pp) — BHyTpimiHi
touku D, 1o h(P;) (a6o h(P;)) — BHyTpimHi Touku obracti Dy, sIKi IO3HAYNMO Yepe3 a
i b, BigmosigHo. OCKiIbKE 32 YMOBOIO X, Yo € D\ (d1Ug1), To, 30Kkpema, P # xg # P,
Py # yo # P5. 3Bincn summsae, mo a, b, h(zo), h(yo) — worupu pizni Touku B Dy, i3
JdKUX He MeHIIle JBOX € BHyTpimuiMu Bimmocuno Dy. [uB. imocTpariiio 10 mpoBeneHux
TYT MipKyBaHb Ha MaJIOHKY 4. 3a TBepipkeHHsM 2.1 MoxkHA 3’€qHaru Touku a 1 h(xp)
i Touxu b i h(yp) menepeciunumu kpusumu « : [0,1] — Dy i 8 : [0,1] — Dy Tak, mo
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Maur. 4. /lo noBenennst jiemu 2.1

|Oé| N ‘5| =4, Oé(t),ﬁ(t) € D npu Beix ¢ € (07 1)7 06(0) = h(l’o), Oé(l) =a, ﬂ(O) = h(y(]) 1
B(1) = b. Tak gk R™ € HOpMAIBLHIM TOIOJOTTIHIM IPOCTOPOM, 00pasn |« i | 5| kpuBux
1 f MarTh HerepeciuHi BiIKpUTI OKOJIH

Ud>lal, Vol|al. (3)

Moxkusi aBa Bunajaku: abo h(P;) — npocruii kizens B Ep,, abo Touka B Dy. Hexait
h(Py) — npocruit kinernp B Ep,. Ockinbku I(h(P1)) = a, To 3naiigerscest Homep kp € N
takuif, mo h(dy) C U upu k > ki. fdxmo x h(P;) — Touka obsacti D, To Takox
sHaiieTbest HoMep ki € N rakuit, mo h(dg) C U upu Beix k > ki, ae di := B(P1,7k),
ry — 0, k — oo, rp > 0. B obox Bunagkax h(dy) C U npu k > kj. Anamoriuno,
sHalijerbes HOMep ko € N rakwuii, mo h(gx) C V upu Beix k > ko. Toui upu kg :=
max{ky, ka} Mmaemo:

hdy) CU, hig)CV, UnNV=g, k>k. (4)

OCKUIbKH TOCJIIOBHICTD Ty, 36iraeTbest 10 Py, T0 10cioBHicTh h(zy,) 36iraerbest
JI0 @, oTXKe, 3HaieTbCst HOMep My € N rakwit, mo h(x,,) € h(dy,), m > mi. Ana-
JIOTYHO, OCKIJIBKU MOCJIIOBHICTD Yy, 36iracrbes 110 Kinng Po, To nocuigosuicts h(Ym,)
36iraernes 110 b, oriKe, 3HafIETHCA HOMED My € N takuit, mo h(ym) € h(gk,), m = ma.
[Mokiagemo My := max{mi, ma}. ITokaxkemo, 1o

ol N hldry) # 2, BN h(gry) # - ()

JlocuTh BCTAHOBUTHU TEPINNE i3 INUX CIIBBIIHOIIEHBb, OCKIJILKU JPYTe CIIiBBiIHOIIEHHS
MOXKHa JioBecTH aHasoridno. Sk a = h(P;) — BHyTpimHs Touka Dy, TO JjaHe BKIIIO-
vyennsi oueuHe. Hexait Tenep h(P;) — mpocruii kimenp B Ep,. Ockiabkn obracTb
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Dy Mag JI0KaJIbHO KBa3ikonhOpMHY MesKy, 3HaileThea moctitosuicTs cdep S(0, 1/2F),

k=0,1,2,..., cuaaHa IOCHiAOBHICTE OKOJIiB Uy TOYKM a 1 Jesike KBa3ikoHpopMHe Bi-
nobpazkennsa ¢ : Uy — B", nna axux p(Uy) = B(0,1/2F), o(0Ux N Dg) = S(0,1/2%) N
BY = {z = (21,...,2p) : || < 1,2, > 0} (nuB. posaymu npu josejenui |5, Je-

Ma 3.5]). Baysaskumo, mo Uy N Dy e obmactio, Tak ax Uy N Dy = ¢ (B4 (0,1/2%)),
B (0,1/2F) = {z = (z1,..., %) : |2| < 1/2% 2, > 0}, i ¢ — Tomeomopdizm. Kpim Toro,
mocJtiIoBHICTE obJtacteit Uy N Dy BiamoBigae gesikoMmy ITpoCcTOMY KIHITIO, TIJIOM SIKOTO €
TOYKA @, a BIANOBIIHUMHU po3pisaMu € MHOXKUHE o) := QUi N Dy. 3a [5, Teopema 4.1]
Touka a € Dy BIANOBiIAE JMINe OJHOMY HPOCTOMY KIHINIO, OTKe, OyIb-gKa 00JIacTh
h(dy,) mictursb Bl obsacti Uy, N Dy, 3a BUK/IIOYEHHSIM CKIHYEHHOT KIJTbKOCTI, 1 HABIAKU.
Bokpema, sHaiiersesa so € N : Uy N Dy C h(dy,) upu Beix k > sg. Ockinbkn a € |af,
suaiiziersest tg € (0,1) rake, mo p := a(ty) € Us, N Dy. Ane roai takox p € h(dy,),
tak sk Us, N Do C h(dy,). Ilepmie i3 cuiBsignomens B (5) BCTanoBIIeHE.

Orxke, mexait p := a(tg) € |a| N h(dy,). Sadikcyemo m > My i 3’eqnaeMo TOUKy p 3
TOYKOIO I () KPUBOIO Quy, : [to, 1] = h(dg,) Tax, mo am(to) = p, am(l) = h(xy), 10
MOKJIHBO, ToMy 110 h(dj,) — obmacts. [Tokmamemo

. B a(t), telo,t],
Ym(t) = { am(t), te€ [to,ol] . (6)

SayBaXKuUMO, 10 KPUBa 71*,m moBHicTIO JTe2KuTh B U.

Amnasoriuno mipkytouan, maemo Touky t1 € (0,1) 1 Touxy q := B(t1) € |B] N h(gk,)-
Badikcyemo m > My i 3’enHaeMo TOUKy ¢ 3 TOUKOIO h(Ym) Kpusow [, : [t1,1] —
h(gk,) Tak, mo Bm(to) = ¢, Bm(1l) = h(ym), mo MoxKIHBO, TOMY 110 h(gk,) — 00IACTE.

ITokamemo
. B(t), tel0t],
)= { Bm(t), te [t1,11] ' (7)

SayBaKHUMO, 10 KPUBa 72*’ 1, HOBHICTIO j1e>kuTh B V. Iloknamemo

Yim = h_l(’Yl*,m) y  V2m = h_l(f)/Q*,m) : (8)

3ayBazKuMoO, MO KPHBI Y1, 1 Y2,m 3a0BOJIBHAIOTH BCI YMOBH, IlepepaXoBaHi B BHUC-
HOBKY Jiemu 2.1, m > My. Cupapi, 11i KpuBi 3a O3HAYEHHSIM 3’€IHYIOTH TOUKU Ty,
i 2o, Ym 1 Yo, Binnosiguo. Kpusi 71, 1 Y2, He HepeTHHAIOTHCH, OCKIIBKH iX oOpasn
npy BimoOparkeHHI h HaJiexkaTh HemepecidHuM okojam U 1V, BinmosimHo. 3ayBarKu-
MO TaKOXK, IO |V1,m| N Gk, = @ mpu m > My. Cupasnai, SKImo = € |Y1m| N gky, TO
h(x) € |7l N A(grky) € U N h(gk,), Mo HemokmmBo 3 oris Ty Ha cHiBigHomenms (4).
Axmo x z € [y1,m] N Ogky, TO M) € h(gky) N |71 |, 1O TaxOXK cymepeunts (4).

Amnagtoriano, |y2.m| N gk, = @ upu m > M. Jlema gosenena. [

Posrismemo ciM’1o KpuBux, 1m0 3’€IHYI0TH 00pa3n KPUBUX Y1 m 1 Y2,m 3 IIOIIEPEIHBOI
semu. Hactymine TBepzKeHHsT MICTUTh B COO1 BEPXHIO OIIIHKY MOJIYJIS IEPETBOPEHOT CiM T
KPUBHX U BijoOpakenHi f 3 HepiBicTiO (2).

Jlema 2.2. Hexatt D C R™, n > 2, — peeyasaprna obaacmv ¢ R™ ¢ f : D — R"™ —
nenepepehe 6idobpasiceria, wo 3adosorvrac ouinky (2) 3 deaxoro Q € LY(D). Todi 6
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YMOoBaT i noanauennar aemu 2.1 snatidemovea cmana 0 < N < 00, wo He 3aiedHcumo
610 napamempy m i eidobpasicenna f, maxa wo M(f(L(|viml, [v2,ml, D)) < N npu
eciz m = My, de My — nomep i3 gopmyarosarns semu 2.1.

Jlosedenmna. Hexait I(7y) o3nauae J10BKUHY KpUBOI 7, a |y| — Hociit (06pa3) KpuBol
7v. Hokmagemo 'y, := T'(|71,ml, [v2,ml, D). Hokaxkemo, mo suaitnerscs Ly > 0 rakwnii,
mo [(y) > Ly mas Beix v € Ty, 1 Beix m > My. Badikcyemo Ttake m i KpuBy v €
L(Iviml, [v2ml, D). Hexait v = [0,1] = D, v(0) € |y1ml, 7(1) € |y2m| 1 7(t) € D
mpu t € (0,1). Moxkmsi g8i curyanii: 1) v(0) € h=(Ja|); 2) v(0) € h~Y(|am]), mus.
cuiBsigaomenns (6) i (8).

Posrustnenmo curyanito 1). Hexait v(0) € h =1 (|a|). Mozxmusi nsa nigsunaaku: 1.1)
+(0) € h="(Ja]), 7(1) € h=1(18]); 1.2) 4(0) € h=1([al), 7(1) € h=}(|m]).

Hexait Bukonyernest 1.1), To6To, y(1) € h~1(|8]). Toxi, ouesnmno, o

[(y) = d(h ™ (lal), =1 (IB])) > 0, (9)

ockinbku h — romeomopdism, Kpusi o i [ He mepeTHHAIOTHCS 3a MOOYIOBOIO, & KpUBA
v s'emnye |af i |B|. Hexait Tenep Bukomyerbest 1.2), To6ro, (1) € h=(|Bm|). Toni

VN lgke|l # @ # |7 0 (D \ |gil), ocxiomern y(0) € A~ (laf) C D\ gy, i (1) €
h=Y(|Bm|) € h~Y(gk,). B Takomy Bunasixy, 3 orisy Ha [8, Teopema 1.1, posm. 5, § 46]
Maemo: |y| N gy, # @. Baysamumo, mo gy, Nh~(Ja|) = @ 3 ornany ma (3)—(4).
Takum 9HHOM, OCKIIBLKH 7y 3'€/iHye TOUKH MHOXKHUH Ogk, i h~1(|al), To ii nomkuna He
MEHIIa, Hi’K BiacTaHb MiXK HUMH, TOOTO,

[(y) = d(9gry, h ™ (|al)) > 0. (10)

Posrisinemo curyartiio 2). Hexait v(0) € b~ (|auy,|). Sk Buine, Moxkiusi 1sa nigsunas-

ki 2.1) 7(0) € A (Jaml), 7(1) € R =H([B]); 2.2) 7(0) € A~ (lawm]), ¥(1) € A= (|Bnl)-
Bumnajok 2.1) 3Boaurbest 10 Bunajky 1.2) 3aMiHO0 Qyy — B, o — [ 1 nepenapa-
MeTpu3aliero Kpusol v y Buriisii y(t) := (1 — t). V upoMy BUIIQJIKY MU MaEMO:

1(7) > d(@dyy, " (1B]) > 0. (11)
Hexaii Bukonyerbest 2.2), Toai, OCKIIBbKY | By | C h(gr,) 1 |am| C h(dy,) 3a mobymosoro,
To || N Ogk, # @ # |y| N Ody, 3 ormsimy na [8, Teopema 1.1, posx. 5, § 46]. 3a (3)-(4)
maemo: d(0gk, N D, 0dy, N D) > 0. Takum unuOM,

l(y) = d(0gk, N D,0dx, N D) > 0. (12)

Buxossran 3 posrisinyTux curyariii 1) i 2), ma ocrosi (9), (10), (11) i (12), maemo:
I(v) = So, (13)

So -= min{d(h~(Jo), A~ (|81)), d(Dgso. b~ (),
d(9dry, h = (|B])), d(dgr, N D, ddy, N D)} .
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3 (13) Bunmsae, 1o dyukuis p(x) = 1/Sy upu z € D i p(x) = 0 upu x ¢ D nounycruma
st Iy, ipu m > My. Otke, 3a o3HaueHHSIM BijtoOpazkenb f B (2), MaeMo:

M(f(T)) < 510 / Q(z) dm(x) = N = N(S9,Q. D) < oo,
D

ockimbkE 3a ymosowo Q € L(D). Jlema nosenena. [J

HacrynHne TBep/2KeHHsI BKa3ye Ha Te, IO JJIsl JIEKOro IMUPOKOIo KJjacy Bijobpa-
2KeHb, 10 (BIKCyIOTh 10 JiaMeTpy JesKuil HEBUPOJRKEHUN KOHTUHYYM, 00pa3 Ihoro
KOHTHUHYYMY IIpHU IUX BiTOOparkeHHsIX HE MOXKe HabJIMKATUCH JI0 MeXKi BiAIOBIIHOT
obmacri.

JIema 2.3. Ipunycmumo, wo obaacmo D pezyaspua, D' — xomnaxm ¢ R, n >
2, D' mae nokarvro weazikongopmmy mesrcy i Q € LY(D). SAxwo f : D — D'
nocaidosnicmv Q-zomeomoppismic obaacmi D na obaacmo D', wo 3adosorvraromo
oas desikozo (Pikcosarnoeo) konmunyymy A C D ymosy d(fm(A)) = § > 0 npu sciz
m = 1,2,..., mo snatidemvca 61 > 0 maxe, wo d(fm(A),0D’) > 61 > 0 daa ecix
m € N.

Losedenna. Ilimemo Bif cyipoTUBHOTO, TOOTO, IIPHUITYCTUMO, IO [t KOKHOTO k € N
icaye m = my : d(fm,(A),0D’) < 1/k, ne my, k = 1,2,... — nmesika 3pocraio-
Ya MOCJIIIOBHICTL HOMepiB. 3a ymoBoio D/ — kommaxT, Tomy i 0D’ TakoxK KOMIIAKT
AK 3aMKHyTa migmuoxkuna xommnaxkty D’. Kpim Toro, fm,, (A) KommaxkT sk merepe-
pBHuii o6pa3 kommaxry A. Toxl smaitnyrecs xp € fm, (A) 1 yp € 0D’ raxi, mo
d(fm,(A),0D") = |z — yr| < 1/k. Tak sixk D' — KOMIAKT, MOKHA BBAaXKaTH, IO
Yk — Yo € OD', k — o0o; Tomi Takox

T =y €0D', k— 0. (14)

Hexait Ky — 3B’s3Ha kommoHenta JD’, mo mictuTh TOUKy Yo (auB. MasoHOK 5). )
Ockinbkun D' mae nokanbno KBa3ikoHMOpMHY Mexy, TO K( — HEeBHPOIZKEeHUiT KOHTH-
Hyy™m B R". 3ayBazkumo mo, npu koxkHoMy k € N BimoOpazKeHHHA G, = n;kl IIPOJIO-
BXKYETBCsA JI0 HEIIePePBHOIO BiOOParKeHHS (. : D'p — bp, ne D'p i Dp — Bigmo-
BijiHl 3aMUKaHHS y OPOCTOPI HpocTux Kiuiie (aue. [1, Teopema 6.1] i [3, Teopema 2|).
3 orsy ma [5, Teopema 4.1] mpocri kinmi obmacti D’ MOXKHA OTOTOKHIOBATH 3 TOY-
kamu D', mpu mpomy, Ay ABOX NpocTux Kinmis P, P, € Ep: 3a 03HaYeHHAM MAEMO:
p«(P1, P2) = |p1 — po|, ne p; = I(F;), i = 1,2. Takum 9gunHOM, Jaji MU MOXKEMO
BBazkaTH, Mo D’p = D’. BayBazkuMo, 1110 Gm,, PIBHOMIDHO HellepepBHe Ha D/, sk Bijo-
opazkenns npocropy D’ ua D p, nenepepsre na kommakti D’. Hexait p — oua 3 MeTpux
B Ep, Busnavena B (1). Toxi quist 6yub-sikoro £ > 0 3naiigerses 0 = 0x(e) < 1/k Take,
110

P(Gm,. (%), gm, (x0)) <e Vax,xz0€ D', |z —x9| <O, O <1l/k, (15)

Hexait maiti € > 0 — 10BUIbHE YUCJIO 3 YMOBOIO

e < (1/2)-d(0Do, g~} (4)), (16)
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Mau1. 5. lo noBenenust jiemu 2.3

Jge A — KOHTUHYYM 3 yMOB Jiemu, a ¢ : Dy — D — xkBa3ikoHMOpMHE BiI0OpaskKeHHSs
obstacti Dy 3 JTOKaJIbHO KBa3ikoH(MOPMHOIO MexKero Ha obsiactb D, 110 BijoBinae o3na-
vennio Merpuku p B (1). IIpu koxkaomy dbikcoBanomy k € N posrisiHeMo MHOXKUHY

By = U B($0,5k), keN.
ro€Ko

3ayBaykKnMo, 10 By — BIAKpUTa MHOXKHUHA, 110 MicTuTh Ky, iHIMMY cioBamu, By — me-
sikuii oKis1 KouTuayymy Ko. 3 oy Ha |9, sema 2.2] icaye okin Uy C By KOHTHHYyMY
Ky, Taxwnii, mo U, N D' 38’ a3nmit. He o6Mexxyoun 3araabHOCT, MOXKHA BBaxKaTH, 1m0 Uy,
— Blakpura MEOXKUHA, Togl U N D' Takox JiniiiHo 38’s30a (quB. [4, nponosunis 13.1]).
Hexait d(Ky) = myg, Toi 3HailnyThes 29, wy € Ko Taki, mo d(Ky) = |z9 — wo|. Orxke,
MozKkHa BUOpaTu nocaigosaocti i € Uy N D', 2, € U, N D' 1wy, € Uy N D’ tak, mo
2k — 20, Yk — Yo 1 Wi — wg npu k — oco. Moxkna BBazKaTH, 110

\zk—wk| >m0/2, VkeN. (17)

3’e1Ha€MO MOCIIIIOBHO TOYKH 2), Yk 1 Wi KPUBOIO Vi B Ui N D’ (e MOXKIIMBO, OCKIIBKI
UrND' niniiino 38’s3ua). Hexait || — sk 3a3Buyai, zociit (06pas) kpusoi vy, 8 D’. Toxi
Gm,, (|7%]) — xommakr B D. Hexait x € ||, Toal snaiinerses xg € Ko : © € B(xg, 0g).
Badikcyemo w € A C D. 3 (15) i (16), 3 oryisry Ha HEpiBHICTD TPUKYTHHKA, MAEMO:

P(Gmy (T),w) = p(w, gy, (20)) — p(Gimy, (20), Gy, (7)) 2

> d(0Do, g~} (4)) — (1/2) - d(0Do. g~ (A)) = (1/2) - d(0Do, g "*(4)) >e.  (18)
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[Tepexossun 1o inf no Beix x € || i w € A, 3 (18) orpumyemo, 110

P(gmk(”}’k‘),A) ze,k=12,..., (19)
ne, sik 3a3suyail, p(A, B) := inf p(z,y) — Bigcranb mixk muokunavu A, B C R" B
r€AYEB

Metpuri p. [Hokaxkemo Temnep, 1o 3uaiiaeTnhes €1 > 0 Take, 1m0
d(gmk(|7k|)7A) > €1, Vk:1727 ) (20)

ne d(A, B), sik 3a3Buuail, 103HaYa€ €BKJIJIOBY BijcTanb Mixk MHOXKuHamu A, B C R™.
Copasni, zexait (20) mopytyeTbest, Toai mis quciaa g = 1/1, 1 = 1,2, ... 3HaiigyThes
& € || 1 G € A raki, mo

g, (&) — Gl < 1/1, 1=1,2,.... (21)

He obmexyroun 3arajbHOCTi, MOXKHA, BBa)kaTH, IO IOCTiIOBHICTL HOMEpPIB ki, | =
1,2, ..., 3pocraroda. OckKiabkr A — KOMIIAKT, TO MOXKHA BBaXKaTH, IO HOC/IIIOBHICTD ()
3biraeThbest 10 (o € A npu | — 0o. 3a HepiBHiCTIO TpUKyTHHKA 1 3 (21) BUILIHBAE, 1110

(9o, (6) = Gol = 0, 1= 0. (22)

3 immoro 60Ky, Haragaemo, mo p(gm, (z),w) = |g " (gm, (z)) —g " (w)|, me g : Dy — D
— Jesike KBasikoHMOpMHE BimobpazkerHst obgacTi Dy 3 JIOKAIBHO KBa3iKOH(MOPMHOIO
mesketo ma D (mus. (1)). Bokpema, g ~! — memepepsne BimoGpaxkenns B D, ToMy 3a
HepiBHICTIO TPUKyTHUKA 1 3 (22) MaeMmo:

’gil(gmkl (él)) - gil(Cl)| <

<197 gm, (&) =97 () + 197 () — Q) =0, 1= o0, (23)

Onmak, 3a o3HavYeHHAM p 1 3 (23) BUIUIMBaE, IO

(g, (111)5 A) < p(gimy, (60 ) = 197 (9my, (&) — 91 =0, 1= o0,

o cynepednts (19). Orpumane nmporupiadst Bkasdye Ha BipHicTb (20).

Y TakoMy BHIAJKY, JOBXKUHA JOBLILHOI KPUBOI, IO 3’€/IHye KOMIAKTH Gy, (|7%]) 1 A
B D, me menma ik ¢;. [lokmagemo I'y := I'(gm, (|7x]), 4, D), Toni bdyuxuis p(x) = 1/1
upu x € D, p(x) = 0 upu = ¢ D, nonycruma jyis I'y. Ba o3madennsm Bigobpaxens fp,,
B (2) Maemo:

M@Mﬁ»sg/mmmmww—mm®<m, (24)
1D

ockimbku 3a ymosowo @ € L'(D).
[Tokakemo Termep, IO MU OTPUMAJHU NPOTHpIdYst 3 (24) 3 OIsly Ha JIOKAJbHY
kBasikondopmuicTs Mexxi D', Tlepm 3a Bce, 3ayBazkumo, mo 0D’ — ciabko miocka
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3a TBep/pKeHHsAM 2.2. BubGepemo B Touni yg € D' kymo U := B(yg,70), 0 < 19 <
min{d/4,mg/4}, ne 6 — ancio 3 ymos aemu, a d(Ky) = mg. Saysaxkumo, 1o |y NU #
& # |y N (D' \ U) upu nocurs sesukux k € N, ockinbku d(|yk|) = mo/2 > mo/4 i
Uk € ||, Uk — yo upu k — co. MipKyioun aHaJIOri49HO, MU OTPHMAEMO, IO fr,, (A) N
U# D% fm,(A) N (D' \U). Tak six |yg| 1 fm, (A) — kouTHHYYMHE, TO

quB. [8, reopema 1.1, posz. 5, § 46]. dust dikcosanoro P > 0, mexait maai V C U — okin
TOYKH Y, 1110 BiJIIIOBiIa€ O3HAYEHHIO CJIAOKO IIJIOCKOI MexKi, TOOTO TaKuii, 1Mo i Oy1b-
axux Koutuayymis B, F C D’ 3 ymosoio ENOU # @ # ENOV i FNOU # & # FNoV
BUKOHYETHCSI HEPIBHICTH

M(T(E,F,D")) > P. (26)

3ayBaXkKuMo, 110 MpH JOCUTh Bequkux k € N
[ (A)NOV #£ 2, || NIV # 2. (27)

Cupasxai, Uk € [Vkl, 2k € fm, (A), fe zk, Yk — yo € V upu k — 0o, Tomy |y NV # @ #
fmi(A) NV npn Bemukux k € N. Kpim roro, d(V) < d(U) = 2rg < mg/2 i, ockiibkn
d(|vk|) > mo/2 3 orsimy ma (17), 10 |y, N (D' \ V) # @. Toui || N OV # & (nus. [8,
teopema 1.I, posn. 5, § 46|). Anasoriuno, d(V) < d(U) = 2rg < 0/2 i, ockinbKn
d(fm,(A)) > 0 3a ymoBoio gemu, 10 fr, (A) N (D' \ V) # &. Ockinbku, 3rigHo 3
BCTAHOBJIEHUM BHILE fp,, (A) NV # &, To 3a [8, Teopema 1.I, po3x. 5, § 46| maemo:
fmi (A) N OV # &. Orxe, cuiBsignomenus B (27) BCTaHOBJIEH.
Takum anHOM, 3rijiHO 3 (26) MU MaeMo, 3 orysny Ha (25) i (27), mo

M(F(fmk(A)7 |’Yk‘7D/)) >P. (28)

Saysaninio, 10 T(fong (A):1kh DY) = foon (C(A, gy (1) D)) = fong (). Tac mo
HepiBHicTb (28) MOXKe GyTH IepenucaHa y BHIJIsII

M(fmk(F(A7gmk(’7k|)7D))) = M(fmk(rk)) > P;

o cynepeunTsb HepiBHOCTI (24). OTpuMane poTUpivYst BKa3ye Ha XUOHICTH MOYATKO-
Boro upunymessst d( fm,, (4),0D") < 1/k. Jlema nosenena. [

3. oBenennsa teopemu 1.1.

Henepepsue npogoszxkenis Bigobpazxkenns h € G4 4.o(D, D') na mexy obaacri D’
BcTanossene B |1, Teopema 6.1] mpu n = 2 i [3, Teopema 2| upun n > 3. Ommocraii-
Ha HerepepsHicTb ciM’T BinoGpaxens S5 4 o(D, D’) y Buyrpimmix Toukax obiacri D’
nosesiena B [10, Teopema 1.1]. Pismicts h(D'p) = Dp ana h € Ss5.4,0(D,D’) Bera-
HOBJIIOETHCS TaK, sIK 1 npu joBejeHHi [1, Teopema 6.1], Tomy moksaai MipKyBaHHS,
OB ’s13aHi 3 1M (paKTOM, HE HABOISITHCS.

ITokaxkemo oxHocTaiiny HenepepsricTs G4 4 (D, D') na Ep /. MoxHa BBazKaTH, 1110
D’ mae nokanbHO KBa3ikoHMOPMHY Mexy. 3 orisgay Ha |5, Teopema 4.1] Mu mMoxkemo
BBazkaTu, mo D’ = D'p, 30KkpeMa, MozKHa BBazKkaTH, o Ep, = 0D’.
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3iCHIMO JIOBEICHHS Bij CYIIPOTHBHOTO. Hexait, BHallJIeTbCsl TOUKA 2 € 82’ ,
qncyo €9 > 0 i mocaioBnocti 2, € D', 2y — 2o 1pu m — 00 1 by € G5.4.0(D, D)
TaKi, 1o

p(ﬁm(’zm)vﬁm(’zo)) >€0’ m = 1727"'7 (29)
1e p — omHa 3 MeTpuk B D p, BusHadena dopmyioio (1). Tax sk h,, 3a HemepepBHiCTIO
IPOJIOBXKYEThCA Ha MexKy D/, MOzKHA BBazKaTH, IO 2, € D 1, KpiM TOro, 3HaliIeThCA e
OJlHA TIOCHLIOBHICTD 2, € D', 2! — zo upu m — 0o, taka, mo p(hm(2m), hm(20)) = 0
upu m — 00, 1€ hy, = hy|pr. Toxi 3 (29) Bunsmsae, 1o

p(hm(zm)v hm(zrgz)) > 50/2a m = my. (30)

Tak K 061acts D peryaspna, To npoctip D p € KommakToMm. OTKe, MI MOYKEMO BBazKa-
TH, MO TOCTITOBHOCT] Ay (2rm) 1 A (20) € 3612KHIMEI IPH M, — 00 JI0 JEAKHX eJIeMEeHTIB
P\,P, € Dp, P, # P,. Hexaii d,y,, gy, — TIOCJITOBHOCTI clIaiHIX 0OJIacTel, MO BimoBi-
JIAlOTh MpoCcTUM KiHtsgM Py, Py, Bignosigno. Bubepemo xg,y9 € A Tak, mob xg # yo i
P # xg # P2, Py # yo # Pa, ne xoutuayym A C D — 3 ymoB Teopemn 1.1. He obmexy-
F0YH 3araJIbHOCTI MOYKHA BBaXKaTH, 110 d1 Mgy = & 1z, yo & d1Ugy. 3a semoro 2.1 icuy-
101b ko 1 My € N, Taki mo npu Bcix m > My BUKOHY€TbCS HACTYIIHA yMOBA: 3HAN/ Y Th-
cst menepecivni kpusi v; () 1 [0,1] = D, i = 1,2, v1,m(0) = zo, Yi,m(1) = hm(2m),
Y2.m(0) = Yo, Y2,m(0) = Ay (2),), Taki WO |[Y1m| N gk, = D = |[y2,m| N dk,- Kpim Toro,
3a j1eMoIo 2.2 3HaiieTbed craa 0 < N < 0o, 10 He 3aJIeXKUTDh BiJl TapaMeTpy m, Taka
110

M(fm(T'm)) < N,m = My, (31)
ne fo = h b Ty o= L(|v1ml, [v2,ml, D). 3 immoro 6oky, 3a jemoio 2.3 3Haiinernes
quciio 61 > 0 rake, mo d(f,(A),0D’) > § >0, m =1,2,... . 3Bigcu orpuMaemo, 1o

d(fm(wl,mD) 2 |Zm - fm($0)| > (1/2) ’ d(fm(A)aaD,) > 51/27

A(fm(Iv2,ml)) = 12 = fm(y0)| = (1/2) - d(fm(A),0D") > 61/2 (32)

npu Besmkux m = 1,2, ... . Bubepemo B Touni zg € 9D’ kymo U := B(zg,79), 1e 19 > 0
179 < 01/4, ne §1 — auciio 3i cuisBinnonens B (32). 3ayBazkumo, mo fi, (|Y1,m|) VU #
& # fm(71,m|) N (D' \ U) npu gocurs seukux m € N, ockinbku d( fr,(|71,m])) = 61/2
i 2zm € fm(|71ml)s 2m — 20 mpm m — oco. Amasoriuno Mipkyooun, fm(|y2m|) VU #
& % fl[p2ml) 0 (D7 \ ). Takc 55 fon((1iml) # fn(lrasml) — wOrTIYYNI, 7O

fm(hl,m’)maU?é@v fm("YQ,m’)maU%ga (33)

muB. [8, reopema 1.1, posn. 5, § 46]. dns dikcoanoro P > 0, mexait nam V C U — okin
TOYKH 20, II[0 BiJIITOBiTa€ O3HAMEHHIO CJIa0KO IIOCKOI MeXKi, TOOTO TaKuii, 1o s 0y/1b-
sakux koutunyymis E, F C D’ 3 ymosoio ENOU # & # ENOV i FNOU # & # FNoV
BUKOHY€ETHCS HEPIBHICTH

M(T(E,F,D")) > P. (34)
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3ayBaXkKuMo, 110 MPH JIOCUTH BeJUKUX M € N

f(lim) NOV # @, fn(lyeml) NOV # 2. (35)
Cropasri, zm € fm([7iml)s 2 € f(lv2ml), A€ Zm, 2, — 20 € V mpu m — oo,
toMy fi([71,m]) NV # @ # fi(|v2,m|) NV npu Bemmkux m € N. Kpim Toro, d(V) <
d(U) = 2r¢ < 61/2 1, ockimbru d(fm(|71,m])) > 61/2 3 orasiy ma (32), 10 f (|71,m]) N
(D'\V) # @. Toxi fm(Imim|) NOV # @ (mus. [8, reopema 1.I, posn. 5, § 46]).
Amnagoriuno, d(V) < d(U) = 2rg < 61/2 i, ockimbru d(fm(|72,m|)) > 01/2 3 ormsmy
ua (32), to fr(|y2,ml) N (D' \ V) # @. Toxi 3a [8, reopema 1.1, posa. 5, § 46| maemo:
fm(71,m]) NOV # @. Takum gunom, cuissigxomenms (35) noBeaeHi.

Briguo 3 (34) 1 Bpaxosytoun (33) i (35), Mu orpumaemo, 110

M(fm(rm)) = M(F(fm(|’71,m|)7fm(|72,m|)aD,)) > P,

o cynepeuntsb HepiBHocTi (31). OTpumane nmpoTupivds BKadye Ha XUOHICTH MOYATKO-
BOI'O TpHuIlyIeHHsi, 3pobsenoro B (29). Teopema joBesena. O

BAYBAXKEHHS 3.1. 3ayBayKuMo, IO O3HAYEHHSI IIPOCTOrO KiHig mo Hsakki (mus.
posii 4 B [5] gero BinpisHAETHCs Bl 03HAYEHHSI, 3aIIPOIIOHOBaHOrO Buie. IIpore, st
obJtacTeil 3 JIOKAJIbHO KBa31KOH(MOPMHIMI MeXKaMu (&, OTKe, 1 peryaspHux obsacTeil)
Il KJIaCU CIIBIAJIAIOTH, JUB., HAIp., Teopemy 4.1 B [5] 1 Teopemy 2.1 B [11]).
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E.A. Sevost’yanov, S.A. Skvortsov, N.S. Ilkevych

On behavior of inverse homeomorphisms in terms of prime ends.

As is known, even conformal mappings of plane simply connected domains do not, generally speaking,
have continuous boundary extension in the Euclidean sense. One of the minimum requirements necessary
for such an extension is the local connectedness of the definition domain of the corresponding map
on its boundary. Of course, quite a lot of simply connected domains do not have this property. For
example, the unit disk with a cut along the positive part of the real axis is not locally connected at the
boundary. In the same way, the mapped domain must also satisfy certain conditions necessary for the
continuous extension of a mapping. The situation changes significantly if we are not talking about the
Euclidean boundary behavior of mappings, but about extension in terms of the so-called prime ends.
In this case, the domain of definition of mappings should be only regular, that is, this domain should be
the image of a domain with a locally quasiconformal boundary under some quasiconformal mapping.
A similar requirement also applies to the mapped domain. In this article, we study the equicontinuous
families of maps at inner and boundary points in the case where the prime ends of the domain serve as
boundary points. Relatively speaking, the paper consists of two parts, one of which contains a number
of auxiliary statements, and the second, the final part of the work, contains the formulation of the main
theorem and its proof. We consider a class of homeomorphisms of Euclidean space, inverse of which
distort moduli of families of paths by the Poletsky type inequality. Note that these classes include most
well-known mappings, such as conformal mappings, quasiconformal mappings, mappings with finite
length and area distortion, and so on. It should be noted that under conformal mappings, distortion
of the modulus of families of paths does not occur, therefore, when passing to inverse mappings, we
remain in the class under study. A similar situation is in the case of quasiconformal mappings, since, as

is known, the inverse mapping to a quasiconformal is also quasiconformal. In more general situations,
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the studied configurations can turn out to be much more complicated, in particular, the transition
to inverse mappings can significantly change their properties (this is confirmed by specific examples
of mappings, which are rather easy to construct in this case). This article is actually devoted to the
study of this particular case, that is, when we are dealing with a certain family of homeomorphisms
with an unbounded characteristic, in addition, mappings inverse to them are studied. In more detail,
we consider mappings whose inverse satisfy the upper distortion estimate of the modulus of families of
paths with integrable majorant. In the article, we proved that the families of the indicated mappings
are equicontinuous both at the inner and boundary points of the domain, provided that the majorant
responsible for the distortion of the modulus of the families of paths is integrable, besides that, the
definition and mapped domains are regular, and the boundary points are prime ends of the definition
domain. The results obtained in the paper are applicable to well-known classes of mappings, such as

mappings with bounded and finite distortion, as well as to the Sobolev and Orlicz—Sobolev classes.

Keywords: quasiconformal mappings, moduli of families of paths.
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ITPO PO3B’A3HICTH BUPOA>KEHOI HETEPOBOI
PISHUIIEBO-AJITEBPATYHOI KPAMMOBOT 3AJIAYI

Y cTaTTi 3aIpONOHOBAHO OPWUTiHAJIBHI YMOBH PO3B’SI3HOCTI, a TAKOXK CXEMY 3HAXOJKEHHSI PO3B’SI3KiB
JIIHIHOT HeTEepPOBOI pi3HMIEBO-AITredpaldHOl KPaioBol 3a/1adi, IpHU IbOMY iCTOTHO BHKOPHUCTOBYETLCS
TexHiKa IceBoobepHeHHs MaTpulpb 3a Mypowm-Ilenpoysom. IlocraBnena B crarTi 3aatda NpomOBKYE
JOCJI/I2KEHHST YMOB PO3B’SI3HOCTI JIHIHHUX HETEPOBUX KPAMOBUX 3a7lad, HABEJACHUX Yy MOHOTrpadisx
A.M. Cawmoitstenka, M.B. AsGenesa, B.Il. Makcumosa, JI.®. Paxmarysrinoi i O.A. Boitayka. [lo-
caipKenHs nudepeHIiagbHO-aaredpaitHuX KpafoBUX 3a/1a49 TICHO IIOB’si3aHe 3 JOCJIPKEHHIM Kpaiio-
BUX 33J1a4 JJIsl PI3HUIEBUX DIBHAHD, 3amo4aTkoBanuM y poborax A.A. Mapkosa, C.H. Bepumreiina,
4.C. Besukosnua, O.0. Tl'enbdonma, C.JI. Cobosesa, B.C. Psabenbkoro, B.B. deminosnua, A. Xama-
nast, [.I. Mapuyka, O.A. Camapcekoro, FO.O. Murponosscekoro, I.I. Mapruntoka, I.M. Baitniko,
A.M. Cawmoiisienka ta O.A. Boituyka. 3 iHmoro 60Ky, JOCIiIPKeHHsT KPAKOBUX 3aJa4 JJIsl Pi3HUIE-
BUX DiBHSAHb IIOB’si3aHe 3 BUBYEHHSM Ju(eEpeHIabHO-AIredpaldyHnX KpaioBuX 3a/ad, 3al109aTKOBA-
uuM y poborax K. Beitepmrpacca, M.M. Jlysina ta @.P. 'anTmaxepa. CucremMarndHOMY BHBYEHHIO
nudepeHmiaabHO-aIredpaidHnX KpatoBux 3aa4d npucssderi poboru C. Kemnbesna, F0.€. Bospumnre-
Ba, B.®. Yucrsakosa, A.M. Camoitnernka, M.O. ITepectioka, B.I1. fxosus, O.A. Boituyka, A. Ltamanna
Ta T. Peiica. Buuenns nudepenjianbao-anrebpaitHux KpaifoBUX 3a/a4 [IOB’S3aHE TAKOXK 13 UNCJIeH-
HUMH 3aCTOCYBAHHSIMH TAKUX 337129 y TeOpil HeJTHINHNX KOJIMBaHb, y MeXaHimi, 6iosorii, paaioTexHirt,
Teopil KepyBaHHsI, Teopil criikocTi pyxy. Jocmizkeno 3arajbHnui BUNIAI0K, KOJIH JIHIAHIN 0OMerKeHu i
OImepaTop, BIIMOBIIHMIA 0 OJHOPIIHOT YACTUHY JHIHOT HETEPOBOI pi3HUIEBO-AIrebpaldHol KpaitoBol
3amadi, He Ma€e obepHeHOro. Y cTarTi MoOYI0BAHO y3arajbHeHuil oneparop ['pina mixifiHol pisHUIIEBO-
asarebpaldHol KpaitoBol 3a7a4i. AKTya bHICTb JOC/IIZKEHHST yMOB PO3B’SI3HOCTI, & TAKOXK 3HAXOIZKEHHSI
PO3B’SI3KIB JIIHINHUX HETEPOBUX PIZHUIEBO-AJreOpAIIHAX KpalloBUX 3a/1ad IOB’si3aHa 3 MIUPOKUM BU-
KOPHUCTAHHSIM PI3HUIEBO-AJIreOpaidHnX KPaoBUX 3aJad, O/Eep:KYBAHUX IIPH JIiHeapu3allil HeiHIHHIX
HETEPOBUX KPANOBHUX 3a/1a4 JJIsl CUCTEM 3BUYAHUX JudepeHniaabHuX i PI3HUIEBUX PIBHAHB. 3a1IpoIo-
HOBaHI YMOBU PO3B’SI3HOCTI, & TAKOXK CXeMa 3HAXO/?KEHHsI PO3B’SI3KiB JIHIHUX HETEPOBUX PI3HUIEBO-
aJredpaldyHuX KPaWoBUX 33124 JETaJbHO IIPOITIOCTPOBAaHI Ha IMPUKJIAIAX.

MSC: 34B15.

Ka10408i cA08a: Ainilina Hemeposa Kpaiiosa 3a0a4a, CUCeMU PI3HULESUT PIBHANHD, NceedoobepHet-
HA mampuyb no Mypy—Ilenpoysy.

1. IlocTanoBKa 3amadi.
Hocmimxyemo 3a/1a9y IIpo 3HAXOJIPKEHH S 0OMEXKEHIX
pPO3B’sI3KiB

z(k) eR", keQ:=1{0, 1, 2, ..., w}

JiHiHOT HeTepoBoi (N # v) KpailoBol 3aJadi JjIsi CUCTEMHU DPI3HUIEBO-aIrebpaldHux
piBusinb [1,2]

A(k)z(k+ 1) = B(k)z(k) + f(k), Lz(-) = o, o € RY; (1)

PoGora Bukonama 3a dinancool migrpuvku MinicrepcrBa ocBiTM 1 Haykm YKpainu, p/H
0118U003390.
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tyr A(k), B(k) € R™"™ — npamokyrui marpuni i f(k) — aificai BekTOp-CcTOBIII,
lz(-) : R™ — RY — niniitauit o6MexkeHnil BeKTOpHUN (DYHKIIOHAJ, BU3HAYEHUIT HA
upoctopi oomexxkenux dynkiiii [1]. TocraBiena pisnuneso-asnrebpaiuna 3amada (1) €
y3arajbHeHHsSM 3aja4i, po3s’sa3anol O.A. Boitaykom [1]. 3a ymoBu obmexkenocTi mMat-

puup A1 (k)B(k), AT (k) f(k), a Takox
Pyry =0, ke Q (2)
cucrema (1) NpUBOAUTHLCSI IO TPAJIUIIHHOT cCUCTEMU JIHIHHUX PI3SHUIEBUX PIBHSIHDb
2(k +1) = AT (k) B(k)z(k) + Fo(k, vo(k))- (3)
Tyt
So(k, vo(k)) = A* (k) f(k) + Pa,, (k)ro(k), rank A(k) := o9 =m <n,

At (k) — ncesnoobepuena (3a Mypom—Tlenpoysom) marpuns, Pas«(k) — MaTpung-opro-
IPOEKTOP:

Pas (k) : R™ — N(A*(k)),

Py, (k) = (n x pg)— marpuis, cknajiena i3 po siniiino-mesanesKnnx cTosmis (n X n)—
MAaTpPHUIII-OPTOIPOEKTOPA

Pa(k) : R" — N(A(k)),

vo(k) € RPY — noBinbHA 0O6MekeHa BeKTOP-PYHKITisA. 3araabHuil po3s’a30k 3a1a4ai Kol
2(0) = ¢ € R™ jy1st 0iHOPITHOT YACTHHY CUCTEMHU DI3HUIEBUX DIBHSHB (3)

z(k) = Xo(k) ¢, c € R™;
BU3HAYAE HOPMAaJIbHA (DYHIAMEHTAIbHA MATPUIIS:
Xo(k+1) = AT (k)B(k)Xo(k), Xo(0) = I,,.

Ba ymosu (2) mopmasibHa dyHnamenTanbHa Marpuis Xo(k) ofHOpinHOT YacTuHu CH-
CTeMU DI3HUIEBUX PIBHSHB (3) €, B3araji KaxKydu, BUPO/KEHOIO:

det Xo(k) = 0,

OTIKe, JIUIst TOOY/I0BH 3arajbHOro poss’sa3ky 3a1adi Komi 2(0) = ¢ € R™ s veogaopin-
HOT BUPO/IZKEHOT CHCTEMU pi3HUIEBUX PiBHSHB (3) cxema [1| He Moke GyTH 3acTOCOBaHA.
VY Toit ke gac orreparop I'pina 3amadi Ko 1151 BUpOIKEeHOT crucTeMn Pi3HUTIEBUX PiB-
HsAHb (3) Moxke OyTH 3HaiijleHuUii B Takuii croci6:

K[30(7,10())](0) := 0, K[So(j,20())](1) := Fo(L,20(1)), -,
K[So(j,v0(i)](k + 1) := A™ (k) B(k)K[0(5, vo (1)) (k) + ok, vo(k)), - -

Ba anasoriero 3 Kinacudikariero audepenniiino-anredpaiaaux piBHaHb 3] 3a ymosu (2),
y pasi obmexxenocti marpuns A1 (k)B(k), AT(k)f(k), 6ynemo kazaru, 1o cucrema
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JiHIHUX pi3HUIEBO-asrebpaidHux piBHsiHb (1) € HeBUPO/RKeHOI0. 3ayBaXKuMo, 1110, Ha
BiAMIHY BiJ TpaJuIlifHOI CHCTEMH JIHIAHUX PI3HUIEBUX PIiBHAHDL, PO3B’SI30K CHCTEMHU
JiHIHUX pisHUIEBO-aJdrebpaidyHnx piBHsHb (1) 3a yMoBH (2) 3a/1€KUTh BiJ| JOBLIBHOI
0OMexKeHOl BeKTOP-DYHKITIT.

Hocmimkyemo gai 3a1ady mpo 3HAXOIZKEHHT OOMEXKEeHNX PO3B’I3KiB CHCTeMU JTiHIH-
HUX Pi3HUIEBO-aJrebpaidHux piBHsHb (1) 332 ymMoBH PA*(k) # 0. IIpunycrumo, mo mat-
punsg A(k) mae mocriitauii panr, a came:

1 <rank A(k) =09, k € Q.
Sk Bimomo, Gyab-sika (m X n)— marpuns A(k) moxe 6yru 306pazkeHa y BUIVIsI PO3-

BHUHCHHA

A(k) = Ro(k) - Jo - So(k);

tyT Ro(k) u So(k) — HeBupoipkeni marpuri. HeBuposzkena 3amina 3minHoOI [3]
y(k+1) = So(k)z(k + 1)

npuBoUTH cucremy (1) j10 BUTISTY

Jooy(k +1) = Co(k)y(k) + Ry ' (k) f (k). k € (4)
TYT

Colk) = Ry (k) B(k)Sy (k — 1) = ( Ciy (k) Cg“kg ) .
Samima 3Minmol
y(k) = col (u(k),v(k)) € R", u(k) € R, v(k) € R"79°

IPUBOJUTH cucteMy (4) 110 BULJIsLY

ulk +1) = CY (k)u(t) + €13 (k)o(k) + 01" (k). (5)

O (k)u(k) + C5) (tyu(k) + g5 (k) = 0; (6)

TYT
B3 (k)f (k) = col (g{(k), g5 (k)).

Kpim roro Ppg (k) — MaTpHI-OPTOIIPOEKTOD:
Prg(K) : R -5 N(Dy(k)).
Pipusinng (6) poss’asue Toxi it TiibKu Toai, Ko [4]
Pp; (k)gy” (k) = 0;
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IPU [[HOMY 3araJibHUil PO3B’s30K piBHsIHHS (6)
V(K) = Py o(8)-DF ()" (0, Do) += |CE (1:C 1) | € R0, oth) e R

BusHavae Pp, (k) — (n X po)-MaTpHIls, CKIAICHA 13 po JIHIHO-HE3aIEKHIX CTOBIIB
Pp, (k)-marpuni-opronpoekropa:

Pp, (k) : R™ — N(Dq(k)).
Iosnavaioun 6ok mMarpuni Pp, (k) i 106yTKE D ( k)gém( k)
Pp,, (k) = col (P"/(k), P (k)), D (k)gy”" (k) = — col (£{"(1), 157 (1)),

IPUXOJMMO JI0 3324l npo 1obynoBy po3B’si3kiB (k) € RO jiniitHol pisHuIieBo-asre-
OpalvHOl cucTeMHI

A(k)p(k + 1) = Bi(k)p(k) + fi(k); (7)
TYT
A(k) = P (k) € R, oy = g < po,
By (k) = CO (k)P (k) + C\V (k) PV (), rank A (k) := o1,
KpiM TOTO

fik) = O () 117 () + O3 (k)£ (k) + 1 (k) = A7 (k 4 1).
3a ymosn [3] obmezxenocti matprmn Af (k) By (k) i BekTOp-cTOBIIIB

AF(R) fu(R), S5 (k — 1) D (k)gs” (k).

a TaKOXK
Pa-(k) # 0, Pag(k) = 0, Pos (k)g” () = 0, (8)
cucrema (7) IPUBOAUTH JIO TPAJUIIHHOT CUCTEMHU JIHIHHUX DI3SHUIEBUX PIBHSIHb
p(k +1) = Af (k) B1(k)p(k) + F1(k, v1(k)), vi(k) € R (9)
TyT

F1(k, vi(k)) := AT (k) f1(k) + Pa,, (k)vi(k),

vi(k) € RPY — nosinbHa obmexena BekTop-dyukiis. KpiMm Toro Py — marpurs-
oprotnpoekTop [4]:
Pa; (k) : R7* — N(Aj(k)),

Pa, (k) = (po X p1)— MaTpuris, yTBopena 3 py JiHIHHO-He3aIeKHIX CTOBIIIE (po X po)—
marpuri-opromnpoekropa: Py, (k) : R — N(A;(k)). Hosnaunmo U (t) mopmanbHy
dyHmaMeHTATIBHY MATPUIO

Ur(k+1) = A] (k)B1(k)U1(k), U1(0) = I,
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OTpUMaHOI TPAUIIHOI crucTeMu JiHIHUX pisHuIleBuX piBHsAHB (9). BukopucroByoun
PIBHSHHS

2(k) = S5 (k = 1) | P, o(k) — Di (k)98 (k)|

POOMMO BUCHOBOK, 1110 3a yMoBH (8) cucrema (1) Mae po3B’si30K BUIVISIILY
2(k,cpy) = Sy (k= 1) Pp, Ur(k)cy, + Sy (k — 1) Pp, K [gl(s, 1/1(3))] (k)—

—S; (k= 1)DF (k)gV(k), ¢, € R,

e
K[31(j,v1(5))](0) := 0, K[F1(4,1())(1) := F1(0,21(0)), ...,

K[31(5, 1 ())](k+1) := AT (k) B1(F) K [$1(j, 1 ()] (k) + F1(k, v1(k)), .. .

Ba anaJjioriero 3 kiaacudikaiieo imiybcHux Kpaifosux 3ajad4 [4,6,7] y Bunaiaxy (8), 3a
yMoBH obmexkerocti Marputs A (k) By (k) i BexTop-cToBmIIiB

AT (k) fu(k), Sy (k)Dg (k)9S (k)

Oy/1eMO TOBOPUTH, 110 JJIs JIHIAHOT pisHuIeBo-asirebpaiunol cucrembl (1) Mae wmicre
BUPOJ?KEHHSI TIEPIIOTO MOpsIKy. TakuM YUHOM, JIOBEJIeHa HACTYIIHA JeMa.

JIema. V pasi supodorcenmsn nepwozo nopadky, sa ymosu (8), y pasi obmesrcenocmi
mampuyi AT (k)Bi(k) i sexmop-cmosnuie

AF (W) fi(k), S5 (k=)D (k)g5” (k)
MNITUHA PIBHUYEBO-aszebpaiuna cucmema (1) mae po3e’azok euzandy
Z(ka Cpo) = Xl(k) Cpo + K[f(])a Vl(])](k)a Cpo € RPO;

mym
Xi(k) == Sy (k = 1)Pp, Uy (k)

— pyndamenmanvra mampuya, v1(k) € RPY — dosinvha obmesrcena eexmop-gyrkuyis,

KIf(@), (k) := 5o (k= 1)Pp,, K [%( m(j))] (k) = Sy (k = 1)D§ (k)95 (k)

— yaazasvrenut onepamop I'pina 3adani Kowi das eupodocenoi pisnuyeso-anz2ebpainnol
cucmemu (1).
3a ymMoBH

Pa- (k) #0, Par(k) =0, Pp: g5 (k) =0,

y pasi meobmexenicts Marpunb A (k) Bi(k), abo BekTOp-CTOBMITE
ATURF(R), S5 (0)DF (k)95 (k)
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cucreMa (1) po3s’si3Ha, ajie PO3B’I30K HE € OOMEIKEHUM.
Ilpuknan 1. 3natidemo po3s’a30k cucmemu PiBHUYUECO-AA2EOPATMHULT PIBHANHD Nep-
wWo20 NopAdKY
Az(k+1)=B(k)z(k)+ f(k), k=0, 1, 2, 3,

0010 0 0 10 1
A=10001],B:=1]0 0 0 0 |, f(k)=1 k
0 00O 0 k+1 0 0 1
Ockinbkn yMOBY Pyxxy = 0 He BUKOHAHO, OCTUIBKH JaHa CHCTEMa DI3HUIEBO-
anrebpaluHuX PIBHsIHb BUPOJIzKeHa, npu npomy Mmarpuis A(k) mae nocriiiHuii pasr,
a came: rank A(k) := o9 = 2. Marpung A(k) moxe GyTu mpecTaBieHa y BUIJISI
CTAHIAPTHOIO PO3BUHEHHS:
010 0010
001 10 00

ryt R(k) u S(k) — HeBUpO/KeHI MaTPUIl, KPIM TOTO

1 0 00
Js=1 01 0 0
0 00O

YV maHOMYy BUITAIKY MATPHUIIS

w=(410)

— MaTpHIs MOBHOTrO pamnry, npu npomy Pa, (k) # 0, Pa, (k) # 0, Tomy mykanmit
PO3B’sI30K

2(k,c3) = Xq1(k)es + K[f(j),yl(j)] (k), 3 € R3

3aJI€KUThH Bij J0BLIbHOI HenepepBHOT yHKIIT v (k); TyT

001 000
000 000
XiO=|,, o |- O=x@=x:6)=| ;| ,
1 0 0 00 0
[Mokmagemo v (k) := 0, npu npomy
0 0
. . 1 . 1 -1
K f(])vyl(]) (0):_ 0 ) K f(])vyl(]) (1)25 9 y
0 0
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0 0
1| -1 1 -1
K| rim6)] @ - t K| im)] 0 - § :

2. KpaiioBi 3amaui /j1s1 cucteMm JIiHIHUX pPi3HUIEBO-AJIreOpalYyHUX PiB-
HAHb.

Hocimxyemo faJi 3aa9y Ipo 3HAXOXKEHHST 0OMeXKeHUX PO3B’3KiB JIiHIHOI HeTe-
PoBOI (n # v) KpailoBoi 3a1adi It CHCTeMN JIHIHHIX PI3HUIEBO-aIredpaldHiX PiBHAHD
(1). BayBaxkumo, 1110, Ha BiAMIHY Bij TpaauniiiHol cucTeMu JIHINHUX DISHUIEBUX PiB-
HsIHb, PO3B’SI30K CHCTeMH JIHIAHUX pi3HUIEeBO-asrebpaldHux piBHsAHb (1), B3arasi ka-
JKYUH, 3JIEXKUTh BiJl JOBLIBHOI 0OMexkeHOT BeKTop-byHKIT v (k) € RPL) npu mpomy
PO3B’sI3HICTD JIHIHOT HETEPOBOI KPaiioBol 3aati JjIsd CUCTEMU JIHIMHUX PI3HUTIEBO-AJI-
rebpaiunux piBHsHDb (1) Takoxk 3asekuTh Bij Bubopy miel dynkuii. [Tokragemo

vi(k) = U1 (k)y, v € RY,

TYyT
Ty (k) € RP1XO

— JoBilIbHA 0OMEKeHa MATPUIS ITIOBHOT'O PAHTY. y3araﬂbHeHI/Iﬁ onepatop ['pina zama«i
Kori myist cucremu miHiftHUX pi3HuIIEBO-aarebpaidnux piBHstHb (1) 306pa3uMo y Burs i

K[ﬂj),ul(y’)} (k) = K [f W]( )+ K {‘1’1 ]
TYT K[\In(j)] (k) = Sy (k —1)Pp, K [ ]

Jie

K[| 0 =0, K[ 00| @) = P, @10,
)| 2) = AL W B K| 01) | (1) + P, D10, .

)| 1+ 1) = AT OB 02| () + Py, (1)
TTO3HAMIMO MATPHIIO
Dy = { Q1 (K [wl(j)} () } € RV*(pot0),
I e —
(ks ) = X2(K) e + KLY m(DIR), 0 € R
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cucTeMu JIiHIHUX pi3HUIEBO-arebpaivHux piBHsHb (1) y KpaitoBy ymoBy (1), npuxoman-
MO JI0 JIHITHOrO ajreOpaiqaHoro piBHSIHHS

Dic=a—IlK [A*(j)f(j)} (+), ¢:=col(cy,,7) € RPO+, (10)
PiBusinns (10) poss’sizne Toxi it TiBKK TOAL, KON

Por{a - ex| 1] 00} =o. (11)

Tyr Pp: — opronpoekrop:
RY — N(D7).

Ba ymosn (11) i Tiibku 3a nel 3araapHuil po3s’s30k pisusanus (10)
¢= D1+{a — UK |:f(j):| ()} + Pp, §, 6 € RPoT0

BHU3HAYAE 3arajbHUil pO3B’A30K Kpaifosol 3azadi (1)
+(6.0) = { a0 [ ()] 09 ot { - e ) 0 b+

+K [f(j)] (k) + {Xl(k:);K[\Ifl(j)} (k)}PD1 5, 0§ € RPOHY,

Tyt Pp, — MaTpuIsg-opTOIPOEKTOD: RroH0 4 N (Dy). Takum 9uHOM, JIOBEJIEHA HACTYII-
Ha, TeopeMa.

Teopema. 3adava npo 3HaAT00NHCEHHA OOMENCEHUT PO3E AZKIE CUCTEMU AHITHUL
PIBHUUEB0-a2e0PATuHUT DieHany (1) y pasdi supodscenns nepuioeo Nopadky, 3a YMosu
(8), y pasi obmesicenocmi mampuui AT (k) By (k) i eexmop-cmosnuie

AT (k) fu(k), Sg (k= 1)Dg (k)g5” (k)
oas Pirkcosaroil oomeorcernol mampuui V1 (k) nosnozo paney mae po3s’asox uzaidy
Z(k’ Cpo) - X1<k) Cpo T K[f(])a Vl(])](k)7 Cpy € R7°.

3a ymosu (11) i miavku 3a nei 3aearvnutdl po3s’a30K PidHuLE60-a2ebpaivnoi Kpatiosol
3adavi (1)

z(k, ) = Xy (k)er + G{f(j); ‘Ifl(j);oz} (k), ¢, € R"

suaravac ysazasvrhenut onepamop I'pina Atnitinoi pisnuyeso-ar2edpaiuhoi kpatiosoi 3a-

dai (1)
G| £ wi(i)sa () = & | 10| )+
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ot {a-ex| )] 0}

Mampuys X, (k) ymeopena 3 r AiHiliHO HE3ANEHCHUT CIMOBNYIE MAMPUI

RECHSIAE

{30100 (0 .

3a ymosu Pp: # 0 6yaemo rosoputi, mo pisHuneso-arebpaivna Kpatiosa 3amaua(l)
B pasi BUPOIPKEHHSI IEPINOro HOPSIAKY MPEICTaBIse KPUTHIHIA BUIIAI0K.

Ipukmanx 2. 3natidemo po3s’a3ox Ainitinol kpatiosoi 3adayi 0Af cucmemu Pi3Hu-
UeB0-02e0PATIHUL PIBHAHD NEPULO20 NOPAIKY

Az(k+1) = B(k) 2(k) + f(k), lz()=a, k=0, 1, 2, 3, (12)

de mampuui A, B i eexmop-pynxuia f(k) eusnaveni 6 npuxaadi 1, kpim mozo

Ez(~)::Mz(3),M::((1) 8 ; 8)04:((1))

Ockisibku yMOBY (2) He BUKOHAHO, OCTUIBKM CHCTe€Ma DI3HUIEBO-arebpaldHuX piB-
HsHb (12) BUpOZKeHA, MU [[LOMY Ma€ MiCIle BUPOJKEHHsI [epIioro nopsaky. [lokia-

JIeMO
n(k) = Ui(k)y, Ui(k):==(1 k k*), vy€ER’,

IpHU OBOMY JJIS MATPHILL
0 0 0

MAalOTh MicIle HEPIBHOCTI
10 .
Fo; = < 0 0 > # 0, PQ{{OZ_KK[JC(J)} (')} 70,

orke juist dikcopanoi byl v (k) := 0 pisaurneso-arebpaiuna Kpaiiosa 3amada (12)
He po3B’sizHa. OCKUIBKY BUKOHAHA YMOBA

Por #0, Pp; =0,

OCTLIBKHY pi3HUIEBO-arebpaluHa KpaiioBa 3asa4a (12) npuBejeHa J10 HEKPUTHIHOTO BY-
najiKy, OTKe, 3TiJTHO 3 JOBEJIEHOI0 TeopeMoro KpaiioBa 3aiada (12) poss’sizHa; TyT

0 0
0 21
(0001 2 4 . 110 o0
Dl_<010000>’D1_21 10
2 0
40
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Poss’st30k kpaitosol 3a1a4i (12)
z(k,cr) = Xp(k)er + G [f(j); W1 (4); a} (k), cr € R?
BU3HAYAE

X (0) =

— o o o
S O O

— (dbyHIaMeHTaIbHA MATPHIS PO3B’SI3KIB OJHOPIHOI YacTHHY KpaitoBol 3ajadi (12), a
TaKOXK

0 2
G[f(j);\lfl(j);a](o)z :; ,G[f(j);\l/l(j);a}(l):; :gi ,
0 0
1 4
6ltirmina]@=3| 5 | ¢lrmimane]m -1 |
3 8

— oneparop ['pina kpaiiosoi 3azaqi (12).
3a ymoBH
PQI #0, PDT =0

6y 1eMO rOBOPUTH, IO pi3HUIeBO-arebpaidna Kpaitosa 3a1ada (1) npusejeHa 10 HEKpHU-
TUYIHOIO BMIAJIKY. Y HEKPUTHYHOMY BUIAJKY yMOBa (11) BUKOHYETbCs J1jist Oy Ib-SIKIX
Heo THODIHOCTelt JTiHiitHol pisHuIEeBo-arebpaitnol Kpaiiosoi 3a1a4di (1).

Hacnigok. 3adaua npo 3naxodatcenms 0OMEHCEHUT PO3E AZKIG CUCTNEMU ATHITHUL
PIHULEB0-a2e0PaivHUT PieHANL (1) Yy pasi eupoddcenna neputozo nopadky, 3a Ymosu
(8), y pasi obmesicenocmi mampuui AT (k)Bi(k) i sexmop-cmosnuic

AT (R)Au(R), S5 (k = 1)D (k)gg” (k)
s ixcosanoi obmesrcernoro mampuyi VU1 (k) nosnozo paney mae pos3e’s3ox suzandy
z(k,cpy) = X1(k) cpy + K[f(5),v1(5)](k), Cpy € R?.

V nexpumuunomy 6unadxy 3a2aavhuli po3s’a30k AHIGHOT Pi3nuLeso-a2ebpaiutoi xpati-
060i 3adavi (1)

2(k,er) = X, (K)er + G {f(j); U (5); a} (k), cr € R
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BU3HAYAE Y3a2arvHenuls onepamop I'pina AtHitinoi pianuyeso-azebpaivoi Kpatiosoi 3a-
daui (1)

6|10 wi(ixia] )= | 1) | )+
x| 0 for | 16| 0 f
Ilpuknang 3. 3natidemo po3e’ssok AtHilHoT kpaliosoi 3adawi Oan cucmemu piaHu-
4e60-a2e0PAINHUT PI6HAHD nepulozo nopadky (12), de mampuuyi A, B i sexmop-pynruyia

f(k) eusnaueni 6 npukaadi 1, kpim mozo

(0 3 12 8)".

=

Ockisnbku yMOBY (2) He BUKOHAHO, OCTUIBLKM CHCTe€Ma DPI3HUIEBO-arebpaldHuX piB-
HsHb (12) BUpOZKEHA, NIPH [[LOMY Ma€ MiCIle BUPOJXKEHHsI [epIIoro mopsiyiky. [lokiia-
JIeMO

Ui(k):=(1 k k*), yeR?,

[IPU IIbOMY JIJISI MaTPHILL

Qr =1X1(-) =

= o o O
o O O O
o O O

Ma€ MicIie piBHICTD

Po; = #o. rorfa—ix[s0] 0} =0

o O O O
O O = O
O = O O
o O O O

oTKe pisHuIeBo-arebpaluHa KpaiioBa 3aja4da (12) npejcrapiise KpUTHIHUAN BHUIIAJIOK.
Kpim Toro, mis dikcoanoi dyukuil v1(k) := 0 mMae miciie piBHICTB, OT?Ke PI3HUIEBO-
arebpaiuna KpaiioBa 3amada (12) poss’sizna. Poss’s30k kpaitosoi 3ajaqi (12)

z(k,cr) = Xp(K)er + G [f(j); 0; a} (k), ¢, € R?

BHU3Ha4Yae

6| 1i0al @) = x| 16)| @), k=0, 1,23

— onieparop ['pina kpaiiosoi 3ajaui (12).
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3alpoIOHOBaHA B CTATTI CXE€Ma, JIOC/IIZKEHHS PI3HUIIEBO-aredpaldyHiuX KPailoBUX 3a-

nad axasioriano [13,14] moxke 6yTu nepenecena na nuddepeniiaabao-aaredbpaldHi Kpaii-
OBl 3aJ1a4i B YaCTUHHUX TOXIIHUX. 3 1HITOTO OOKY, 3aIIPOIIOHOBAHA B CTATTI CXEMa JI0-
CJIJKeHHsT Pi3HUIEBO-arebpaiTHnX KpaioBux 3ajad axasjoriduo |15, 16| moxke Gyru

IiepeHecena Ha MaTPUYHI pi3HUIEBO-aredpaldHi Kpaitosi 3a/adi.

13.

14.

15.

16.
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S.M. Chuiko, Ya.V. Kalinichenko, N.V. Popov
On the solvability of the degenerate Noetherian difference-algebraic boundary value

problem.

The original conditions of solvability and the scheme of finding solutions of a linear Noetherian
difference-algebraic boundary-value problem are proposed in the article, while the technique of pseudo-
inversion of matrices by Moore-Penrose is substantially used. The problem posed in the article
continues to study the conditions for solvability of linear Noetherian boundary value problems given in
the monographs of A.M. Samoilenko, A.V. Azbelev, V.P. Maximov, L.F. Rakhmatullina and A.A. Boi-
chuk. The study of differential-algebraic boundary-value problems is closely related to the investi-
gation of boundary-value problems for difference equations, initiated in the works of A.A. Markov,
S.N. Bernstein, Y.S. Bezikovych, O.O. Gelfond, S.L. Sobolev, V.S. Ryabenkyi, V.B. Demidovych,
A. Halanai, G.I. Marchuk, A.A. Samarskyi, Yu.A. Mytropolskyi, D.I. Martyniuk, G.M. Vainiko,
A.M. Samoilenko and A.A. Boichuk. On the other hand, the study of boundary-value problems for
difference equations is related to the study of differential-algebraic boundary-value problems initiated
in the papers of K. Weierstrass, N.N. Lusin and F.R. Gantmacher. Systematic study of differential-
algebraic boundary value problems is devoted to the works of S. Campbell, Yu.E. Boyarintsev, V.F. Chis-
tyakov, A.M. Samoilenko, N.A. Perestiyk, V.P. Yakovets, A.A. Boichuk, A. Ilchmann and T. Reis. The
study of differential-algebraic boundary value problems is also associated with numerous applications
of such problems in the theory of nonlinear oscillations, in mechanics, biology, radio engineering,
control theory, motion stability theory. The general case of a linear bounded operator corresponding
to the homogeneous part of a linear Noetherian difference-algebraic boundary value problem has no
inverse is investigated. The generalized Green operator of a linear difference-algebraic boundary value
problem is constructed in the article. The relevance of the study of solvability conditions, as well as

finding solutions of linear Noetherian difference-algebraic boundary-value problems, is associated with
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the widespread use of difference-algebraic boundary-value problems obtained by linearizing nonlinear
Noetherian boundary-value problems for systems of ordinary differential and difference equations.
Solvability conditions are proposed, as well as the scheme of finding solutions of linear Noetherian
difference-algebraic boundary value problems are illustrated in detail in the examples.

Keywords: linear Noether boundary value problem, systems of difference equations, pseudoinversion
of matrices by Moore—Penrose.

Jloubacbkuii gepxxkapauii megarorigyamii yaiBepcuret, CI0B’STHCHK Ompumaro 20.11.19
chujko-slav@inboz.ru, chujko-slav@ukr.net
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IIPO ITOJIOXKEHHS PIBHOBATYI MATPUYHOI
JNOEPEHIIAJIBHO-ATJIEBPATYHOI KPAMTOBOI 3ATAYI

Y crarTi 3HANAEHO YMOBH PO3B’SI3HOCTI, & TAKOXK KOHCTPYKIIIO y3araJbHEeHOro oneparopa ['pina riniit-
HOI HeTepOBOI MATPUIHOI JndepeHIlialbHO-aaredpaldHol Kpaiiosol 3ama4di. OTpuMano jocraTHi yMOBH
MIPUBEIEHHST MATPUIHOTO U EpPeHIiaIbHO-AIredpaidHOro PiBHSIHHS 0 TPAIUIIIHOTO IudepeHIriaib-
HO-aJITeOPaAIIHOTrO PIBHSHHS 3 HEBIZOMOIO y BUIVIAAI BeKTOp-cTOBIIsA. [locraBiena B crarTi 3amada
IIPOJIOBXKYE JIOCJI/P>KEHHSI YMOB PO3B’sI3HOCTI JIIHIHHUX HETEPOBUX KPAMOBUX 3a/a4, HABEJIEHUX y MO-
Horpadisx M.B. Azbenesa, B.Il. Makcumona, JI.®. Paxmarymrinoi, A.M. Camoitienka ta O.A. Boii-
ayka. Jlociimkeno 3aragpHuit BUMAIOK, KOJIH JIHIMHNE OOMeXKeHU ornepaTop, Mo BiAmoBimae oaHO-
piaHiit gacTuHi JinHiitHOl 3aa4i Komri jyis maTpudHol qudepeHiiajibHO-aIredbpaidHol CuCTeMu, He Ma€
obepuenoro. Jlyisi po3p’si3aHHst MATpUdIHOI AudepeHIiaabHOo-aarebpaidnol KpailoBol 3a1a4i BBEIEHO
BU3HAYEHHS IMOJIOYKEHb PIBHOBATM MATPUIHOI IrMEPEHIATHLHO-AIreOpaldHol CUCTEMU Ta MATPUIHOL
mudepenniaabHO-aaredbpaiyHol KpaiioBol 3aja4i. 3anponoHOBaHO AOCTATHI YMOBH iCHyBaHHsI Ta KOH-
CTPYKTHUBHI CXeMU 3HAXOKEHHSI TIOJIOXKEHb PIBHOBArM MATPUYHOI JudepeHIialbHO-aIredpalaHol cu-
creMu Ta MaTpudHOl JAudepeniiaabHo-arebpalaHol KpaitoBol 3ama4i. OKpeMo pO3IVISHYTO BUIIAIKU
[I0JIOYKEHb PIBHOBAru MaTPUYHOI JiMdepeHIliagbHO-aIredpaliHol CUCTEMH, SKi MIPEeJACTAB/ISIOTH COOOIO
CTaJIi MATPWUII, Ta MOJOXKEHHST PIBHOBArH, 10 3aJ1€2KaTh BiJ| He3a/1e2KHOI 3MiHHOT. /1711 pO3B’si3aHHsT MaT-
puuHOl mudepeH tiaabHO-aaredbpaiaHol KpaifoBol 3a/1a9i BUKOPUCTaHI OPUTiHAIBHI YMOBH PO3B’I3HOCTI,
a TaKOXK KOHCTDPYKIlisl 3arajbHOIO PO3B’s3Ky MaTpUYIHOro piBHsAHHs: Tully CHIbBECTpa, IPHU IHOMY
iCTOTHO BUKOPUMCTAHO TEXHIKY IICEBI000epHEHHS MaTpuIlh 3a Mypom—Ilenpoysom. ¥V crarTi mobymoBaHo
y3arajgbHeHunit oneparop ['pina minHiitHOI HETEPOBOI MATPUYHOI TrdepeHITiaTbHO-aaredpaidHol KpaitoBol
3a/1a4i. 3aIpOIOHOBaHI YMOBH PO3B’SI3HOCTI, & TAKOXK KOHCTPYKIIO y3araJbHEHOro omneparopa ['pina
JIiHIAHOT HEeTepOBOI MaTPUIHOI JudepeHIiaabHO-aIredpalaHol KpatoBol 3a a4l JeTaabHO IPOLTIOCTPO-
BAHO HA MPUKJIATAX.

MSC: 34B15.

KA10M081 CA08a: NOAOICEHHA PIBHOBA2U, MAMPUYHA JUPePeHUIaNbHO-aA2ebpat e Kpatiosa 3adava,
y3azanvrerut onepamop I'pina.

1. IlocTanoBKa 3amadi.
Hocmimzkyemo 3aady mpo moby 0By po3s’si3kis [1-3]

Z@t)= (2091 ), 2Py eClasb], i=1,2, ..., 8 j=1,2 ..., ~
MaTPUIHOTO JrdepeHIlialbHO-AJITeOpalTHOTO PIBHAHHS
DZ(t) = AZ(t) + F(t), (1)

T IITOPSAIKOBAHUX KPaoBiil yMOBI

LZ(-) =92, A e R, 2)

PoGora Bukonama 3a dinancool migrpuvku MinicrepcrBa ocBiTM 1 Haykm YKpainu, p/H
0118U003390.
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Tyr
P q
DZ(t) =) Sit)Z'(ORit), AZ(t) =) ®;i(1)Z(t)T,(),
i=1 j=1
— niniftai MaTpani oneparopu, Si(t), ®;(t) € R R;(t), ¥;(t) € RY*° i F(t) — neme-
pepsHi Marpuni; L£Z(+) — niniitauii ooMexkeHuit MaTpuaHuii (byHKIOHAI:

LZ(): Clla;b] — RFXY,

Bzaranmi kaxkydi, mpumyckaemo o # 8 # v # § # u F# v — JOBUIBHI HaTypasbHi
qucsia. Marpuase nudepenniaiabao-airebpaiune piBHsiHHs (1) y3araiabHIOE Tpauiiiii-
Hi [TOCTAHOBKU 3a/a4, K JJIsi MATPUIHUX JAudepeHIiajbHnx piBHsHb [1-3], Tak i as
JdepeniianbHO-aaredbpaiaHnx piBHsiHb [4-7]. 3 iHImoro 60Ky, MaTpudHa JudepeHIiaibHO-
anrebpaldna KpaitoBaa 3amada (1), (2) y3aragbHIOe TpauIiiiiai MOCTAHOBKN HETEPOBHX
KPafoBUX 3a/a4 JIsl CUCTeM 3BUYaiiHuX JudepeHniagbunx piBHsaHb [8-10,12].
[osnadnmo ZU) € RAXY j =1,2, ..., 8- — 6asuc npocropy RP*7, npu npomy 3a-
Jlava [po 3HAXOJZKEHHsT PO3B’si3KiB piBHstHHS (1) IPUBOIUTH /10 381841 [IPO 3HAXOIZKEH-
us exTopa y(t) € RA7, xommonenTn sxoro y;(t) € Cla;b] pusnauaioTs posBuHEHHS

MaTPUILL
By

Z(t) =Y =0y;(t), y;(t) R, j=1,2, ..., By
j=1

1o Bexropax Z) € RP*7Y Gazuca npocropy RP*7. Buznaummo omeparop [14,15]
MB]: RP*Y 5 R,

SIK OIEPATOp, SIKUI CTaBUTH y BiANOBiAHICTHL MaTpuili B € RAXY — BekTOp-CTOBIEIDH
V) ckJaJieHuil 3 Y CTOBIIIB MaTpuIll I3, a Takoxk obepHeHU orrepaTo
M|[B] € RP, B, 0

Ml{M[B]} : RPY - ROXY,

sIKUii cTaBUTh y BianosigHicTs BekTOpy M[B] € R marpumo B € RA*7. YV nosux
NO3HAYEHHSX JiHIHUI Marpuanuii oneparop DZ(t) nabysae BULIsLY

p By p
DZ(1) =3 SiOZ' (ORi(t) = 3 3~ SV Ri(0)yj(),
=1 j=1i=1
IIPH IHOMY
By
M |:DZ(t):| - Q(t) y'(t), Q(t) = |:Q7,(t):| c Ra5x5.77
i=1
ze
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Amnanoriuno
By
Mm[Az(0)] = a0 v, 90 = [aut0]  ererea,

Je

q
i=1

Taxum unHOM, 33,1894 PO TOOYIOBY PO3B’SI3KIB MATPUIHOTO UG EPEHITIATBLHO-AITedPATIHOTO
piBHsiHHs (1) mpuBejieHa J10 3a/1a4i PO 3HAXO/KEHHS] PO3B’sI3KiB

y(t) = col (yl(t)> € RBW, yz() € Cl[a; b}v i=1,2 ..., B’Y

TpajuIiiiHoro audepenIiaibHo-aIredpainIHoro piBHsiHHS [4-7|

Q®4ﬂ0=mww@+f®~ﬂﬂ:ﬂdﬂﬂ~ 3)

2. CrarioHapHi IOJIO>XKEeHHS piBHOBAru.

3a ymoBH
DZ(t)=0, AZ(t)+ F(t) =0

6yzeMo Kazaru, 1o MarpudHe jandepeniiaabHo-anredbpaiune piBusHHs (1) Mae mosto-
sxennst pisHoBaru Z(t) € Clla; b]. dximo 3k mostoxenns piBHOBArE MaTPUIHOTO judepen-
riasbHO-asrebpaiunoro pisusanus (1) 3am0BosbHsIE KpailoBy yMOBYy (2), GyaeMo Ka3a-
T, Mo audepeniiaabHo-aaredbpaluna Kpaitfosa 3agada (1), (2) mMae mosokeHHs1 PiB-
nosarn Z(t) € Clla;b]. Bokpema, marpmane audepeHIiatbHo-aarebpaivne piBHAHHA
(1) moxke mMaTu crarmionapmi mosoxenus pismoparm Z(t) = C € RPXV) s axnx
DZ(t) = 0. Ockinbku 3a1a49a 0po 1o6yI0BY PO3B’SI3KIB MATPUIHOTO i epeHIiaibHO-
anrebpalunoro piBusiHHs (1) npuBejieHa J10 3a/a4i PO 3HAXOJ/KEHHSI PO3B’SI3KIiB Tpa-
JIiiiHOrO JudepeHIiagbHo-aIredpaidHoro piBHsHHsA (3), TO JJIsi 3HAXO/KEHHS CTa-
nionapHux Tooxkens pisnosarn Z(t) = C € RPXY| nna axux DZ(t) = 0, nocraTHno
suaiiti BexTop y(t) = ¢ € RV, nst sixoro

Qt) -y(t) + F(t) = 0.
OcranHs piBHICTH Ma€ MicIie TO/i 1 TLIBKKA TOMI, KOJIK
Po«)F(t) = 0. (4)
3a ymoBn (4) 3HAXOIUMO BEKTOD
y(t) = Po, (t)e, — QT (1) F(t), ¢ €R".

Tyr QF(t) € RF7* — neepnoobeprena (o Mypy-Ilenpoysy) marpuris, Pa«y—
(6 X ad)— MaTPHUIA-OPTOIPOEKTOD Poye 4y R — N(Q*(t)); marpung Pq, ckiajena 3
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7 miHifiHo-HesasexKnux cTosBmiin (3 X 3-7)— oprompoekropa Py : RA7 — N(Q), sxi
IIPEJICTABJIAIOTD i3 cebe KoncranTu. B Tomy Bunajiky, koam Q1 (¢)F(t) — BekTop, cKiia-
JICHUI 13 KOHCTaHT, 38 yMOBH (4) y3arajbHeHe MaTpudHe judepeHIiaabHo-airebpalite
piBasiHHs (1) Ma€ MOJIOKEHHST PiBHOBArn

20 = Wlt,ar) + K [F(O)| . Wit.e) = M7 P e,

e

QT ) F(1)

K[F(t)} =Mt

— yzarajabHenuii oneparop ['pina marpuanoi 3aaa4ai Ko Z (a) = 0 mis audepeniiaib-
Ho-asirebpaianol cucremu (1). Takum uuHOM, J10BEJIeHA HACTYIIHA JOCTATHSI YMOBA PO3-
B’st3nocTi 3amaqi Ko s audepennianbro-anredbpaitnol cucremn (1).

Jlema. 3a ymosu (4), y eunadky, xoru QF(t)F(t) — eexmop, ckaadenut iz xon-
cmanm, mampuyne dudeperyianvho-anzebpaiune pienanma (1) mae noaosicenns pis-
HOBa2U

Z(t)=W(t,c)+ K [F(t)], Wit,c,) = M1

Pgrcr}, ¢ €R",

K[F(t)] =M1

o (O (1)
— y3azasvnenuts onepamop I'pina mampuunoi 3adavwi Kowi Z(a) = 0 das dupepen-
yiaavHo-anzebpaiunoi cucmemu (1).

Hosnaunmo OU) ¢ R7, j =12, ..., r — 6asuc upocropy R". IlincraBiasioun

PO3B’I30K MATPUIHOIO JudepeHIiaabHo-aIredpalaHoro pisHsHHs (1) B KpailoBy yMOBY
(2), mpuxoAMMO 110 33/l PO 3HAXO/XKEHHST PO3B’sI3KiB

=Y 60U eR, R, j=1,2, .., r
j=1

MaTpudHOro piBHsiHHs Tuiy Cusbsecrpa [14]
LW (- ¢,) + LK [F(-)] = 9% € RV, (5)
Y kpurnanomy BunaJky (Po+ # 0) 3a ymosu (4), y BUIAJKY, KOJII
PQZM{Q[ - LK [F()] } =0, (6)
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i Q1 (t)F(t) — BexTOp, CKIajeHuil i3 KOHCTAHT, PO3B’s30K MAaTPUIHOro piBHsaHHs (5)
BU3Ha4IaE BekTOp |14, 15]

Cr = Q+M{Q[ — LK [F()} } + Pg,cp, ¢, € RP.

Tyr Po+— (- v X p - v)— marpuns-opronpoektop Po- : REY — N(Q¥), ne

Q= I:QZ:| S R'M'VXT, Q, = M{ﬁM_l I:PQr@Z:| }, 1=1,2, ..., 1

=1

marpung Pg, cKiiajiena i3 p miniitHo-He3aesKHIX CTOBIIIB (7 X ') — MaTpHIi-OpTOMpo-
ekropa Pg : R" — N(Q). Marpuma PQ; CKJIaJeHa 3 d JIHIHO-He3aJeKHUX PSIIKIB
maTpuii-oprornpoektTopa Po«. TakuM 4nHOM, y KPUTHIHOMY BHUIIQJIKY, 38 yMOBH (4) i
(6), xomu QT () F(t) — BeKTOp, CKIAJIEHNI 13 KOHCTAHT, PO3B’A30K y3araJbHEHOr0 MaT-
pugnoro nudepeHniagbHo-agrebpaaHoro piBHsAHHs (1), SIKW 3a0BOJIbHSIE KpailoBy

yMoBy(2)

Z(t,c,) = W(t,c,) + G [F(t);%l} , Wi(t,c,) = M1

Pgrcp], cp, € R?

BU3HaYa€ y3araJbHeHuil oneparop ['pina

G {F(t); 9(] = Ml{gﬂw{m ~ LK [F(.)} }} +K [F(t)]

MaTpuYIHOI judepeniiaabHo-aarebpaianoi kpaiiosol 3aa4i (1), (2). Takum annOM, 110-
BeJleHa HACTYIIHA JIOCTATHS YMOBa PO3B’SI3HOCTI MATPUIHOI qudpepeHIliaIbHO-aaredpait-
HOT KpaiioBol 3azaa4i (1), (2).

Teopema 1. V xpumuunomy sunadky (Po+ # 0), 3a ymosu (4) i (6), xoru
QT (t)F(t) — eexmop, craadenudi i3 KOHCTMAHM, NOAONHCENHA PIGHOGARU MATMPUUHOLO
dugepenyuarvro-arzebpaiunozo pieuanna (1), axe 3adososvnae Kpatiosy ymosy (2)

Z(t,c,) = W(t,c,) + G [F(t); 2(} , Wit c,) = M1

PQT,Cp:|, c, € R?

suaHavae Yyaazarorenuti onepamop I'pina

G[F(t);m] = M‘l{Q+M{Ql — LK [F(-)] }} +K [F(s)]

mampuunoi dugepenyiarvro-arzebpaivnmnoi kpatiosoi 3adavi (1), (2), de
K [F(t)] = M1 [QJr(t)}"(t)}
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yaazaavrerut onepamop I'pina mampuunoi 3adawi Kowi Z(a) = 0 das dupepenuyi-
anvho-anzebpaiunoi cucmemu (1).

Ilpukaan 1. Bumozam meopemu 1 3adosoavrae 3adaua npo nobydosy 2m-nepioduurux
P036°A3KI6 MAMPUUHOT Jupepenyiarbro-arzedpaintoi cucmemu

DZ(t) = AZ(t) + F(t), (7)

de
000 000
000 010 100 000
=001 P 001 ’R1_<000)’R2_<010)’
010 000
000 000
00 1 010 010
Pri=0r:=| o o o [ FO=] 4 o o ,xpl._Rg,\IfQ._<010)
000 000
[Tozraunmo
0 00 0 0
51: 0 ,E.Q:: 1 0 5 36: 0 0
0 0 00 0 1

npupoHuil 6asuc npocTopy R3*2 mpu 1pomy

00 00 O0O0 00 00 O0O0
00 0 0 0O 00 0 0 O0O0
001000 00 00 O0O0
01 0 0 0O 00 0 0 O0O0
00 0O0O0OTO 0 00O0O0OTO
o_ 00000l o Joo1oo002
000O0O0OT1]/]>" " 00 0O0O0OTO
00 0 0 O0O0 00 0 0 O0O0
00 0O0O0OTO 00 0O0O0OTO
00 0 0 O0O0 00 0 O0O0O0
00 0O0O0OTO 0 00O0O0ODU
00 00 0O 00 0 O0O0O0
Orxke ymoBy (4) BUKOHAHO i
Q*(t)]—"(t):%(o 0100 2)

— BEKTOD, CKJIJICHUI 3 KOHCTAHT, OT?Ke MaTpu4He JudepeHiianibHo-anrebpaiane pis-
HsHH (7) Ma€ HOJIOYKEeHHsI PIBHOBArH

C1 Cy4
20 =Wito) + K[FO] Wieed = o o |,
2c3 —c3
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Je

N OO

0
efrw] =4 (b

— ysarajbHeHuit oneparop ['pina marpuunoi 3agaqi Komi Z(a) = 0 mus audepen-
nianabHO-aarebpaldnol cucremu (7); TyT

o
o

Poery = , Po,(t) =

OO OO O Ut
O O O O ot o
O O = O O
O O ot o O O
O T o O O O

DO DO DD DD OO OO O
s eleolBelBeolBolBoBololel S
=B elalBeolBoeolNoBoNeolel =N
=N eleoNBeoBeoNeoNeoNel ==l
DO OO OO OO OO OO
sl alalaleoleloeNeoleolhelhe]
SO O OO, OO OO oo
DO OO R OO OO o oo
D OO H OO OOOoO o oo
SO H OO OO O oo oo
O R OO OO OoO O oo oo
_ O OO OO oo oo oo

st marpuanoi kpaiioBol 3aiadi (7) mae micie kpurnanuii Bunaaok (Pg« # 0), npu
BEOMY

A=0, LK {F(-)} =0,

BioBiiHO, yMOBY (6) BMKOHAHO; TAKHM YHHOM, IIOJIOYKEHHSI DIBHOBATM MaTPUYHOL
kpaitoBol 3amadi (7)

Z(t,c,) = Wi(t,cp) + G[F(t);Ql], Wi(t,c,) =W(t,cr), ¢ € R?
BU3HaYa€ y3araJibHeHuil oneparop ['pina
G [F(t); Ql} =K [F(t)}

MaTpuuHOI JudepeHIiaibHo-airedpaianol kpaiiosol 3agaui (7).

3. Hecrarionapui moJio>keHHs piBHOBaru.

Bokpema, marpuute audepeHiiaabHo-aarebpaidne piBHsHHs (1) MoXkKe MaTu HeCTa-
I[IOHAPHI IOJIOXKEHHsI PiIBHOBaru

Z(t) € Ca; 1],

s sskux DZ(t) = 0. Ockiabku 3a7a4da Ipo HoOYI0BY PO3B’SI3KiB MATPUIHOTO ude-
peHIiaibHO-arebpaiyHoro piBHsiHHs (1) nmpuBeIeHA JI0 331841 PO 3HAXOKEHHSI PO3-
B’I3KIB Tpa uIliiiHoro nudepeHiiaabHo-airebpaldHoro piBHsHHs (3), OTXKe JJIsi 3HA-
XOJ[PKEHHsI HECTAI[JOHAPDHUX MOJIOXKEeHb piBHOBaru, jyisi sikux DZ(t) = 0, pocrarHbo
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sHaiitu BekTop y(t) € Clla;b], ama sxoro
Q(t) - y'(t) =0, Qt) - y(t) + F(t) = 0.
[Tepmra piBHiCTL Mae Miciie 3a yMOBH PQ(t) 2 0, HAIPUKJIAJ, JIJIsI BEKTOPA
y(t) = Po,(t)a(t), x(t) € C'la;b].
[Mosnauanmo marpuiio B(t) := Q(t) - Py, (t); 3a ymoBu
Py # 0, Pge)F(t) =0, BT (t)F(t) € C'[asb]. (8)
JIJTSl 3HAXOJI2KEHHSI HeCTaIllOHAPHUX IM0JI0XKEHb PIBHOBATr'U JIOCTATHBO 3HAUTH BEKTOP
x(t) = =BT () F(t) + Pp,1)0,(t), @p(t) € R?,

[PU [[OMY
y(t) = Po,(t)Ps,)%e(t) — Po, ()BT (1) F (1)
Ba ymosu (8) i

£UCop() + K| F()| = )

3HafijieHe HecTallloHApHE IIOJIOXKEHHS PiBHOBAI'U

Z(t, (1)) = Wt, (1)) + G {F(t)} (1) = M

Py, <t>PBp(t>¢p<t>]

MaTPUIHOrO nudepeniaabHo-aaredbpalanoro pisusanus (1) 3a/10BoJbHsIE KPAHOBY yMO-
By (2) i 3aexuth Bijg joBiabHOT BekTOp-byHKuil ¢,(t) € Ca;b]; Ty

Q[F(t)] = IC[F(t)] =M1

Po. (08 (0 (0)|
TaxuMm 9UHOM, JIOBEJIEHO HACTYIIHY JOCTATHIO YMOBY PO3B’sI3HOCTI MAaTpUYIHOI Iaude-

peHIianbHO-arebparaHol Kpaifool 3aadi (1), (2).
Teopema 2. 3a ymos (8) i (9) necmauionapre noaostcenns pisrosazu

Z(t,0p(1)) = Wk, () + G [F(t)] W(t 0y (1) = M

Py, <t>PBp<t)sop<t>}

Mampuno2o dudepenyiansvoro-ar2ebpaivozo piehanmns (1) 3adososvrae Kpatiosy ymosy
(2) i sanesrcums 6id dosinvroi eexmop-dynruii p,(t) € CHa;b]; mym

Q[F(t)} =Mt PQT(t)B+(t)}'(t)]
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— yaazarvnenuli onepamop I'pina mampusnoi kpatiosoi sadawi (1), (2).

Bigmitumo, mo piBasHHs (7), J0CiiKeHe B NPUKIAI 1, He Mae HeCTallOHAPHUX
T0JI0ZKeHb PIBHOBAIM, OT?Ke He BUKOHAHO yMOBY (8), a came: Py« F(t) = F(t), Bimmo-
Bigno B(t) = 0.

Ipukaan 2. Bumozam dosederoi meopemu 2 3adososvHae 3adaua npo nobydosy
P036°A3KI6 MAMPUNHOT JuPepenyiarvHo-arzebpaiutoi cucmemu

DZ(t) = AZ(t) + F(t), (10)

AKE 3a0060ADHAIOMD KPAio8Y YMOGY

21
£2() = / A ZOTI(E)dE = 0. (11)
0
de
000 000
00 0 000 000 100
=000 P T 001 ’R1_<010>’R2_<000>’
010 000
00 0 100 000
001 001 010 010
Y=l o002 o000 [ FO=|00 0 "1’1_(010>’
100 000 000
010
010 000 10 1
%_(000)’[\“)_ 100 ’H(t)_<o1o>
001

10 0 0 0 0
=00 |, Z=(10],.,Z=[00
00 0 0 0 1
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npocropy R3*? 3maxomumo
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rapaHTyOTh BUKOHAHHsI yMOBH (8), IpU IbOMY

W(t, pp(t) = sogt) § ,Q[F(t)]—K[F(t)} _ ‘Sginf SinthOSt

Ockinbku ymoBy (9) BUKOHAHO, TOJI 3HAli/IeHE HECTAIIOHAPHE MIOJIOYKEHHsI PIBHOBAru

Zw%ﬁ»=nwWAm+ngﬂxmm%m»=W11&Mﬁ%NwAw

mudepeniiaibao-airebpaiunoro pisusinas (10) 3am0BosbHsIE KpaiioBy ymoBy (11) i 3a-
JIEZKUTH BiJl OBIIBHOI HeIpepepBHOI CKaJIsIpHOI PYHKIHT ¢, ().

[Tpunycrumo naji, mo marpuydHa gudepeniiagbHo-aredbpaiana 3amada (1), (2) 3a-
JOBOJIbHSAE BUMOTaM 1 TeopeMu 1 1 Teopemu 2 i, oTke, Ma€ 1 cTarioHapHi

Z(t,cp) =W(t,cp) +G [F(t);%l} c, €R?
1 HecTallloOHAPHI OJIOXKEHHSI PIBHOBAru

ﬂmmmzwm%@wgﬁw}

B npomy Bunajky ofHOpigHa wactuHa JudepeHmiaabHo-aaredbpaianol 3amadi (1), (2)
Ma€ PO3B’SI30K

Z(t;cp,pp(t)) = WL, cp) +2(E, pp(t)), ¢ € R,

SKHIT 3a/1€2KUTD Bijl J0BLIBHOT HenpepBHOI MYHKIIT ¢, (t); IpH 1IbOMY YaCTHHHHIT PO3-
B’S130K HeOJ[HOPiiHOT jndepenniaibHo-aarebpalanol 3aga4i (1), (2) BusHauae 10BijIb-
mnit: G[F(t);2l], abo G[F(t)] — y3arampuenuit oneparop ['pina marpudHOl KpaitoBoi
zazadi (1), (2).

IMpukaan 3. Bumozam i meopemu 1 i meopemu 2 3a0060oavhae 3adara npo nobydo-
6Y Po36’A3ki6e mampuunoi dudepenyianvro-anzebpaiunol cucmemu (10), axi 3a006040-
HAroms Kpatiosy ymosy (11), docaidoceny 6 npukaadi 2.

VY npukiaji 2 mokazaHo, Mo 3a/1a49a Mpo MoOYI0BY PO3B’sI3KiB MATPUIHOT qudepeH-
niasabHO-asrebpaiunol 3ama4i (10), (11), 3amoBosubHsie Bumoram teopemu 2. st mar-
puuHOl nudepeniiaabao-aaredbpaianol cucremu (10) Bukonyernbest Bumora (4), mpu 1po-
My

QF(t)F(t)=(sint 0 0 cost—sint 0 0 )*
— BEKTOP, CKJIQJIEHUI 13 KOHCTAHT, OTKe MaTpudHe jgudepeHiiajbHo-agarebpaiune pis-
usuHst (10) Mae mosokeHHsI piBHOBAru

0 0
Z{t)=W(t,e,) + K [F(t)], Wi(tyep): =1 a1 c3 ,
cog —2co
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e
—sint sint — cost

K [m)} [ o 0

0 0

Ockisibku BuMoru i Teopemu 1 i Teopemu 2 BUKOHaHI, TO 3HAJIEHE TOJOKEHHS PIBHO-
Baru

20t 00(0) = Wit 4,(0) + 6|70 6| Flo)| = ¢ | 0]

nudepenrianbpao-aaredbpalanoro pisusuns (10) 3amoBosbHsie KpaiioBy ymoy (11) i 3a-
JIEXKHUTH BiJ JOBiTbHOI HenpepBHOI cKasisspHOl DyHKI ¢, (1).

3alpoIroHOBaHa B CTATTI CXeMa, IOCJIIIXKEHHST MATPUIHIX Ju(epeHIliiHO-aredpaiaHux
3aJ1a4 aHaJIoriaHo [8,17] Mozke OyTH epeHecena Ha HesiHiiHI MaTpuvHi 1udepeHIiaabHO-
asirebpalvHi Kpailosi 3aja4i, B TOMy 4uCJI, B 4aCTUHHUX noXijgHux [18-20].
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S.M. Chuiko, O.V. Nesmelova
About the equilibrium positions of a matrix differential-algebraic boundary value pro-

blem.

In the article we found the solvability conditions and the construction of the generalized Green
operator of the linear Noetherian matrix differential-algebraic boundary value problem. We obtained
sufficient conditions of transformationsof the matrix differential-algebraic equation to a traditional
differential-algebraic equation with an unknown in the form of a column vector. The problem that
reviewed in the article continues the study of solvability conditions for the linear Noetherian boundary
value problems given in the monographs of M.V. Azbelev, V.P. Maksimov, L.F. Rakhmatullina,
A .M. Samoilenko and A.A. Boichuk. We investigated the general case when the linear bounded operator
corresponding to the homogeneous part of the linear Cauchy problem for the matrix differential-
algebraic system does not have the reverse operator. We introduced the definition of the equilibrium
positions of the matrix differential-algebraic system and the matrix differential-algebraic boundary-
value problem to solve the matrix differential-algebraic boundary-value problem. We proposed sufficient
conditions of existence and constructive schemes for finding the equilibrium positions of the mat-
rix differential-algebraic system and the matrix differential-algebraic boundary value problem. The
cases of equilibrium positions of the matrix differential-algebraic system, which are constant matrices,
and equilibrium positions depending on an independent variable are considered separately. To solve
the matrix differential-algebraic boundary-value problem, we used the original solvability conditions
and the construction of the general solution of the Sylvester-type matrix equation, while the Moore—
Penrose matrix pseudoinverse technique was essentially used. In the article we constructed the ge-
neralized Green operator of the linear Noetherian matrix differential-algebraic boundary value problem.
The proposed solvability conditions and the construction of the generalized Green operator of the
linear Noetherian matrix differential-algebraic boundary value problem, were illustrated in detail with

examples.

Keywords: equilibrium position, matriz differential-algebraic boundary value problem, generalized

Green operator.
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